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Preface

This handbook is a complete desktop reference for stue
dents and engineers. It has everything from high school
math to math for advanced undergraduates in engineering,
economics, physical sciences, and mathematics. The ebook
contains hundreds of formulas, tables, and figures from
Number Sets, Algebra, Geometry, Trigonometry, Matrices
and Determinants, Vectors, Analytic Geometry, Calculus,
Differential Equations, Series, and Probability Theory.

The structured table of contents, links, and layout make
finding the relevant information quick and painless, so
it can be used as an everyday online reference guide.
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Chapter 1

Number Sets

1.1 Set Identities

Sets:A,B,C
Universal set: |
Complement : A'
Proper subset. Ac
B Empty set. O
Union of sets: Au B
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Intersection of sets:
A/ B Difference of sets:

A\B
1. Acl
2. ACA

3. A=BIf ACB and B A.

4, Empty Set
A

5. Union of Sets
C=AUB={x]xeAorxeB}

1
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A B
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Figure 1.

6. Commutativity
AUB=BUA

7. Associativity
AU(BOC)=(AOB)UC

8. Intersection of Sets
C=AUB={x]xeAand xeB}

Figure 2.

9. Commutativity
AOB=BA\

10.  Associativity
A (BC)=(ABDC
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11.  Distributivity
AU(BOC)=(A0OBD (AUOQO),
AO(BOC)=(AB)U(AC).

12.  ldempotency
AA=A,
AA=A

13. Domination
A =0,
AUI=I

14.  ldentity
AU (=A,
Al=A

15, Complement
A' ={x el]x« A}
16.  Complement of Intersection and Union
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AUA' =1,
AA'

17.  De Morgan's Laws
(AUB) =A'OB’,
(A\B) =A'OB'

18. Difference of Sets
C=B\A={x]xeBandx A}

3
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Figure 3.
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19. B\A=B\(AB)
20. B\A=BOA!

21. A\A=—=

22.  A\B=A if AB—.

Figure 4.
23.  (A\BD C=(AOC)\(BC)
24.  A=IN\A

25.  Cartesian Product
C=AxB={(x,y)]xe A and y eB}

4
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1.2 Sets of Numbers

Natural numbers:

N Whole numbers:
NO

Integers: Z

Positive integers: Z*
Negative integers:

Z Rational
numbers: Q Real
numbers: R
Complex numbers: C

26.  Natural Numbers
Counting numbers: N ={1,2, 3, ...}.

27.  Whole Numbers
Counting numbers and zero: N, ={0, , 2,3,...}.

28.  Integers
Whole numbers and their opposites and

zero:Z"' =N={1,2,3...}
zZz={..,-3,-2,-1}
Z=Z U{0joz'=[..,-3,-2,1.,0,1,2,3,...}.
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29.  Rational Numbers
Repeating or terminating decimals:

—{XIx=, and aez and bez and b+0}.

30.  Irrational Numbers
Nonrepeating and nonterminating decimals.

5
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31. Real Numbers
Union of rational and irrational numbers: R.

32.  Complex Numbers
C={x+iy/xeR and yeR},

where i is the imaginary unit.

33. NcZcQcRcC
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Figure 5.
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1.3 Basic Identities

Real numbers: a, b, ¢
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34.  Additive Identity
a+0=a

35.  Additive Inverse
a+(-a)=0

36. Commutative of Addition
a+b=Db+a

37. Associative of Addition
(a +b)+c=a+(b+c)

38. Definition of Subtraction
a—-b=a+(-b)

39.  Multiplicative ldentity
a-l=a
40.  Multiplicative Inverse

1
a-=I,a0
a

41.  Multiplication Times 0
a-0=0

42. Commutative of Multiplication
a-b=b-a
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43.  Associative of Multiplication
(a-b)-c=a-(b-c)

44, Distributive Law
a(b+c)=ab+ac

45, Definition of Division

a 1
— —ad

b

1.4 Complex Numbers

Natural number: n

Imaginary unit: i

Complex number: z

Real part: a, ¢

Imaginary part: bi, di

Modulus of a complex number:r, I, I,
Argument of a complex number: q,
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I46
l5 =1
J
4l =1 I I
i=-1 fo==1 - ——1
= !
i3 T __ ;03 __,
=1 li"=1
4" =
47, z=a+bi

48.  Complex Plane

8
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Imaginary axis

3i
bi —-———ea+bj
2i |
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R eal axis

Figure 6.
2 a3

49,
50.

51.
(a +bi)+(c+di)=(a +c)+(b+d)i

(a +bi)—(c +di)=(a -c)+(b-d)i
(a +bi(c +di)=(ac—bd)+(ad + bc)i
52.

ztbi ae+b|d bc—ad .
c+di c+d c+d’
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53.  Conjugate Complex

Numbers a +bi=a-bi

54. a=rcos@, b=rsinqg

9
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Figure 7.
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55.  Polar Presentation of Complex Numbers a
+bi=r(cos« + isin@)

56.  Modulus and Argument of a Complex Number
If a+ bi is a complex number, then

r=/a+b (modulus),
b

(p = arctan
a

(argument).

57.  Product in Polar Representation
z,-2,=r(cos«, +isin«,)-r,(cos , +isin ,)

=rr,[cos@, + , )+isin(@, +@, )]

58.  Conjugate Numbers in Polar Representation

r(cos« +isin@)= r[cos(-@)+isin(-«)]

59.  Inverse of a Complex Number in Polar Representation

s [ PIC))

10
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60.  Quotient in Polar Representation

7 r(cos@,+ising,) ﬁcoé@,—o,)?mﬁ@,—, 2

z+ r, cosq,+1sIn0,

61.  Power of a Complex Number
Z" =[r(cos@ +isin)]" =r"[coyN@) + isin(r)]

62. Formula "De Moivre
(cos« + isin«)" = cos )+ isin(n«)

63.  Nth Root of a Complex Number
(-Vasswil I-v,es.91 , a»™" |

where
k=012 ....,n-I.

64. Euler's Formula
e =COsx +1'sI'nX

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@EcoleBooks

11

Chapter 2
Algebra

2.1 Factoring Formulas

Real numbers: a, b, ¢
Natural number: n

66. a"'—b"'=(a-bla+ab+b)

67. a'+tb=(a+bfaab-+)
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Ifn is odd, then
a"+b"=(a+bfa"°'-a""b+a" " —...—ab—+- 7).

Ifn is even, then
a"—b"=(a-
b@~+ab+a""+...+tab—+ 7),

12
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2.2 Product Formulas

Real numbers: a, b, ¢
Whole numbers: n, k
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73.  (a-b)'=a-2ab+b

74. (a+b) =a +2ab+b

75.  (a—-b)"=a"-3ab+3ab b’

76. (a+tb)=a"+3ab+3ab +b

77. (a—b)"=a"—4a'b+6alo4Aab’ +b’
78. (a+b)'=a"+4ab+6abb +4ab’ +b’

79. Binomial Formula
(a+b)' ="C,a"+"C,a""b+"C,a"" 6&+...+ "C,ab""+"C,b",

where "C, :I’< are the binomial coeffi cients.

"n-k
80. (at+b+c) =a+b+c+2ab+2ac+2bc

(@ wrcke FURG +v +

2 2 b2 2 2 2

+2(ab+ac+...+au +av +bc+...+bu+bv+...+uv)

13

CHAPTER 2. ALGEBRA

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

2.3 Powers

82.

83.

_adm-n

84.

3

85.

86.

87.

88.
89.

Bases (positive real numbers): a, b
Powers (rational numbers): n, m

aa" =a’m

a

aII

(ab)" =a"b
_ all
= oo

("):a-.

a"'=1,a+0

a'=

@Ecolesooks
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- P
g M- a
m
90 - -NF
14
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2.4 Roots
Bases: a, b

Powers (rational numbers): n, m a,b=0
for even roots(n =2k, keN)

91. Val=Va 6
92. Wane-Wwa'"
93,

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@écoleBooks

K =-
L

5. kW) <<
G

—

o7. aa8War
. ,
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9. (A-a
100. ( r-

15
101. __«afl _a+0.

«41="L;

1 +
103. A——= O%—I
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2.5 Logarithms

Positive real numbers: X, , a, ¢ k
Natural number: n

104. Definition of Logarithm
y=log,x ifand only if x=a",a>0, a+1.

105. log, 1=0
106. log,a=1
—oo0 ifa>1
107. log,0= o0 I_ a
{+o00 ifa<l

108. log,(xy)=log,x+log, y

109. Iog,;ZIog,x—Iog,y

16
CHAPTER 2. ALGEBRA
110. log,(x™)=nlog, x
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142,
log, x= log X:Ilog, x-log,c, ¢=0, Cl1.
a Og_a C a
113. 1
log,cC
log. a
114.
x=a"8.

115. Logarithm to Base 10
log,0x = log x

116. Natural
Logarithm
log.x=Inx,

where e = lim(l +k_!)k =2.718281828...

k-»cl

1117. log x =
—In x =0.434294 |n x
In 10
118. Inx=
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! —log x = 2.302585 log x loge

17
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2.6 Equations

Real numbers: a b, ¢, p,q, u,v
Solutions: x,, X,» Y,»Y,»Y,

119. Linear Equation in One Variable
ax +b=0,x=— ?
a
120. Quadratic Equation

Ib+Vb-4ac
2a

ax'2 +bx +c=0, X,,
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121. Discriminant
D=b -4ac

122. Viete's Formulas
If X +px +q=0, then

Xl +X2 =-p.
{X,Xx,=q

123.

124.

e

ax' +bx=0, x,=0, x,= b

ax' +c=0, X,,=—%= _
' a

125. Cubic Equation. Cardano's Formula.
y"+py+q=0,
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y; =u+v, Y23 =-%(u+v)x —

(u+v)1, where

ul—3 —q'|_
2

2.7 Inequalities

Variables: x, y, z

a,b,c,d
Real numbers;

,mn
{a,,a,5a,»...»a,

Determinants: D, D,, D,, D,

126. Inequalities, Interval Notations and Graphs

Inequality Interval Notation Graph
a<x<b d, b] X
a b
a<x<b a, b . X
(a b] ; b
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a<x<b i, b) X
a b
a<x<b (a, b) - X
a b
-00<x<b, (--0,b] X
x<b b
—oo<x<b, (-60,b) X
x<b b
a<x<o00, i, -0) X
X>a a
a<x<o0, (a,00) X
X>a a
19
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127. Ifa>b,then b<a.

128. Ifa>b,then a-b>0 orb-a<0.
129. Ifa>b,then a+c>b+c.

130. Ifa>b,then ac>b-c.

131. Ifa>b and c>d, then a+c>b+d.
132. Ifa>b andc>d, then a—d >b-c.

133. Ifa>b and m>0,then ma>mb.
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134. Ifa>b andm>0,then a_>b

m m

135. Ifa>b and m <0, then ma<mb.

—_

136. Ifa>b and m<O0,then @
m m

137. I1fO<a<b and n>0,then a"<b.
138. IfO<a<b and n<O,then a">b".

139. 10<a<b,then Wi<”.
140.
Vab "<Za,+b

where a>0 , b>0;anequality isvalidonly ifa=b.

141. a+~>2,where a>0;an equality takes place only at

a=1.
a
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143. Ifax +b>0 and a=0,then x>—b.
a

144. 1fax +b>0 and a<O,then xeb
a

145. aX +bx+c>0

a=>0
D=0
D=0
xX<X, ,Xx>X, X, <X<X,
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X=X, >
X, <X, X=X, xeO
X
D<0 l I I l
—-00<X<00 xXe
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146. la+b]<la]+/bl

147. Ifix]<a,then —-a<x<a,where a=0.

148. If/x]>a,then x<-a and x >a,where a>0.

149. | <<a,then x]J<Va,where a=0.
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150. If X >a,then [x]>Va,where a>0.

o 1 B g TQED>.

152. %@:<Ohen ’f( et)<o

g(>k=0

2.8 Compound Interest Formulas

Future value: A

Initial deposit. C

Annual rate of interest: r

Number ofyears invested: t

Number of times compounded per year: n

153. General Compound Interest Formula
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CHAPTER 2. ALGEBRA

154. Simplified Compound Interest Formula
If interest is compounded once per year, then the previous
formula simplifies to:

A=C(1+r)".

155. Continuous Compound Interest
If interest is compounded continually ( n ©O), then

A=Ce".
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Chapter 3

Geometry

3.1 Right Triangle

Legs of a right triangle: a, b
Hypotenuse: ¢

Altitude: h

Medians: m,, m,, M

Angles: a,[

Radius of circumscribed circle: R
Radius of inscribed circle: r
Area: S
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Figure 8.
156. a+3=90°
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157.

==
COS

158.

Cos O=bC=sI 'n3
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159.
atano==
cot[
160.
cot a

b
—a—tan[

161.

SeC O——

cosec[
162.

_C
coseco = =sec[
a

163. Pythagorean Theorem
at+b=c

164. a=fc,b=gc,
where fand ¢ are projections of the legs a and b, respece
tively, onto the hypotenuse c.
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Figure 9.
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165. h =fg,
where h is the altitude from the right angle.

166, m’=b’- =2

a 4 ' b 4
where m, and m, are the medians to the legs a and b.

Figure 10.
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167.
C
m, =
2
where m, is the median to the hypotenuse c.
168.
C
B:C:m
169.
a+b-c ab r=
- 2 a+b+c
170. ab=ch
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171. S=ab=ch
2 2

3.2 Isosceles Triangle
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Base: a

Legs:b

Base angle: )

Vertex angle: a
Altitude to the base: h

Perimeter: L
Area: S
a
Figure 11.
172, =90°_
2
2
173. 6"~
4
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174, L=a+2b

175. S _2_I'E’ana

3.3 Equilateral Triangle

Side of a equilateral triangle: a
Altitude: h

Radius of circumscribed circle: R
Radius of inscribed circle: r
Perimeter: L

Area: S
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a
Figure 12.
176. __ AN3
2
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177. RN_a3
3 3
179. L=3a
180.
5~ ah _a
2 4
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3.4 Scalene Triangle

(A triangle with no two sides equal)

Sides of a triangle: a, b, ¢
a+b-+c
2
Angles of a triangle: a,p, y
Altitudes to the sides a, b, ¢; h,,h,, h
Medians to the sides a, b, ¢; m,,m,, M

Bisectors of the angles a,[,y: t,,t,,t
Radius of circumscribed circle: R Radius

of inscribed circle: r
Area: S

Semper'meter: p=
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a
Figure 13.

181. a+-+y=180°

182. a+b=>c,
b+c>a,
a+c>b.

183. la-bl<c,
b-c]<a,
la—c]<b.

184. Midline
qzé,qHa.

2

a

Figure 14.
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185. Law of Cosines
a=b+c2bccoso,
b=a+c-2accos—,
C =a+b—-2abcosy.

186. Law of Sines

a b S—>>R
sina sin~ siny
where R is the radius of the circumscribed circle.

al87 Ry c be ac ab abc

188,
“2sina 2sin~ 2sim 2h, 2h, 2h, 4S

+_ (p-a(p-b(p-0)
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190. h,=5/plp-alp-bXp-c),
a
h,=(p 1-0F-b¥F-0),

h.=5/pp-alp-bf—c).
C
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191. h, =bsiny=csin,
h, =asin y=csin o,
h,=asin9=bsino
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192. M =
b+¢ &
2 4
m
) a+e M
T 2 4
m -atb €
2 4
A
ffa:l
Figure 15.

193. AM'?:m,a, BMzrén,, CMSSm, C(lg.15).

, 4bcp(p-2a)

194. -
<
4acp(p-b)
a+C_F'
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" @Qt»

. 4abp(p-c)
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195 s_ah, g.)c_h,c

___absiny acsin~ besina

2 2 2
s=/p(pPa(p-b(c) (Heron's Formula),
S=pr,

$_abe,
4R

S=2Rsin asin~ siny,

X 80 g

tan=" tan . rﬁz

3.5 Square
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Side of a square: a

Diagonal: d

Radius of circumscribed circle: R
Radius of inscribed circle: r

Perimeter; L
Area: S
a
a
Figure 16.
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196. d=a/2
- >
197. —a:
2 2
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198, -2

2
199. L=4a
200. S=a

3.6 Rectangle

Sides of a rectangle: a, b
Diagonal: d

Radius of circumscribed circle:
R Perimeter: L

Area: S

a

Figure 17.
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202.

CHAPTER 3. GEOMETRY

203. L=2(a+b)

204. S=ab

3.7 Parallelogram

Sides of a parallelogram: a, b
Diagonals: d,,d,

Consecutive angles: 0,p

Angle between the diagonals: ¢p
Altitude: h

Perimeter: L

Area: S

@Ecolesooks
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a
Figure 18.
205. a+3=180°
206. d; +d; =fa—+6)
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207. h=bsino=bsin~
208. L=2(a+b)

209. S=ah=absino,

s='2d,d, Sin@.

3.8 Rhombus
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Side of arhombus: a
Diagonals: d,,d,
Consecutive angles: 0,p

Altitude: H
Radius of inscribed circle: r

Perimeter: L
Area: S

a

Figure 19.
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210. a+9=180°
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212. h=asina__dd,
2a

21}$' dd, asino
r: = =

2 42 2
214.

L=4a

S=ah=a’sina,

3.9 Trapezoid

Bases of a trapezoid: a, b
Midline: q

Altitude: h

Area: S
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216. q
a+b
Figure 20.
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217. S=a+b.h=gh
2

3.10 Isosceles Trapezoid

Bases of a trapezoid: a, b

Leg:c

Midline: q

Altitude: h

Diagonal. d

Radius of circumscribed circle: R
Area: S
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218. q
a+b
Figure 21.

219. d=lab+e

,221.

R~ —— o ab+c
/(2c-a +b(2c+ab)

222. S~ - J-,

2
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3.11 Isosceles Trapezoid with
Inscribed Circle

Bases of a trapezoid: a, b

Leg:c

Midline: g

Altitude: h

Diagonal. d

Radius of inscribed circle: R
Radius of circumscribed circle: r
Perimeter: L

Area: S
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Figure 22.
223. a+b=2c
a2dft. q
=C
2
225. d=hte
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226.

h Nab
-

2 2

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@écoleBooks

Jo

227. R=cd=cd="")1+c¢c' =—Jh"+c' =a+b +6+ b
2h  4r ab 2h 8 b a

228. L=2(a+b)=4c

22s. s—&b., (a+bNab ~'a!
2 ) = 2

3.12 Trapezoid with Inscribed Circle

Bases of a trapezoid: a, b
Lateral sides: ¢, d Midline:

q
Altitude: h

Diagonals: d,,d,

Angle between the diagonals: <
Radius of inscribed circle: r Radius
of circumscribed circle: R
Perimeter: L

Area: S
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a

Figure 23.

230. a+b=c+d
231. gq=— =—
232. L=2(a+b)=2(c+d)

233, S = = S".-«h,
2 T =2
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szgd,d, Sin@.

3.13 Kite

Sides of a Kite: a,
b Diagonals:
d,,d, Angles:
O,[, y Perimeter:
L

Area: S
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Figure 24.

234. a+9+2y=360°

235. L=2(a+b)

236. S_dd,
2

3.14 Cyclic Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,,d,

Angle between the diagonals: <
Internal angles: O,[,y,~

Radius of circumscribed circle: R
Perimeter: L

Semiperimeter: p

Area: S
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CHAPTER 3. GEOMETRY

Figure 25.

237. a+y=9+6=180°

238. Ptolemy's Theorem
ac + bd =d,d,

239. L=a+b+c+d

p _| lac+ bd(ad + bcab + cd)
240.  *  (p-alp-b(pc(pd)’

where p:2|‘ .

241. s="d,d, sin,
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2
s-/ = (—al> @ -1- _ el

where p:2L .
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3.15 Tangential Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,,d,

Angle between the diagonals:

¢p Radius of inscribed circle: r
Perimeter: L

Semiperimeter: p

Area: S

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

{r EcoleBooks

Figure 26.
242. a+c=b+d

243. L=a+b+c+d=2(a+c)=2(b+d)

244,
,/didi ~(a-b)'(a+op)

~_______
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3.16 General Quadrilateral

Sides of a quadrilateral: a, b, ¢, d
Diagonals: d,,d,

Angle between the diagonals: <
Internal angles: a,p,y, ~

Perimeter: L
Area: S

Figure 27.
246. a+9+y+6=360°

247. L=a+b+c+d
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3.17 Regular Hexagon

Side: a

Internal angle: a

Slant height: m

Radius of inscribed circle: r Radius
of circumscribed circle: R
Perimeter: L

Semiperimeter: p

Area: S
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a
Figure 28.
249.
250.
0 =120°
a/3
r=ms=
2
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251. R=a
252. |L=6a

253. s=, a'3N3
2

where pz—z.
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3.18 Regular Polygon

Side: a

Number of sides: n

Internal angle: a

Slant height: m

Radius of inscribed circle: r
Radius of circumscribed circle: R
Perimeter: L

Semiperimeter: p

Area: S
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CHAPTER 3. GEOMETRY

Figure 29.
254,
255,
O n—_2 _1800
N=2 180°
2
256, R —=
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CHAPTER 3. GEOMETRY

257.
25
n
ar=ms=
2tan=
|
|
n
258.
2509.
L=na
-_n R,2r,
y
S=pr=p —=%,
where p=—L.
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3.19 Circle

Radius: R
Diameter: d
Chord: a

Secant segments: e, T
Tangentsegment:g
Central angle: a
Inscribed angle: 9
Perimeter: L
Area: S

260. a=2Rsin g
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Figure 30.
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262. ee =ff,
Figure 31.
263. g' =N
Figure 32.
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264, 3=—=°

Figure 33.
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265, L=2R=rd
Figure 34.
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CHAPTER 3. GEOMETRY

3.20 Sector of a Circle

Radius of a circle: R

Arc length: s

Central angle (in radians): x
Central angle (in degrees): a
Perimeter: L

Area: S

Figure 35.

267. s=Rx

268.

Ro
S:
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180°
269. L=s+2R
S
270.
-Rs_Rx_TrRa
2 2 360°
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3.21 Segment of a Circle

Radius of a circle: R

Arc length: s

Chord: a

Central angle (in radians): x
Central angle (in degrees): a
Height of the segment: h
Perimeter: L

Area: S

S
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Figure 36.
271. a=2/2hRR h
\/ A
272, h=R-1!
R’ & ,h<R
273. L=s+a
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274. S=[sRa(Rh)]=1L i = —sinx),
Fs a( )] Lo sino 2(x sinx)

S 3a.

3.22 Cube

Edge: a

Diagonal: d

Radius of inscribed sphere: r
Radius of circumscribed sphere:
r Surface area: S

Volume:V

[ —
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a
Figure 37.
275. d=a/3
276. -2
2
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277. _3.3
2
278. S=6a
279. V=a'

3.23 Rectangular Parallelepiped
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Edges: a, b, ¢
Diagonal: d
Surface area: S
Volume:V
C
a
Figure 38.

281. S=2(ab +ac + bc)

282. V=abc
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3.24 Prism
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Lateral edge: 1
Height: h

Lateral area: S,
Area of base: S,
Total surface area: S
Volume:V

Figure 39.
283. S=$, +25-~.

284. Lateral Area of a Right Prism
S,=(a,+a,+a, +...+a, )]

285. Lateral Area of an Oblique Prism
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S,=pl,
where p is the perimeter of the cross section.
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287. Cavalieri's Principle
Given two solids included between parallel planes. If every

plane cross section parallel to the given planes has the same area
in both solids, then the volumes of the solids are equal.

3.25 Regular Tetrahedron

Triangle side length: a
Height: h
Area of base: S,

Surface area:; S
Volume:V
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Figure 40.
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289. S, N34a
290. S=V4a'
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3.26 Regular Pyramid

Side of base: a

Lateral edge: b

Height: h

Slant height: m

Number of sides: n
Semiperimeter of base: p
Radius of inscribed sphere of base: r
Area of base: S,

Lateral surface area: S,
Total surface area: S
Volume:V
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a
202, MW/ S
41 sin**_a’
293, h="= ;
25l
n
295. S,=pr

1 1
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297. V:\3S,h:5:)rh

Figure 41.
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3.27 Frustum of a Regular Pyramid

Base and top side lengths:

Height: h

Slant height: m

Area of bases: S,, S, Lateral surface area: S, Perimeter of
bases: P,, P, Scale factor: k

Total surface area: S

Volume:V
ap a2'a3,-..,an

{bnb”b”---rbf
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Figure 42.
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299.
S,
300.
g T m(P, +P,)

2
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3.28 Rectangular Right Wedge

Sides of base: a, b

Top edge: ¢

Height: h

Lateral surface area: S,
Area of base: S,

Total surface area: S
Volume: V
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Figure 43.

305. s, =ab
306. s=S,+S,
<

307. V= th
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2a+c)

3.29 Platonic Solids

Edge: a

Radius of inscribed circle: r Radius
of circumscribed circle: R Surface
area: S

Volume:V
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308. Five Platonic Solids
The platonic solids are convex polyhedra with equivalent
faces composed of congruent convex regular polygons.

Solid Number Number Number Section
of Vertices of Edges of Paces
Tetrahedron 4 6 4 3.25
Cube 8 12 6 3.22
Octahedron 6 12 8 3.27
Icosahedron 12 30 20 3.27
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Dodecahedron 20 30 12 3.27

Octahedron

309.

a/6
f-
6

Figure 44.

310. n_RN

2
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311. S=2a3

312. V—— "/2
3

lcosahedron

a3 »03|+S)
Figure 45.

314.
R-"Ja+S)
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315. $=5a8/3
316 o' 1ed)
12
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Dodecahedron
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317.

aliflst L)
Figure 46.

g a_asbl+5)
4

319. s=35(+25)
als.5)
4

320. —

3.30 Right Circular Cylinder

Radius of base: R
Diameter of base: d
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Height: H

Lateral surface area: S,
Area of base; S,

Total surface area: S

Volume:V
L=H
321. S, =27RH
Figure 47.

322. =S, +2$, -2a(H+) -ma[+]
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3.31 Right Circular Cylinder
with an Oblique Plane Face

Radius of base: R
The greatest height of a side: h,

The shortest height of a side: h,
Lateral surface area: S,

Area of plane end faces; S~

Total surface area: S

Volume:V
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Figure 48.
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3.32 Right Circular Cone

Radius of base: R
Diameter of base: d
Height H

Slant height: m

Lateral surface area: S,
Area of base: S,

Total surface area: S
Volume:V

Figure 49.
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328. H=Vm R

329. S,=Rm _md
2

330, Sg_=rR?

3.33 Frustum of a Right Circular Cone

Radius of bases: R, r
Height: H

Slant height: m

Scale factor: k

Area of bases: S,, S,
Lateral surface area: S,

Total surface area: S
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Volume:V
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[

333. H =/m-(R-r)

Figure 50. mm
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336. S, =M(R +r)

337. S=§,4S5,+S, =rIR +r +m(R+r)|

338. v—gs, +,SS, +s,)

hs, R

N E H el
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3.34 Sphere

Radius: R
Diameter: d
Surface area: S
Volume:V

Figure 51.

340. S=47R
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3.35 Spherical Cap

Radius of sphere: R
Radius of base: r

Height: h

Area of plane face: S,
Area of spherical cap; S

Total surface area: S

Volume:V
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Figure 52.
342,
=r2+h
R
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2h
343.

B

s, =Nr
344,

345, 5=5,+S5,=r(+2r)= (2Rh+r)

3.36 Spherical Sector

Radius of sphere: R

Radius of base of spherical cap: r
Height: h

Total surface area: S

Volume:V
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Figure 53.

347. S=R(2h+r)

Note: The given formulas are correct both for "open" and
"closed" spherical sector.

3.37 Spherical Segment

Radius of sphere: R
Radius of bases: I, T,

Height: h
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Area of spherical surface: S,
Area of plane end faces: S,, S,
Total surface area: S

Volume:V
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h
Figure 54.
349. §,=2Rh
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3.38 Spherical Wedge

Radius: R

Dihedral angle in degrees: x
Dihedral angle in radians: a
Area of spherical lune: S,
Total surface area: S
Volume:V
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Figure 55,
nR? i
352'.. S,=&====2RXx
90
353.
354.
{ @D J
=NR +2Rx
3.39 Ellipsoid

Semi-axes: a, b, ¢
Volume:V
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Figure 56.

355. Vzg'abc

Prolate Spheroid

Semi-axes: a,b,b(a>b)
Surface area:; S
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Volume:V

o S8,

Va

where e= — — —

357. V
—ba
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Oblate Spheroid

Semi-axes:a, b, b(a<b)
Surface area: S
Volume:V

358.
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where e= — — —
b
359. V
4 b’'a
3

3.40 Circular Torus

Major radius: R
Minor radius. r
Surface area: S
Volume:V

@Ecolesooks
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Picture 57.
360. S=47'Rr

361. V=2rRr
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Trigonometry

Angles: a,
Real numbers (coordinates of a point): x, y
Whole number: k

4.1 Radian and Degree Measures of Angles

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

362. tra_ 1 _s717'45"
T

Tt

363. 1I° 5 rad =0.017453 rad

364. 1'= rad =0.000291 rad
180-60

365. T rad =0.000005 rad
180-3600

366. Angle
(degrees)

0 30 45 60 90 180 270 360
Angle Tt Tt m m

6 4 3 ¢
(radians) o - - - -
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3n

— 2n

4.2 Definitions and Graphs of Trigopnometric

Functions
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y
=slno
al y
X
—e S
Figure 58.
367. sina=lI
r
368.
X
Cos O =

r
369. tana="
X

370.

X
cotO=
y
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371.
372.
rsecO=
X
r
C0seCO =
y
373. Sine Function
y=sinx, B <sinx<l.
Yy
Yy =sin x
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Figure 59,

374. Cosine Function
y=Cos X, —I<cosx <l.
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Figure 60.

375. Tangent Function

y=tanx, xz(2k+1)"2, oo<tanx<s6o.
y

y =tan x
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Figure 61.
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376. Cotangent Function
y=cotx, x+ kt, -oo<cotx<00.

y

y = cot X

Figure 62.
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377. Secant Function

y=secxX, X +(2k+1)';.
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y = Sec X
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Figure 63.

378. Cosecant Function
y=cosecX, Xz km.

y = COSec X
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Figure 64.
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4.3. Signs of Trigonometric Functions

o o o o o o
[ + + + + + +
11 + +
AV + +
+ +
379. Sin Cos Tan Cot Sec Cosec
Quadrant

380.
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COS o
Seco

Figure 65.
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4.4 Trigonometric Functions of Common
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382.
a.° arad sin a cos a tan a cot a
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4.5 Most Important Formulas

383.
384.

385.

386.
sina+cos’a=1sec’ 0 -

tan’a=1lcsca-cot o=l

sin a
[an od= cosa
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387.

coto
_cosa

sin a

388. tana cota=1
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389.
SeCO
L 1
o cos a
390.
C0seCO
L 1
o sina

4.6 Reduction Formulas

sin 3 cos[ tan [ cot )

-~0 -sina +c0s O —-tan a —-cota
90°--0  +Coso +sin o +cotO +tan a
90°+ o0 +Cos o -sln 0 —-cota -tan a
180°—a  +sino -Cos o -tan a —-cot a
180°+ a -sina -Cos O +tan a +cotO
270° .o -Coso -sin 0 +cot O +tan a
270°+0  —Coso +sin 0 -cota -tan a
360°—a -sin o +c0s O -tana —cot a

360° + o +sin 0 +¢0s0 +tan a +cotO
391.
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4.7 Periodicity of Trigonometric Functions

392. sin(a £2rn)=sin o,period 2n or 360°.
393. cos(o £2rn)= cos a, period 2m or 360°.

394. tan(axrn)=tan a,period m or 180°.
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395. cotl@a=mn)= cot a, period [f or 180°.

4.8 Relations between Trigonometric
Functions

396. sina =iNI -cos’a =+ | (1-cos20)=2cos’¢a-

1
2 2

2tan o
_ 2

I+tan’

N | O

397. cosa=zxVl-sin a =i,/2(1+00820) = 2cos' 21

e

398.
L

sin a tano=

sec' o -1
sin2 1- c0s20
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cos O 1+co0s20 sin20
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otan o 1—cos20

1+cos 20
I+tan a

. .
399. coto :C_OSéVJ:SC' 2a—l __1+cos20  sin20

sin a sin20 1-- cos20
» O
_ . 14co0s20 |=tan
_ 2
1- cos 20
2tan9
] I+tan” ©
400.
secO ——=+/I1+tan 0 —— —= cc0SO
| _ ta.n20
2
, O
] m— B +tan
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401.
csca——— ==xVI+coto = Z

sino
2tar‘5o

4.9 Addition and Subtraction Formulas

402. sin(o +9)=sin a cos~ +sin~coss
403. sin(o-y)=sinocos~-—sin~cos a
404. cosa +9)=coso cos[ -sinosin[

405. cos(a—[)=coso cos~+sinosin[
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406. tan(a+ A

tan a+ tan~

l-tan atan[
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07, tn(o-pl) tna-
tan~ I+tano
tan[
p
408. cot((o+ A) 1-tanatan~
tan a + tan[

A) 1+tanatan~

409. cot(la—
(( P tan a—tan[

4.10 Double Angle Formulas

410. sin20=2sina cosa

411. cos2a=cos a-sina=1-2sin a=2cos a-1

412.

413.
2tana _ 2

[an 20¢— =
I--tan o coto—tan O
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cotza-1 coto-tan a
Co[2< =
2cot O 2
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4.11 Multiple Angle Formulas

414.
415.
416.
417.
418.

419.
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420.
sin 30 =3sin a -4sin"a =3cos o-sin a--sin 0sin40 =4

sina cosa-8sin°a cosa

sin 5a = 5sin a -20sin" a +16sin 0

cos O =4cos' a —3co0s 0 = cos"a -33cos 0-sin 0 cos 40 =
8cos ——8cos a +I

cos 50 = 16cos a --20cos o + 5c0s0

3tana—tan®a tan 30 =
1-3tan O

421.

tan 40=
4tan 0 -4tan'o

1-6tan a+tan a
5422.

tan
B0 f&En:

a+ Stan a
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423.

1-10tan a +5tan O

cot3 a—3cot a cot 30=
3cot a--1

2424, 6t
- 6tan
L 497 a

4tan a -4tan' 0
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425.

Cotb(=
1-10tan a +5tan a

tan a-10tan"a +5tan o

4.12 Half Angle Formulas
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426. sm
_a- +Jl-cosa
2 - 2

427. cosa= i/l +Cos a

2 2
428.
m
I-- in I--
@ 0=t ~¢®0 8no €950 sc0i—Cot 0
2 l+cosa 1+cosa sin a
429,

a
€dcosX sina l+cosa
CSCO+corl21:

|-coso 1--coso sin o

4.13 Half Angle Tangent Identities

430.
2tan—O
sin 0= ——_
I+tan’ ©

2
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431.
432.

433.

1—tan’ -©

C0S 0= ——
» O
+tgn

2?an —
tano= ——

I--tan’
2

o
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o
I—tan’

cota= =—=

2tan a
2

4.14 Transforming of Trigonometric
Expressions to Product

434. -
gp_c[+ S~ O =Zs at co
i

) inp
N o | e
435,

- -2 O
sino -si'n" ~p=2co

2 2
=i
+— -
0 2.r__za 9
436.

Cos o+ cos [ =2co
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=
0.+~ a-9
2 2
437.
p
n .
C0S 0 —CO0S = Zsi
250 w25l
2 2
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iht8 no+tan9=
sifitéh +-1F oS
0o-cos [
439, tan a—tano= Y"(@~P)
cos O-cos [
in(~+
440. cot o+cot[= S.m( .O)
sin a-sin [
441. cot o—cot[p= _T,m(~—_a)
sina-sin [
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442, «salsa=5Scos —
ajJ=ms|[;+a)

443. «sa-sina—«2si 1 &] -
/Al

cdéfs.—gpno+cot[=_ _

. COS
o-sin [
cdéfa +gano—cot[=-_ _ ¢S
o-sin [
446.
447.
1+ cosa=2cos
I-coso :23i'n20
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448.

CHAPTER 4. TRIGONOMETRY

1
1+siin a=2cos 4-

ws. 1-SO-2["-"]

4.15 Transforming of Trigonometric
Expressions to Sum

K50, $nO-sin p= C05(’01—9)—2003(a +9)

cosa—p)+ cos(a +9)

d5], cosO-cosp= )

i
! i —9)+ i +
d52. sno-cosp _sin(a-9) 2sm(a p)
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+ ~
453. tano-tanp= tan o+tan
cota + cot [

%
454, cot@-cotp=
cot a + cot ~

tano +tan [

P
+
455. tano-cot 2= @natcotl

coto+tan [
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4.16 Powers of Trigonometric Functions

456.

. 2 1—-cos20
SIn” ox=

457.

3
3sina -sin30
4

S17 ¢-
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458.

i C cos 40 -4 cos 20 + 3
8

4509,

460.

461.

.. __ 10sin a —Ssin 3a + sin Sa
silma=—— — — — — — — — -

16
6 10-15c0s20 +6¢0s 40 —cos 60

sl gQ=— — — ———— —— =

462.

463.

cos® a=
464,
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cos® a=
465.

cos? 3cosa+cos 30
Q¥—
4

O cos 40 + 4 cos 20 + 3
8
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4.17 Graphs of Inverse Trigonometric
Functions

466. Inverse Sine Function
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y=arcsinx, -lsx<l, — '
<arcsinx="".
2 2

y

Tt A

2 y=arcsinx
-1 1 X

=

2

Figure 66.

467. Inverse Cosine Function
y=arccosx, —I<x<lI, O<arccOsx < 7.
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y
_— e ———— T _______
y =arccos x
X
-1 |
Figure 67.
468. Inverse Tangent Function
y=arctanx, —00<X<G0o,
t
<arctanx - <2

y
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2 y = arctan x

11

Figure 68.

100

CHAPTER 4. TRIGONOMETRY

469. Inverse Cotangent Function
y =arccotx, -00<x<00, O<arccotx <T.

y

y = arccot X
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470. Inverse Secant Function
r-a<«cs.xe(——11 [ye) arCS««C-JO. [e[, r]

y

y = arcsec X

Figure 70.
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471. Inverse Cosecant Function

—ass.x=(—— [ aSS<]_O] [051]

2 y = arccsc x

Figure 71.

4.18 Principal Values of Inverse
Trigonometric Functions

/7 J

472.
X 0

arcsinx  0° 30° 45°  60° 90°
arccosx 90°  60° 45° 30° 0°

x — = = -
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2 2 2
arcsinx “30" 45 _poe ~ %0
arccosx
120" 350 q5g0 180
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473.
v 3
0 I
J
—— a1 -\3
arctanx arccotx
3 3
0° 30°  45° 60° -30° —45 -60°
90° 60° 45° 30° 120° 135 150°

4.19 Relations between Inverse
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Trigonometric Functions

474,
arcsin(—x)= —arcsin x

475.

arcsinx = —TZT

arCCosx

476.

477.
arcsinx = arccosVI— = ,0<x<1.
arcsinx = arccosVI->, -1<x<O.

478.

arcsinx =arctar =% _
VI—-Xx
<1

479.

480.

arcsinx =arcco
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arcsinx = arcco

,0<x<l.

-11, —-Isx<O0.
481.
arccos(—x)= T—arccosx
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482.
arccosx

T .
) = —arcslnx

483.

484,
arccosx =arcsinVI-><,0<x<l.
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arccosx = —arcsinVIl-><, -1<x<0.

485.

arccosx =arcta

,0<><1.

486.

arccosx =TT+arcta

, B <x<O0.

487.

488.

489.

490.

X
arccosx =arccot o, , B sSx<lI
V] =

arctan(—x)= -arctan x

@EcoleBooks
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7t
arctan x= — - a2rc cot x

. X
arctanx =arcsin ~— =«
VI+X

491.

492.

1
arctanx =arccos ~—=— ,x>0.
V1i+

1
arctanx=-arccos ., , X<O.
V1+Xx
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493.
narctan x = —

1
arctan —, x> 0.
2 X

494,
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495.

T larctanx=— —
arctan—, x <O.

2 X

1
arctanx =arccot—, x> 0.
X

496.

arctanx = arc CO

1
L -1, x<O0.
X

497.

498.
arccot(—x)= —arccotx

Tt
arccotx = E - arctan x

1499,
|

arccotx =arcsn-
r— -

1
, x=>0.

500.
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arccotx = t—arcsn-

, X<O. i
VI+X
501.
arccotx = arcCos: —=— X
Vi+Xx
502.

larccotx =arctarm

, X=>0.

503.

1
arccotx = 7t+ arctan , x<0.
X
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4.20 Trigonometric Equations
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Whole number: n

504. sinx=a, x=(-1)"arcsina+ N
505. cosx=a, x=zarccosa +2n
506. tanx=a, x=arctana+ N

507. cotx=a, x=arccota + N

4.21 Relations to Hyperbolic Functions

Imaginary unit: i

508. sin(ix)=isinh x
509. tan(ix)=itanh x
510. cof(ix)= -icothx
511. sec(ix)=sech x

512. cs(ix)=-1icsch x
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Chapter 5

Matrices and Determinants

Matrices: A, B, C
Elements of a matrix; a,, b,, a,, b,, C,

Determinant of a matrix; detA
Minor of an element a,: M,

Cofactor of an element a,: (G,

Transpose of a matrix; A'LA
Adjoint of a matrix; adj A
Trace of a matrix; tr A

Inverse of a matrix: A

Real number: k
Real variables: x,

Natural numbers: m, n
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5.1 Determinants

513. Second Order Determinant

a
det A=

=a,b, —-a,b,
a, b,
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514. Third Order Determinant
a, a a%
detA=[a,, a. a,,=a,a,a,+a , a, +a,a,8%
as a% a,

515. Sarrus Rule (Arrow Rule)
a,h akh

@ @
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ak a%

Figure 72.

516. N-th Order Determinant

a, a a, a%
a, a, a,, a%
detA=
517. Minor
a, a a, a%
ay a% a a%

The minor M, associated with the element a, of n-th order

matrix A is the (n--1)-th order determinant derived from
the matrix A by deletion of its i-th row and j-th column.

108
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518. Cofactor
C’Z(_l) - M1

519. Laplace Expansion of n-th Order Determinant
Laplace expansion by elements of the i-th row

detA=Da,ch-i=1,2...N.

=l
Laplace expansion by elements of the j-th column

n
detA=Da,CE=12...N.

5.2 Properties of Determinants

520. The value of a determinant remains unchanged if rows are
changed to columns and columns to rows.

a, a _1l Db,

521. Iftwo rows (or two columns) are interchanged, the sign of
the determinant is changed.
a, b, _ la, b,
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522. Iftwo rows (or two columns) are identical, the value of the
determinant is zero.
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523. If the elements of any row (or column) are multiplied by a
common factor, the determinant is multiplied by that factor.

ka, by 1. b
a, b, la, b,

a, +kb, b, la, b,
a,+kb, Db, 1, b,

524. If the elements of any row (or column) are increased (or
decreased)by equal multiples of the corresponding elements of
any other row (or column), the value of the determinant is
unchanged.
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5.3 Matrices

525. Definition

An mxn matrix A is a rectangular array of elements (nums
bers or functions) with m rows and n columns.

%
526. Square matrix is a matrix of order nxn.

527. Asquare matrix [a,] is symmetric if a,=a,, i.e. it is
symmetric about the leading diagonal.

528. Asquare matrix [a,] is skew-symmetric if a,=a~.
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529. Diagonal matrix is asquare matrix with all elements zero
except those on the leading diagonal.

530. Unit matrix is adiagonal matrix in which the elements on the
leading diagonal are all unity. The unit matrix is
denoted by I.
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531. A null matrix is one whose elements are all zero.

5.4 Operations with Matrices

532. Two matrices A and B are equal if, and only if, they are both of
the same shape mxn and corresponding elements are equal.

a a aln
a, a ab
%! %ot %0
b’ bll b..
b’ bl b”
b, b, b..

533. Two matrices A and B can be added (or subtracted) of, and
only if, they have the same shape mxn . If

A'[’]'

»—[e,]-
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then
A+B=
a11+bH a’+b1 a’1+b11 a’+b’
a,+b,, a-+b,,
a_-+b, a_+b, a-+b,

534. Ifkisascalar,and A=J[a,] isa matrix,
then ka,, Kka,, ka,
ka, ka” ka”

—_— [S,]o
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535. Multiplication of Two Matrices
Two matrices can be multiplied together only when the
number of columns in the firstis equal to the number
of rows in the second.

If
a a a
a, a,
- [S’]o ®
a% a,? %
b, b, b,
b, b, b,
»—[e,]-
b, b. b.
112
CHAPTER 5. MATRICES AND DETERMINANTS
then
AB =C=
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where
C, ¢n en
€5 C C
b ’ C%?2 Cam

n

c,=a|b,+a,b+...+ab,,=?,b,,

(i=1,2....m;j=12 ....k).

Thus if

then

536. Transpose of a Matrix
If the rows and columns of a matrix are interchanged, then the
new matrix is called the transpose of the original matrix. If A

is the original matrix, its transpose is denoted A" or A.

537. The matrix A is orthogonal if AAT = 1.
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538.

539.

540.

541,

942.

If the matrix product AB is defined, then
(AB)" =B"A".
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Adjoint of Matrix
If A is a square nxn matrix, its adjoint, denoted by adj A,

is the transpose of the matrix of cofactors C, of A

aA-[c, .

Trace of a Matrix
If A is a square nxn matrix, its trace, denoted by tr A, is

defined to be the sum of the terms on the leading diagonal. tr
A=a,+a,+...+0,-

Inverse of a Matrix
IfA is a square n x n matrix with a nonsingular determinant

det A, then its inverse A is given by
A__adjA
detA

Ifthe matrix product AB is defined, then
(ABY'=B"A".
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543. If A isasquare nxn matrix, the eigenvectors X satisfy

the equation
AX =7.X,
while the eigenvalues Z satisfy the characteristic equation

IA-T7.1]=O0.

5.5 Systems of Linear Equations

Variables: x,y,7, X,, 8,»...
Real numbers:a,,a,a,,b,,a, ,an»...
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Determinants: D, D,, D,, D,
Matrices: A, B, X

544,
aix + b1y = d
{a,x+b,y=d,
x=Dqy =D o€ amersrulet,
D D
where
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545.

546.

If D * 0, then the system has a single solution:
D D

X=—=,y=".
D ¥ D

If D=0 and D,O(or D, £0), then the system has no

solution.
If D=D=D,=0, then the system has infinitely many

solutions.
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where
a, b,
D=la, b,
a, b,

547. If IDO,then the system has a single solution: D

X_D —Dz—7
0”1 )

If D=0 and DO(or D, O or D, + 0), then the system
has no solution.
If ' D=D =D =D =0, then the system has infinitely
many solutions.

548. Matrix Form of a System of n Linear Equationsin n
Unknowns
The set of linear equations

ax,+a,X,+...+a,,Xx,=b,

a,x,+a,X,+...+a,,X,=b,

a,8+a,X,+...+a,X,=b,
can be written in matrix form
a an al, X, b,
a, a, ab, X b,
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a~ a, a% X, b,
lLe.
A-X=B,
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a a %

al~ l~ % X’

549. Solution of a Set of Linear Equations nxn

X=A" B,
where A is the inverse of A.
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Vectors
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Vectors: ~, 4 W, I', AB,...
Vector length: U], V],...

Unit vectors: 1, j,kK

Null vector; 0

Coordinates of vector X,,VY,,Z,
Coordinates of vector V. X,, Y,Z,
Scalars: 7 ,

Direction cosines; coso, cos[, cosy
Angle between two vectors: 6

6.1 Vector Coordinates

550. Unit Vectors
1=(1,0,0),
1=(0,1,0),
k=(0,0,1),

i-[1-]-1
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z
B
A
k
J
- y
;0 "My
0
X
Figure 73.
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553. If AB =r,then BA=-r.

|
[
B
|
Figure 74.
554. X=[r]cosa,
Y =[r]cos~,
Z=]r]cosy.
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Figure 75.

555. IfF(X,Y,2)=r,(X,, Y, Z,), then
X=XY=Y,,Z=2Z,.

6.2 Vector Addition
556. W=~-+

\Y W',I
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o

u

Figure 76.
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Figure 77.
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Figure 78.

558. Commutative Law
~—4=V+~

559. Associative Law
(= 4V W=+ w)
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6.3 Vector Subtraction

561. W=~—if4+w=~.

w
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Figure 79.

Figure 80.
562. —v=~+(-V)

563. u-~=0=(0,0,0)

564. [=0

6.4 Scaling Vectors
566. W=2.U
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7.<0 0 =()

Figure 81.
567.  wi]=.]/ii
568. 2.=0.X,7Y,1.2)
569. 2~z ~.
570. (2 +)~=k. +—
571. 2M~)= (2~)=(-
572. (~+V)=2~+7
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6.5 Scalar Product

573. Scalar Product of Vectors ii andV
~v=/~:[]-c0s0,
where 8 is the angle between vectors ii and .
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u
Figure 82.

574. Scalar Product in Coordinate Form
If =(X,,Y,Z,), =(X,,Y,,Z,), then
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- =XX,+Y)Y,+Z,Z,.

576. Commutative Property
u-v=v.u

577. Associative Property
() (V)=.—~-
578. Distributive Property

~ (+W)=~v+~.W

579. ~ _=0if~, areorthogonal(O"" 2

580. ~ - >Oif0<0a"2
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581. ~-v<0ir2"O<r.

582. — <~]jvl
583. ~.v=I~][] if~, are parallel (0=0).

584. If =(X,,Y,,Z,), then
u=:-=u=u :] ul :X',

+Y,?+Z,'.
585
= = =
i )] kKk

6.6 Vector Product

587. Vector Product ofVectors ii and v
~xv =W, where

« [1=[~]"[]sin0, where 0<O<2",

¢ Wi~ and Wi v;
« Vectors ~, v, W form a right-handed screw.
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u
Figure 83.
[ J k
588. —><=[X, Y, /7
Xx, Y, Z,

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

590.

591.

592.

593.

Ecolebooks.com

@Ecolesooks

S=><Vv]=/~]\V]-sin0 (Fig.83)

Angle Between Two Vectors (Fig.83)

39 uxv
SllllRSIj]
Noncommutative Property
~=C~)
Associative Property
2~) (V)=2.—xv
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594. Distributive Property

595.

~X ( +W)=~XV+~XW

~xv=0 if~ and v are parallel (0=0).
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596. § E=jxj=kxk=~

597. ixj=k, jxk=i, kxi=j

6.7 Triple Product

598. Scalar Triple Product
[luvw]=~ (XW)=V:(WX~)= W-(~XV)

599. [uvw]=[wwv]=[vw]= [vuw]= [vu]= [1V/]

600. k~ C wW)= k[~vw]
601. Scalar Triple Product in Coordinate Form
X’ Yl Zl
~Qww)=X, Y, Z,,
X, Y, Z,

where
~=(X,Y,Z), =(x,,Y,,Z,), w=(X,,Y,,Z,).

602. Volume of Parallelepiped
V=~ (vxw)
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V
Figure 84.

603. Volume of Pyramid
v=" w)
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604. If ~- (xw)=0, then the vectors ~, , and w are

linearly dependent,so W —+For some scalars Z
and =

605. If ~- (xw)+ 0, then the vectors ™, , and w are linearly
independent.
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606. Vector Triple Product
~XCW)=(~w) -(~v)w
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Chapter 7

Analytic Geometry

7.1 One-Dimensional Coordinate
System

Point coordinates: x,, X,» 8,» YO»Y»Y,
Real number:
Distance between two points; d

607. Distance Between Two Points

d=AB=)x,-x]=Ix, -x]

d

o«

D)
A(x,) B(x,)

Figure 86.
608. Dividing a Line Segment in the Ratio A
XA2op s ARpey
1+2. CB

(0%
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Cl%

=0 .<0

Figure 87.
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609. Midpoint of a Line Segment
X, +X , 5

X, /™ o l.
2

7.2 Two-Dimensional Coordinate System

Point coordinates: x,, X,» ,» YO»Y»Y,
Polar coordinates: r, <

Real number:

Positive real numbers: a, b, c,
Distance between two points: d
Area: S
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610. Distance Between Two Points
d=AB=/(x,-x,)' + (Y,-Y,)'

y

Figure 88.
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611. Dividing a Line Segment in the Ratio 7
X, +2.X, y,+2y,
o144 Y>>1+

ACCB
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Figure 89.
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Figure 90.

612. Midpoint of a Line Segment

&Y ot
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X,= 3 »Yh= 3 '

where A(X,,Y,), B(X,,y,), and C(x,,y,) arevertices of
the triangle ABC.

613. Centroid (Intersection of Medians) of a Triangle
X5+XX1+X’ Y1+y’+y’
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Figure 91.

614. Incenter (Intersection ofAngle Bisectors) of a

Triangle ax, +bx, +cx, ay, +by, +cy,
= »Y %= »
a+b+c a+b+c

where a =BC, b=CA, c=AB.

y

Figure 92.
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615. Circumcenter (Intersection of the Side Perpendicular
Bisectors) of a Triangle

x,+y, Yy, 1
Wiy oy 1
X+y! oy, 1

X, X +y? 1

X, X, 4y} 1

X, Xx2+y,2 1
X

0 X,y |

A%, 'y, 1

1

= “ Y
X,y 1
A%, y. 1
x, Yy, 1
y
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Figure 93.
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Yy, X,X+y’ 1 X +yy, X, 1
Y, Xx,+y’ 1 X, +yy, X, |1
y, XX,+y’ 1 X +yY, X, 1
Y =
A | Xy 1
A X, Yy, 1
oy 1 X, Yy, 1
y

616. Orthocenter (Intersection of Altitudes) of a Triangle
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X
Figure 94.
617. AreaofaTriangle
_ 1

5=
X,
[x<,
y, 1
. 1=(9)P=
y ( )2/xx,

XX, , 1
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618. Areaofa
Quadrilateral
1
S=) X=X, (Y, Y )+ (X, =X, . +Y)H

+(X,—X, 6+ , +(X, -X,6,+Y,))
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Figure 95.

Note: In formulas 617, 618 we choose the sign (+) or (=) so
that to get a positive answer for area.

619. Distance Between Two Points in Polar
Coordinates d=AB=/r +r, -2rr,cos(@, -@,)
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Figure 96.

620. Converting Rectangular Coordinates to Polar Coordinates x
=rcoss, y=rsing.

y

A(r 0)
ro—A(KXy)

<P X
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Figure 97.

621. Converting Polar Coordinates to Rectangular Coordinates

r=hr+y ,tano=",
X
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7.3 Straight Line in Plane

Point coordinates: X, Y, X, X,, X;» Yi»Y»ava,»...
Real numbers: k,a, b, p,t, A /B, C, A,, A,,...
Angles: a, |

Angle between two lines: <

Normal vector: ii

Position vectors: I, d, b

622. General Equation of a Straight Line
Ax +By +C=0

623. Normal Vector to a Straight Line
The vector ii(A, B) is normal to the line Ax+By+C=0.
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Figure 98.

624. Explicit Equation of a Straight Line (Slope-Intercept Form)
y=kx+b.
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The gradient of the lineis k=tan a.

y
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X
Figure 99.
625. Gradient of a Line
k=tana=y? _y!
X, —XX,
y
X
Figure 100.
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626. Equation of a Line Given a Point and the Gradient
y:y,+k(X—X,),
where Kk is the gradient, P(X,, y,) is a point on the line.

y

Figure 101.

627. Equation of a Line That Passes Through Two Points

y=y, . X=X,
y,—Y_x,—x,
or

y |1
X, Yy, 1=0.
X, Y. |
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a b

628. | nte\[rc g ept Form
o
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Figure 102.

Figure 103.
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629. Normal Form
Xc0s9 + ysin~—p =0

y
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X
Figure 104.
630. Point Direction Form
X=X, Y-y
X y
where (X, Y) isthe direction of the line and P(X,,y,)
lies
on the line.
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Figure 105.

631 . Vertical Line
X=a

632. Horizontal Line
y=b

633. Vector Equation of a Straight Line
r=a-+tb,
where
O is the origin of the coordinates, X

is any variable point on the line,
d is the position vector of a known point A on the line,
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b is a known vector of direction, parallel to the line, t
is a parameter,

I = OX is the position vector of any point X on the line.
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Figure 106.
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634. Straight Line in Parametric Form
X ai +tha,

{y=a,+tb,
where
(%, y)are the coordinates of any unknown point on the line,
(a,,a,) are the coordinates of a known point on the line,
(b,, b,) are the coordinates of a vector parallel to the line,
tis a parameter.
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Figure 107.

635. Distance From a Point To a Line
The distance from the point P(a, b) to the line

Ax +By +C=0is
__|Aa+Bb+C
W+B'
y
M(x, y)
I
d,
- _0..’.+ _________
—X
Figure 108.
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636. Parallel Lines
Two lines y=K,x +b, and y=Kk,x + b, are parallel if

k,=k,.
Two lines AXx+B,y+C,=0 and A,x+B,y+C,=0 are

para |l Bel if
|

A, B™
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Figure 109.

637. Perpendicular Lines
Two lines y=Kk,x + b, and y=Kk,x + b, are perpendicular
if

k,= 'kor,equivalently, kk,=-1.

Two lines Ax+B,y+C, =0 and A,x+By+C, =0
are perpendicular if
A A, +B,B, =0.
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Figure 110.

638. Angle Between Two Lines
tanq=
k -k
2 1,
1+k .k,
AA, +B,B,
cos(d

VIA? +B? . JA +B"

2 ?
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Figure 111.

639. Intersection of Two Lines
If two lines Ax +B,y +C, =0 and A,x+B,y+C, =0 inter*
sect, the intersection point has coordinates
_ -C,B, +C,B, -A,C,+A,C,

»Yh=

A,B, _A,B, A,B,_A,B,
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7.4 Circle

Radius: R
Center of circle: (a, b)

Point coordinates: X, y, X,, Y,»...
Real numbers; A, B,C,D, E, F, t
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640. Equation of a Circle Centered at the Origin (Standard

Form)
X+y=R
y
0 X
Figure 112.
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641. Equation of a Circle Centered at Any Point (a, b)
(x-a)' +by-b) =R

y
R
A(a, b)
0 X
Figure 113.
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642. Three Point Form
+y x y 1
X,Z +y’2
X, Yy 1
X,2+y,2
=0x, v, 1
X2+y,2
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X v 1

% x
Figure 114.

643. Parametric
Form x=Rcos
t

.. ,0<t<2n.
{y =Rsint
644. General Form
AX +Ay"' +Dx+Ey +F=0 (A nonzero, D + E
>4 AF). The center of the circle has coordinates (a, b),

where
D E
a=— ,b=——.
2A 2A
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The radius of the circle
is
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D +E -4AF

7.5 Ellipse

Semimajor axis: a

Semiminor axis: b

Foci: F(-c,0), F,(c, 0)
Distance between the foci: 2¢c
Eccentricity: e

Real numbers: A, B, C, D,E,F,t
Perimeter: L

Area: S

645. Equation of an Ellipse (Standard Form)
X vy
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Figure 115.
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646. r+r,=2a,
where  r, are distances from any point P(x,y) on
the ellipse to the two foci.

y

P(x y)
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647. a=b+e

648. Eccentricity
e==<I

Figure 116.

649. Equations of

Directrices
a a
N=—==—=
e ¢

650. Parametric
Form x=a
cost

. o<t<Z22.
{y=bsnt’ =t=
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651.

652.

653.

654.

655.

7.6
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General Form
AXx' +Bxy +Cy' +Dx +Ey +F=0,
where B 44AC<O0.

General Form with Axes Parallel to the Coordinate Axes
AX +Cy +Dx+Ey+F=0,
where AC>0.

Circumference

L=4aE(e),

where the function E is the complete elliptic integral of
the second kind.

Approximate Formulas of the Circumference
L—(l5(a+b)-Vab),

L=-/10-+).

S=nab

Hyperbola

Transverse axis; a
Conjugate axis: b
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Foci: F(-c,0), F(c,0)

Distance between the foci: 2¢
Eccentricity: e

Asymptotes: s, t

Real numbers: A, B, C,D,E, F, t, k
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656. Equation of a Hyperbola (Standard Form)
a
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657. [, -r,]=2a,

Figure 117.
where I, r, are distances from any point P(X,y)
on the hyperbola to the two foci.
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661.
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Equations of Asymptotes

_b
y=mn

a
€ —a+b
Eccentricity
C
e==I

a

Equations of Directrices

x=at= @
e C
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662. Parametric Equations of the Right Branch of a Hyperbola x
=acosht

{y=Dbsinnt
,0<t<é

663. General Form
AX +Bxy +Cy' +Dx+Ey +F=0,
where B 4AC>0.

664. General Form with Axes Parallel to the Coordinate Axes
AX +Cy +Dx+Ey +F=0,
where AC<O.

665. Asymptotic Form
Xxy—,
y 4
or
y=k, where k=e_
X 4

In this case, the asymptotes have equations x=0 and
y=0.
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Figure 119.
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7.7 Parabola

Focal parameter: p
Focus: F
Vertex: M(X,,Y)

Real numbers: A, B,C,D, E, F,p,ab,c

666. Equation of a Parabola (Standard Form)
Y =2pXx
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-p/2 0

Figure 120.

Equation of the directrix

_e

Coordinates of the focus

Zs}

Coordinates of the vertex

M(0,0).

667. General Form
AX +Bxy +Cy +Dx+Ey +F=0,
where B 4AC=0.

668.
=

1
=ax ,
Yy P 93

Equation of the directrix
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Y’p

Coordinates of the focus

5

Coordinates of the vertex

M(0,0).

-p/2
Figure 121.

669. General Form, Axis Parallel to the y-axis
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AX +Dx+Ey +F=0 (A, E nonzero),

, 1
y=ax' +bx+c, p —.
2a

Equation of the directrix
_ P
Y=Y » >2>

Coordinates of the focus
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T}

Coordinates of the vertex
4ac--b

X —bs —ax2+bx +c=
R S T 4a

y
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Figure 122.

7.8 Three-Dimensional Coordinate System

Point coordinates: X,, Y%»z% X, Y ,7,»...

Real number:

Distance between two points; d
Area: S

Volume:V
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670. Distance Between Two Points

d=AB=/(x,-x,)+ (y.-y,)'+(z,-2,)

z
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Figure 123.

671. Dividing a Line Segment in the Ratio 1,

X, +.X, y,+Ly, ,+.1,
1+7 Y% 147 -6 1+2"
where
="C 41,
CB
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=0
Figure 124.

z
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Figure 125.
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672. Midpoint of a Line Segment

X,+X,
ng,
=7,
A:I. - - - — -
2 2 2

673. Areaof a Triangle
The area of a triangle with vertices

P.(X,,¥,Z,), P,(X,¥,zZ,),and P(x,,y,=) is
given by

1 v Z L2z x, If x Y, if

S.
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674. Volume of a Tetrahedron
The volume of a tetrahedron with vertices

P(x,,y,z,),P,(x,y¥,2,), P(X,,yy=), and
P,(X, » Z,)Iisgiven by

X, Y, Z
1
1 xx, z, |
V==
TeiIx, y, z, 1
XX Y, Z, 1
or
1X,xX, y,=Y, z,Z,
VZiEX,X, y.—Y, , =,

w >, Y,=Y, Z,-Z,
Note: We choose the sign (+) or (-) so that to get a positive
answer for volume.
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Figure 126.

7.9 Plane

Point coordinates: XY, Z, X% YO»Z,» X»NY'»Z,»...
Real numbers: A, B, C, D, A,, A,,a,b,c, a,,
a,, 7,pt... Normal vectors: N, n,, N,
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Direction cosines: coso, cos[, cosy
Distance from point to plane: d

675. General Equation of a Plane
Ax +By +Cz+D=0
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676. Normal Vector to a Plane
The vector ii (A,B, C) is normal to the plane

Ax +By +Cz+D=0.

Nn(A.BC)
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Figure 127.

677. Particular Cases of the Equation of a Plane
Ax +By +Cz+D=0

If A=0, the plane is parallel to the x-axis. If
B =0, the plane is parallel to the y-axis. If C
= 0, the plane is parallel to the z-axis. If D =
0, the plane lies on the origin.

If A=B =0, the plane is parallel to the xy-plane. If
=C =0, the plane is parallel to the yz-plane. If A=
=0

B
C =0, the plane is parallel to the xz-plane.
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678. Point Direction Form
AX=X,)*+Bly -y~)+C(z-=z)=0,
where the point P(x,,y~,z,) lies in the plane, and the vece
tor (A, B, C) isnormal to the plane.
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Nn(A.BC)
M(x, y.2)
- ))?
_______ 'f____________
Y
X
Figure 128.

679. Intercept Form
- \b(’? -

a c
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Figure 129.

680. Three Point Form
<X, Y-y, z-Z,
x, >, Y,=-Y, z,=zZ, =0,
x, >, Y, VY, z,.=,
or
x y z 1
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X,y z, 1
w Y, z, 1
X, Yy, z, 1
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M(x,y.2)
€0,6.2)
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Figure 130.

681. Normal Form
x cosO + y Cos[ +zfosy P
:O’
where p is the perpendicular distance from the origin
to the plane, and coso, cos[, cosy are the direction
cosines of any line normal to the plane.
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Figure 131.

682. Parametric Form
X=X, +a,s+a,t
y=y,+bs+b,t,
z=7,+c,s+cC,t
where (X,y,z) are the coordinates of any unknown point on
the line, the point P(x,,y,,z,) liesin the plane, the vectors
(a,b,,c,) and (a,,b,,c,) are parallel to the plane.

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

@Ecolesooks

Ecolebooks.com

170

CHAPTER 7. ANALYTIC GEOMETRY

M(X,y.2)

Figure 132.

683. Dihedral Angle Between Two Planes
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If the planes are given
by A,x +B,y +C,z +D,
:O’
A,x+B,y+C,z+D,=0

COS(0 = ’ = .
then the dihedral angle between them isiii, i,
AA, +B,B,+C,C, I./hi/

[ )+B:+c; ~}+itc
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Figure 133.

684. Parallel Planes
Two planes A x +B,y +C,z+D, =0 and
A x+By+C,z+D, =0 are parallel if
A, C
A, B, C,

685. Perpendicular Planes
Two planes Ax +B,y +C,z + D, =0 and
A,x+By+C,z+D, =0 are perpendicular
if AA, +B,B,+C,C,=0.

686. Equation of a Plane Through P(X,,Y,,z,) and Parallel
To the Vectors (a,b,,c,) and (a,,b,,c,) (Fig.132)
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687. Equation of a Plane Through P(x,,y,z,) and
P,(X,,y¥,2,), and Parallel To the Vector (a, b, ¢)
X=X, y-y, Z-Z
x,—%, Y,=-Y Z,-z,=0
a b c
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Figure 134.

688. Distance From a Point To a Plane
The distance from the point P(Xx,,y,,z,) to the
plane

Ax +By +Cz+D=0 is
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_[Ax,+By,+Cz +D

" W++C
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689.

DOWNLOAD MORE RESOURCES LIKE THIS ON

Figure 135.

Intersection of Two Planes
If two planes Ax +B,y +C,z +D, =0 and
A,x+By+C,z+D, =0 intersect, the intersection straight

line is given by
X=X, +at
y=Yy,+bt,
z=Z, +ct
or
X=X, _ Y-y, z-z,
a b c
where
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PPc _c A A B,
’ )= ] = 1
B, C, C, A A, B,
C D, B,
X, =
D, C, D, B,
at+b+¢
C
A D
CD, i _a 1
D, A, D, C,
at+b+c¢
D, B,
a
-b D, A,

a+b+¢

7.10 Straight Line in Space

Point coordinates: x,y,Z, X, Y»7,»...
Direction cosines: coso, cos[, cosy

Real numbers: A, B, C, D, a, b,c, a,, a,,t...

Direction vectors of a line: S, §,, S,
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Normal vector to a plane: ii
Angle between two lines: ¢p

690. Point Direction Form of the Equation of a Line
X=X, y-y, z-z
a b c
where the point P(X,,y,,z,) lies onthe line, and (a,b,c) is

the direction vector of the line.
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Stab.c)
| I
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Figure 136.
691. Two Point Form
:l__y’_:_z__z'_
z
_________________ Y
X
Figure 137.
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692. Parametric Form
X =X, +tcosa
y=y, +tcos—,
z=2z, +tcosy
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where the point P,(X,,y,,z,) lieson the straight line,
cos O, cos[, cosy are the direction cosines of the direction
vector of the line, the parameter tis any real number.

Figure 138.

693. Angle Between Two Straight Lines s:s,
a,a,+bb,+cc,
s/sl

COS(: =—, =
[«j+tbe}-/a;+bj+e;
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Figure 139.

694. Parallel Lines
Two lines are parallel if

s, lls,.

or

--b-s
b, ¢

695. Perpendicular Lines
Two lines are parallel if

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM

@EcoleBooks


https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@EcoleBooks

s,s,=0,
or
a,a, +b,b,+c,c,=0.

696. Intersection of Two Lines
— -

e

Twolines =22 Y=Y 7% g

a, b, c,
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X —X. Y-y z-z
a, b, c,

x,><, Y,=-Y 2z,-z
a, b, c, =O.
a, b, C,

-z ——= intersect if

697. Parallel Line and Plane
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The straight line X_ax y=y Z_CZ and the plane

b

Ax+By+Cz+ D=0 areparallel if
1-s=0,
or
Aa +Bb+Cc=0.

z

_______ +__,\,____________
Y
X
Figure 140.
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698. Perpendicular Line and Plane

T o 1=

The straight line X_ax y=y Z_CZ and the plane

b
Ax+ By+ Cz +D =0 are perpendicular if
1[s.
or
A B C
a b ¢
z
rhri(AB,C)
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Figure 141.

7.11 Quadric Surfaces

Point coordinates of the quadric surfaces: X, y, z
Real numbers: A, B, C,a,b,c, k,,k,.k,,...

180

CHAPTER 7. ANALYTIC GEOMETRY

699. General Quadratic Equation
AX +By+Cz +2Fyz+2Gzx +2HXy +2Px +2Qy
+2Rz+D=0

700. Classification of Quadric Surfaces

Case Rank(e) Rank(E) A k signs Type of Surface
1 3 4 <0 Same Real Ellipsoid
2 3 4 >0 Same Imaginary Ellipsoid
3 3 4 >0 Different Hyperboloid of 1 Sheet
4 3 4 <0 Different Hyperboloid of 2 Sheets
5 3 3 Different Real Quadric Cone
6 3 3 Same Imaginary Quadric Cone
7 2 4 <0 Same Elliptic Paraboloid
8 2 4 >0 Different Hyperbolic Paraboloid
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9 2 3 Same Real Elliptic Cylinder
10 2 3 Same Imaginary Elliptic Cylinder
1 2 3 Different Hyperbolic Cylinder
12 2 2 Different Real Intersecting Planes
13 2 2 Same Imaginary Intersecting
14 1 3 Parabolic Cylinder
15 1 2 Real Parallel Planes
16 1 2 Imaginary Parallel Planes
17 1 1 Coincident Planes
Here
B
H
1
(| |
1
A H Q P

H B F QG F C R

,/A=det(E), F
P Q R D
k,,k,,k, are the roots of the
equation, A—x H G
H Bx F =0.
G F C—-x
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701. Real Ellipsoid (Case 1)

X z
_a¥—+—e =1

Figure 142.

702. Imaginary Ellipsoid (Case 2)
X'y Z

J— + — 4 — =—1

€

6

703. Hyperboloid of I Sheet (Case 3)

X n}/ Z
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Figure 143.

704. Hyperboloid of 2 Sheets (Case 4)

)—( ¥—§— =-1
a C

Figure 144,
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705. Real Quadric Cone (Case 5)
Xy Z
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Figure 145,

706. Imaginary Quadric Cone (Case 6)

X Z
5 y
—_ +—+— =0
a e
707. Elliptic Paraboloid (Case 7)
XY
+/==()
a
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z
y
X
Figure 146.
708. Hyperbolic Paraboloid (Case 8)
—y7—o

d
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Figure 147.
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709. Real Elliptic Cylinder (Case 9)

lyl
a
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Figure 148.

710. Imaginary Elliptic Cylinder (Case 10)

X vy
a 1
—_—— =
b
711. Hyperbolic Cylinder (Case 11)
a
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Figure 149.

712. Real Intersecting Planes (Case 12)
yl

a
=0

713. Imaginary Intersecting Planes (Case 13)
X vy

——
b( D

a

714. Parabolic Cylinder (Case 14)
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| X

y=0
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Figure 150.

715. Real Parallel Planes (Case 15)
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X =I

a
716. Imaginary Parallel Planes (Case 16)

)i =_1

a

717. Coincident Planes (Case 17)

X =0
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7.12 Sphere

Radius of a sphere: R

Point coordinates: X, y,Z, X,,
Y»7,»... Center of a sphere. (a,b,c)
Real numbers: A D, E,F, M
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718. Equation of a Sphere Centered at the Origin (Standard
Form)

X+y+zZ=R?

Figure 151.

719. Equation of a Circle Centered at Any Point
(a,b,c) (x—a)" +(y-b) +(z-c) =R

720. Diameter Form
(X_X’ (X_X1)+(y_y! (y—y,)+(Z—Z, (2_21):0’
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where
P(x,,Y,,2,), P(X,,Y,,z,) are the ends of a diameter.

Four Point Form
X+y+zZ
X,Z +y,2 +X,2

X 1

y z
XX,2+y,2+X,2
XZ +y’2+x’2
X, 2+Y, 2+,

Y,

General Form
AX +Ay +Az +DX+Ey +Fz+M=0 (A is

nonzero). The center of the sphere has coordinates
(a,b,c), where

Dy

A

a= =

T 2A

2A
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The radius of the sphere is
R= .

2A
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Differential
Calculus
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8.1

723.

724,

725.

726.

Functions: f, g,y, u, v

Argument (independent variable): x
Real numbers: a, b, c, d

Natural number: n

Angle: a

Inverse function: f*

Functions and Their Graphs

Even
Function f(--
X)= ()

Odd
Function f(—
X)=T(x)

Periodic
Function f(x +
nT)= f(x)

Inverse Function
y=T(x) is any function, x=g(y) ory =f"(X) is its
inverse function.
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y

y=X

y=F"(C

Figure 152.
727. Composite Function

y=T(u), u=g(x), y==F(g(x)) is a composite
function.

728. Linear Function
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y=ax+b, xeR, a=tan o istheslope of theline, b is
they-intercept.
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y= ax+b
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Figure 153.

729. Quadratic Function
y=X,xeR.

y=X"?

Figure 154.
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730. y=ax +bx+c,xeR.
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y = ax+bx+c

Figure 155.

731. Cubic Function
y=X",XxeR.
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-0

y—

Figure 156.
732. y=ax"+bx'+cx+d,xeR.
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y

y = ax® +bx 2lcx+d

> x
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Figure 157.
733. Power Function
y=x",neN.
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y
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Figure 158.

y

S Y=V
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Figure 159.
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734. Square Root Function
y=VX, xe[O,-o).

y
X
0
Figure 160.
735. Exponential Functions
y=a,a>0,a+1,
y=e"if a=e,e=2.71828182846...
y
y=a
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Figure 161.
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736. Logarithmic Functions
y=log, %, xe(0,00),
a>0,a+l,y=Inx ifa=e, x>

0.
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Figure 162.
737. Hyperbolic Sine Function

y= s'||h X, s'||h x=¢ ~¢

X

XeR. i i
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y = sinh x

Figure 163.

738. Hyperbolic Cosine Function

"+
y=coshx, coshx —& ,e

XCR.

y
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Figure 164.
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739. Hyperbolic Tangent Function
sinhx e"—e
= xeR.

y=tanhx, y=tanhx= -
coshx e'+e

Figure 165.
740. Hyperbolic Cotangent Function
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coshx y=cothx, y=cothx= _
y 4 smhx

e"+e' ¢f —e™

,XCR,x=0.
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y = coth x

1
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Figure 166.

741. Hyperbolic Secant Function
| .

Z
=sechx, y=sechx= ——-= ,XER
y y .coshx e +e

y

y = sech x

Figure 167.
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742. Hyperbolic Cosecant Function

X
2
y=cschx, y=cschx =, = . xeR,
sinhx e—e”
y
y = ¢sch x
Figure 168.

743. Inverse Hyperbolic Sine Function y
=arcsinh x, xeR.
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y
y = arcsinh x
X
Figure 169.

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@EcoleBooks

744. Inverse Hyperbolic Cosine Function
y = arccosh X, X E[l, 00).

y

y = arccosh x

Figure 170.

745. Inverse Hyperbolic Tangent Function y
= arctanh x, x (-1, 1).
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y = arctanh x
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Figure 171.

746. Inverse Hyperbolic Cotangent
Function y=arccothx, x e(-00,—

Du(l,00).
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y = arccoth x

Figure 172.

747. Inverse Hyperbolic Secant Function
y=arcsechx, xe(0,1].
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y = arcsech x
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Figure 173.

748. Inverse Hyperbolic Cosecant Function
y=arccschx, xeR, x+0.

y

y = arccsch x

Figure 174.
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8.2 Limits of Functions

Functions: f(x), g(x)
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Argument: X
Real constants: a, k

749 lim[f(>)+g(x)]= limf(>)+ limg(x)
750. I>|(n2 [F(X)-g6x)]= XI_ignf(x) —Xliamg(x)

751 MO ge)I= lim FO-Aimg(x)

752, i D .\gt() —limg><> 0.
g(x  limg(x

753, lim[kf(x)]= klimfx)
754, imf(g0))= flimg(x)]

755.  limf(x)=*f(a),if the function f(x) is continuous at
X=a.

X>>a

756.

. SmX
Liw—r—a =]
x-»0 X

Sfanx
1 N o g
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x-»0 X

758. limsm x=1

X-»0 X
208
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759, lim
tan*x
=1
x—0 X
760, — 1 D_
x—0 X
761.

X-»00'

||
762. aX»OO X u

763. lima =

x—0

8.3 Definition and Properties of the Derivative
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Functions: f, g,y, u, v
Independent variable: x
Real constant: k

Angle. a

764. yQ—"G+Ax)-f(x) _g AY _dy

AX-»0 AX Ax-»0 AX  dx
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|
0 X-+AX

Figure 175.
765. dy=tana
dx

d(¢%v) du dv
= +

767.

768.
dx dx dx

d(u-v)_du_ dvdx
dx dx

O _d

dx dx

769. Product Rule
d(u-v) du i dv
dx dx dx
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770. Quotient Rule

g<<A

dv

dx v v

771. Chain Rule
y=f(g(x)), u=g(x),

dy _ dy du
dx du dx
772. Derivative of Inverse Function
g -
X dx*
dy

where x(y)is the inverse function of y(x).

773. Reciprocal Rule
dy
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+le

774. Logarithmic
Differentiation y=f(x),
Iny =Inf(x),
dx dx

" '«).' I [ at9)].

8.4 Table of Derivatives

Independent variable: x
Real constants: C, a, b, ¢
Natural number: n
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775. "*(c)-0

d776.
S
4777.
ax +b&&a
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dx

778. g(a'+bx+c):ax+b
| B | _0 mnm
779. dx() lhe
780, +_2
781. 4 l
dx x == x

782 él(-(G) Ve
783 é)l(() —
b
785.

log,x)=
a>0.a X XIna
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786.
- 'éa'):a'lna,a>0,a+
1. dx

787, dx() -e

788 . " (sins)=cos
X dX B

789. = "(cosx)=-sin x
dx

790. ""(an)- "
:sge'x)dx COS X

791 == ="
o D =" gme

d792.
secx)&an X-SecxX

d793.
cscx)dx(— cot X-CsCx

794,

rcs ) !
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dx |-Xx

795. %arccosx): 1

dx96.
d
h] @ ctanx)=
I

(§ B
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d7?;(':co()— :

dx 1+x
798 1

(arcs«c)y =:

dx x[Fx-1

d799. 1
arccs%):
xIx-1
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800. * = (sinhx)= coshx
dx

801. = =(coshx)=snhx
dx

802. 4 (tanhx) = l

= h?
Sec de cosh? X
803. d (othx)=- 1
— h?
eS¢ éx smh? X
d804'h = _sechx-tanh
sec >gXE—sec X-tanh x
4805.
csch ﬁ —csch x-coth x
dx X+1
w ]
4807. |
(rccosh B —
- -
dx g -1
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CHAPTER 8. DIFFERENTIAL CALCULUS

1
808. ﬁ tanhx)= - Lx]<1.
8 < arctanhx) T—xx]<

809.
d(arccothx)z— -
x]>1.

’[ ] dX

1

8.5 Higher Order Derivatives

Functions: f, y, u, v
Independent variable: x
Natural number: n

811 . Second derivative
dx dx dx dx

r-er-[y- 1Y
812. Higher-Order derivative
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™ s-er

815. Leibnitz's Formulas
(uv)” =u"v+2uVv'+uv'
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(UV) " =U"N+3UV + 3V + v
(uv)"'=u""v+nut9, nGr112—l) T\

g16. (" =
m e (
)! m-n

Ot

s18. 'log JO = "'(n ly
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a0, (LY"_(-)"(@-ly

g20. fa* =a'In"a
821. (eJ:_e

822. (all :mllall |nlla
823. )).._SO [+|'|']

824 (<OS|""—«O1:+.-]
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8.6 Applications of Derivative
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Functions: f, g,y
Position of an object: s
Velocity: v
Acceleration: w
Independent variable: x
Time: t

Natural number: n

825. Velocity and Acceleration
s =f(t) is the position of an object relative to a fixed

coordinate system at a time t,
v ="' =f'(t) is the instantaneous velocity of the object,

w = V' =s" =f"(1) is the instantaneous acceleration of
the object.

826. Tangent Line
y— , =TFX,(X><)
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y = f(x)

X%

Figure 176.
827. Normal Line

_ 1
Y=Y = {

—(xX-x,) (Fig 176)X )
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828. Increasing and Decreasing Functions.
If (X, )> 0, then f(X) is increasing at X,,. (Fig 177, X<X,,

X, <X),

If f(X,)<0, then f(x) is decreasing at X~. (Fig 177,
X, <X<X,),

If ' (X,) does not exist or is zero, then the test fails.
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y=f(x)

|
X, X
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Figure 177.

829. Local extrema
A function f(x) has a local maximum at x, if and only if
there exists some interval containing X, such that
f(x, )> f(X) for all x in the interval (Fig.177).

A function f(x) has a local minimum at x, if and only if
there exists some interval containing x, such that
f(x, )<f(x) forall x in the interval (Fig.177).

830. Critical Points
A critical point on f(x) occurs at X, if and only if either f'

(X,) Iis zero or the derivative doesn't exist.

831. First Derivative Test for Local Extrema.
If f(x) is increasing (f' (x)>0) for all x in some interval
(a,x,] and f(x) is decreasing (f'(x)<O) for all x in some
interval [x,,b), then f(x) has a local maximum at X,
(Fig.177).
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832.

833.

834.

835.

836.

I f(x) is decreasing (f'(x)< 0) for all x in some
interval (a,%,] and f(x) is increasing (f'(x)> 0) for all
x in some interval [x,,b), then f(x) has a local
minimum at Xx,. (Fig.177).

Second Derivative Test for Local Extrema.

If f'(x,)=0 and f"(x,)<O0, then f(x) has a local
maximum at X,.

If f'(x,)=0 and f'(Xx,)>0, then f(x) has a local
minimum at x,. (Fig.177)

Concavity.
f(x) is concave upward at x, if and only if f'(x)

isincreasing at x, (Fig.177, X, <X).
f(x) is concave downwardat x, ifandonlyif f'(X)
is decreasing at x~. (Fig.177, x <X,).

Second Derivative Test for Concavity.
If f'(x,)> 0, then f(x) is concave upward at X.

If f*(x,)< 0, then f(x) is concave downward at X.
If f'(x) does not exist or is zero, then the test fails.

Inflection Points
If '(x,) exists and f'(x) changessignat x=x,, then

the point (x,,f(x,)) is an inflection point of the graph
of f(x). If f"(x,) exists at the inflection point, then f"(x,)=
0

(Fig.177).
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837. L'Hopital's Rule

lim f(x) = lim f(x) if I|m f(x)— I|m g(x) = 9
.Sg(X)
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8. 7 Differential

Functions: f, u, v
Independent variable: x
Derivative of a function: y'Q),

f'(x) Real constant: C

Differential of function y= f(x): dy
Differential ofx: dx

Small change in x:

Ax Small change in y:

Ay

838. dy=ydx
839. fx<+Ax)=f(x)+ f'(X)Ax

y
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0 X X+AX

Figure 178.
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840. Small Changeiny
Ay =f(x +Ax)--f(x)

841. d(u+v)=du +dv
842. d(u -v)=du-dv

843. d(Cu)=Cdu
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844. d(uv)=vdu + udv

ws. |5 -

8.8 Multivariable Functions

Functions of two variables: z(x,y), f>x,y), 1X,y),
h(x,y) Arguments: X, y, t
Small changes in X, y, z, respectively: Ax, Ay, Az.

846. First Order Partial Derivatives
The partial derivative with respect to x

O p—
f (also -
Z 1), _—
Ox Ox
The partial derivative with respect to y
Of 0z
Tr4a ., -)
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Z

847. Second Order Partial Derivatives
., i +

~y 0 - \ Oyox ™I

If the derivatives are continuous, then
@t (0]
OyOx  Ox~y

848. Chain Rules
If f(x,y)=g(h(X,y)) (gisa function of one variable h),

then
. ch of . ch
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ox J(xy) . =g(ixy) > -
B o Cfdx _of dy
ITh(=I<(t) y(D), then W(t)=2= - @y dt

If z=f(><(u,v)y(u,v)), then
0z _Of OX,0Of -y 0z _¥0x ofly
@u OxCu ~y@u ~V Ox~V @~V

849. Small Changes

of
cf Az=
X+ y AN AN
0x Cy
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850. Local Maxima and Minima
f(x,y) hasalocal maximum at (Xx,y,) Iff><,y)<f(><,»)

for all (x,y) sufficiently close to (X,,y).

f(x,y) hasalocal minimum at (x,y,) iff>,y)2 (>, y%)
for all (x,y) sufficiently close to (X,,y).
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851.

852.

853.

854.

Stat iolnary P oints

Ox_y |

Local maxima and local minima occur at stationary points.

Saddle Point
A stationary point which is neither a local
maximum nor a local minimum

Second Derivative Test for Stationary Points
Let (- be a stationary point(_~ ' 0).
V) y point(Y_@'_ )

D= fJxo,Yo) fxy(xo,Yol
TOPRRQY

If D>0, F(X,,¥)>0, (X,3) isapointoflocal minima.
If D>0, F(X,,¥)<0, (X,3) isapointoflocal maxima.
If D<O, (X,,Y,) isasaddle point.

If D =0, the test fails.

Tangent Plane
The equation of the tangent plane to the surface z =f(x,y)

at (X,)¥z) is

z-z,=F,(X, ¥, XX=XX)+f,(X, vV —
).
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855. Normal to Surface
The equation of the normal to the surface z =f(x,y) at

(Yh=z) is

8.9 Differential Operators

Unit vectors along the coordinate axes: 1, j,K
Scalar functions (scalar fields): f(x,y,z), u(X<,,X,»...»X,)
Gradient of a scalar field: grad u, Vu

Id of

Dlrectona ~errvatlve: el

Vector function (vector field): F(P, QR)
Divergence of a vector field: divF, V.j
Curl of a vector field: curl F, VIF
Laplacian operator: \V

856. Gradient of a Scalar Function
grad f=v'f=(af ,af ,of\]
ax oy Z
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gradu=Vu=(ou, ou ,..., ou \] \
0x, Ox, X,

857. Directional Derivative

of Of o Of [ %
=C_0s0 + «os[+ 0S
0l ~OX 0y 0z
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where the direction is defined by the vector
I1(cosO, cos[, cosy), cos a +cos[+cosy =1.

~y
858. Divergence of a Vector Field
dv =V, " OP 0Q OR

0x 0z
859. Curl of a Vector Field
curl F=\/F=

[-dy—  m
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860. Laplacian Operator

@ et of
/F— —8—
L Ox 07 (@)

861. div(culr)=v.(\sF)=0
862. curl(gradf)=wvx(Vf)=0
863. divgradf)=V-(VF)=VF

864. curl(curl F)=grad(div r)--\VF=V(Vv.F)--\VF
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Functions: f,g, u, v
Independent variables: x, t,

Indefinite integral of a function: [f(xkdx,
Jg6xkdx, ... Derivative of a function: y'(x), f(x),

F(x)...
Real constants: C, a, b, ¢, d, k
Natural numbers: m, n, i, j

9.1 Indefinite Integral

865. [f(x)dx =F(x)+ C if F(x)=f().
ge6. ([r(» )=t

867. [kf()kdx = k[f(>x)dx

868. [[1(>)+g Qltx= [FMx+ [g(x><

869. [[rQ-g(X)Itx= [ftxkx- [g(xkMx
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870. [flax)Mx ==F(a)+C
a
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871. [fi>x+b)Mx = ; Flax +b)+C
872. [r(r(SX- etc
ar. ["'[—WsoC

874. Method of Substitution
[f(x)hx= [f(a(t))u'(t)Mt if — u(t).

875. I]ptegration by Parts

udv = uv- [vdu,
where U(X), v(x) are differentiable functions.

9.2 Integrals of Rational Functions
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876. [adx =ax+C
e77. [dX-, C

878.

p+l

879. [ xp:ll—c,p—l.
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o _(ax+b)
880. [(ax tb) dX—f. At C,n+-

en [""-DIN-cC

X

882. ax+b anIac+bW+c

3p
a bc—-ad
= X+ inlcx +d+C
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w
a-b
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885. [.""
[a+bx

) 'b’ (a+bx—alo[a +by)+cC

S. _] - —%[' (rer-2a+-—+«oh+o[-c
a+ bx 2

x(a+bx) a X

1
en J.°° ' I e

| N |
aSS':Lx at+b 9 x
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890. f(a )
X dx
2
B ! (a+bx-2alnla+bx]- @
>+C
a+bx b a+bx
|
a«. j X( a +bx) ' ala +b X

1 [l
a 4 X C
||

]
=3 Jx 1- 2
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i

<< =-==X
w I—?I

2a a—x-e
895.

Y -a 2a 1 X+a Ce

898y
f:tan'x +C
1+X
897.
dx —-= %tan-1 XiC _ _
at X
a a
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a+bx  Vab Va
899. f dx , = —arctan(x {bJ+c, ab>0.
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a+bx 2b b
| B | | I
500. ,}» e+Z -(
901.
f b = Ib1 n +C
’ X(a+bx' | 2a L
[a +bX
902. f 2dx2 2 ==l—Inla+bx+C
a-bx 2ab a-bx

9[3,

f dx
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v/
1 2ax+ b— b2
-4ac +C . )
ax" +bx+c /b —-4ac PRax+b+Vb Aac
bAaac>0.
904.
dx _ 2

fesen
+C,

a==0 -
ax +bx+c Vdac-b Vdac-b
b —-4ac<O.

y 5.l

9.3 Integrals of Irrational Functions

sos |
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906. [Vaxx+bdx '3' [(><+b) = +C
a

27 ; Ax 2x-bl},——cC
° Vax +b )§a }
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- [Vax+6__ Max-2bl(—

15a

s0s. | r -[Na.»-Vb-a]_e,
(x+c)Vax +b  Vb-ac I/ax+b +Vb-ac

b—-ac>0.

910. f——d—x ——=——
/ _ax+_ b +C,

(x +c)Vax+b Vac-b ac—b
b-ac<O.

—aretan

onl. 4L zr’a”™ 0/0+ka+)-

O r &g -c >o.
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cx +d (
[ B | w
912, [,| ?a ,(a+ka+)-
ad _bcarctan, flex +d) — ,(a<0, c=>0).
cvac clax +b
913.
fx'2V1a+ bX dx 2(sa

14.

f Xdx  2(sa —4abx+3bx),J b C
2 2 2 2

9 [a1 8 156° la+bX +
dx {  Ja+rbx-Va

91s.

Va

ft =——a..s

X a+bx a+ bx

4+ gtC.a>O.
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916.
/ dx
::2

arctan]|

+bxl+c, a<0
X a+bx V-a -a

7. [, A-((a-6+8++6jarw, [ 1PC

[ A --J T —-(+H8asst [T
91 + X
L-—\il —§>< E:!(caﬂx +C

%O.
| p=arcs —J-sa,c

921.
X—a ba
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fVJa+bx—cx'2
in,_- b-a

~_
dx= 2ex=b ‘a+bx—cx? +
4c

b —4ac 2<:x——b
—— aros

8/c¢' "'b+4ac

922. [ - _ " "ae—++2a(a—+ —c)-C,
A +bx+c  Va

a=>0.

923 frL. ’2ax+b ,
= rcs n- -4ac +C, a<O.

= i Vb
ax +bXx +cC Va 4a

2

924. [New@d-INl &+ , tole+tNr@]+c
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92s. [Wr+ad="(+a)'+c
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926. [€V+@X=,(2r'+kNr+%-e

4

- ; bk+6w>> J+C

927.

.Jx2+2 a dx — __ g Jx2+al 'Inl‘x+//x'2 +a21+ C

X X

%%?+ a2 dx _

f X Yé +a + aln]
X a+/>x+a'

a3o. L +a

— 4+—C

931.

%

=X/ J>¢lal _1annix+-Axd +a2[ +C
Fa % 2 .
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2
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935.
2
t‘\]X
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945, [(—«)'dls-—(2X"-S)NF—+
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X /21

rcs'nle-G/a xdx \/a
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950,
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955. [ dx _!_/a—x +C
(x+a/Na— 2 a+x
956. [ 1 /at+x
+C (x—a)/a— 2 a-X
957.
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960. (f )4 8(a e : L —

961.

2 22 2 2

9.4 Integrals of Trigonometric Functions

962. [sinxdx =—cosx +C
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964.

965.
sin? x X =x =g
2 4
Cos? i X =*+ !
2 4
inix + ©
inix + C

966. [sin"xXdX="co0s"X—cosx+C= " cos3x " "cosx+C
3 12 4

967 .

'I:cos'3 X
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3 12 4

Ose. [sinx - [eexdx—ltan:zl +C
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9es.

w

970. [" 3 —[ese"xdx=cotx+cC
sin’ x«

971. | C-os-x —[seexdx=ta><+C
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975. [sin xcosx dx = {sin’x+C

976.
fsm'nxcosz ><*X—=cl
os* x+ C

977.
fsi'n 2 Xcos? X IX = —x

="' indx+ C

8§ 32

978. [t xdx=-Inlcosx+C

f
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987.

988.

f

———— —==—1—+——ll(X+n)+cC sin
XCOSX SiNX 2 4

f___.__z_: —+lllitall

1
sinxCos X C0sx 2

989. [_,"" ,=tinx-cotx+C
S XCO0S X

990. lIsinmxsinnx d _sin(m-+nkx , sifm-n)x .
Am +n) (m-—n)

m .
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991. fsillmxcosllx — = -cos((m +1I;x
2m +n

cos(m —nkx
z(m_n) LARAR A

992.
m' M.

fkosmx‘i‘ﬁ”ﬁi;_ sill(m-+11)x i 3II(‘m—||)x C

dx:%lm +n’ 2lIm-n

J »

993. [secxtan xdx =secx +C

994. Jcscxcot xdx=-cscx +C

995. [sin xcos"x dx= (0S X
n+l

+996

Sin " xcosx>< oMb X C
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997. Jarcsinx dx = xarcsinx+VI-x +C

998. ]Jarccosx dx = xarccosx —VI-x +C

999. [arctan x dx = x arctan x -% In(x* +1)+C

1000. farccotxdxzxarccotx+1/zln(xz +1)+c

9.5 Integrals of Hyperbolic Functions
1001. [sinh xdx =coshx + C

1002. [cosh xdx =sinhx +C
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1003. [tanhx dx =Incoshx + C
1004. [cothx dx = In[sinhx]+C
1005. fsechxdx =tanhx+C

1006. [csch'xdx= cothx +C

1007. [sechx tanh xdx = -sechx + C
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1008. [cschx coth xdx = -cschx + C

9.6 Integrals of Exponential and Logarithmic
Functions
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1010.
a

dx
+C Ina

1011. [e" ds W +c
a

ax

1012. [e" dx =f_,(ax-1)+C
a
1013. [Inx dx =xInx—x+C

1014. {—"" IRho[ +cC
{xlnx L

1
1015. ]cxnlnxdx=x1n+l
x -( yl+c

r N
n+1 n+l

1016

]ceax . b_dx"sin bx --bcosbx « , C
S X e

+ i

2
a +b
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f

1017 .
] )

« b d __acosbx+ bsinbx C
g’ oS x e +
a +b

9.7 Reduction Formulas

f

1018.
xNeMdX—__ 1 nomx ___II fxn—lemxdx
m m
em em m em
1019.[ ,dx=__ 0 - ?r-l] . d,nzl.

1020. [sinh" A = sinh" " cosh-""7"[sinh" "
n n

n
1021.f oshx P2; d a.
sinh™x (n=1sinh***x n-1 sinh*""><’
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1022. [cosh" sinhxcos™ = xcoshs 4**7 " [eosh™"dx
n n

dx _ sillh x -2 -

o

cosh" x (n =cosh" *x n-1 cosh""x

1023 f

1024.

f

1025 .
s x coshm & -=S_in_h"_" x__co_si"_ = _x
n+m
+— — w4shm" " xcosss- " x«d
n+m

X co sh"

sy coshm x&-=S_in_h"
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| B |
— ""Asam™ xcoss""x«dx
n+m

1026. [tanh" xdx = = tanh" " x+[tanh""><dx, n+1. n--I

1027. [coth" xdx =— ;coth"'x+ [coth'><dx, n+1. n-

1028.
fsetih x . f
n dx _sech_"'ita% n-
n—1 n—1
etM-2, X g,
1029.
sm' "xIX = _lsgm " xcosx+—N—-! 1:si'n” Lydx
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n n
1030. [ — =~ cOX ~-n-2; " ,=1.
sin"'x (n=1)sin"*'x n-1 sin"*
1031.
fcos nxdx =—1sm.
XCOS - X+ —--_— €O0S -2 Xdx
n n
1032. - _ six n-2, d ..
cos"x (n-1)cos""'X n-1 cos"">x<
1033.
n+l ml
fSI'IInxCOSm xd _SIn xC0S X
f n+m
+_m_l sm' " Xcos m-2 XdX
n+m
1034 sl "xcos ™ x8X = _ Sl
_ xC0s ' x
+ n-l m+l
n+m
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d

+—n—_I fsrn“‘2 XCcos™ xx

1035. [tan" xdx = 'taln"'X- [tan"xdx, n+1.
n_

1036. [cot"xdx = 'no " x—[cot">dx,n+1.

1037, tsec'“ xdx

sec 2 tan n-2

sec'"'><
dx, nl f
X X n

= —a— —
n-1 n-1

2

f 2
n-1 n-—

dx, n=xl.
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1039, [x" B =" _ x""" :_' r!:l. "ETTX
100. | 1 aw 9' " de.»al
3 W 1)...

1041. [In" xdx =xIn" X-n[ln'"xdx
1042. [ X" sinh xdx =x" cosh x—n[Xx"" cosh xdx

1043. [ X" cosh xdx=x" sinhx—n]x" = sinh xdx

1044, [ X" sin xdx=-Xx" cosx + n[Xx" " cos xdx

1045, [ X" cos xdx=x" sin X —N] X" " sin xdx
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ntl ] n+

x-—-fkO

1046. [x"sin " xdx = ——sin-. dx
n+1 n+l 1=
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n+l ] ntl

1047. xncos- xdx————cos 1x+——f Ek— dx
n+1 n+1 1--x"

n+l ] n+l

1048. [x"tan"ad =an"x- [ - dxn+l
n+1 I+x

1049 f xndx =x - bf dx
ax"+b a a ax"+b

1050. f dx = —2axXb
@2 +bx+c)  (n—1bY 2 ~4acMNax 2 +bx +c)

2(2n-3hap

(n- 1 ac) (+b@J ]

n-1

1051f dx n=3 f dx
(+) Iin- 1(+sf"2|n 1" (‘+a)™
n+1.

1052.f dx =- X
(Xz_az)n

2(n—l)a2(x2—a -

_ 2_n—_3_f___dx__. n* 1
In-lh ~C-a)" |
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9.8 Definite Integral

b b
Definite integral of a function: [f(xkdx,
[g(xkdx, ...

Riemann sum: ) 1(5, )Ax,

izt Small
changes: Ax, Antiderivatives:
F(x), G(x) Limits of
integrations: a, b, ¢, d

max Ax, O i=I
= i

1053, [rEMr- 1i 2t(5 Ax,
| | V\i/_herel_Ax,,zx, =-X,,, X, ,<&,<X,.
y

y = fx)
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b
1054. [1dx=b-a

1055, [kKf()dx = [FX)dx
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1056 [[(00+ g0 = [+ [gbo<
10s7. I Q-glxlx = ix)ax- [oekh

1058, E;fx)dx =0

1059, Ef(x)dx - |§f(x)Mx

1060, Ef(x)x - ac[f(x)x +:)[f()dx for a<c<b.

1061. [f(x)dx >0 if f(x)20 on [a,b].

1062. [f(X)x <0 if f(X)<0 on [a.b].
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1063. Fundamental Theorem of Calculus

i:f(X)Mx =Fx)", = F(b)-F(@) if F'(<)=f(9).

1064. Method of Substitution
If Xx=g(t), then

bf(XkM - Tg(tret,

where
c=g~(a), d=g~(b).

1065. Integration by Parts

f

b b
udv =(\)";— [vdu

a a

1066. Trapezoidal Rule

fit™ o, . It.-«,-2«10J6

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@ EcoleBooks

249

CHAPTER 9. INTEGRAL CALCULUS

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@EcoleBooks

Figure 180.

1067. Simpson's Rule
[rt — 2[6.)+ 41,)+ %66, )+416)+

+2f6,)+...+ 46 , )+1(x,)],

where
b-a.. — .
X,—=a+ m , 1=0,1,2...,Nn.n
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y

y =f(x)
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Figure 181.
1068. Area Under a Curve
b
s=[fx)ix = F(b)-F(a),

where F'(x)= ().
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Figure 182.

1069. Area Between Two Curves
s=[[F(x)-g(x)ldx = F(b)-G(b)-Fa)+G(a),
where F(X)= 1), G(X)=g(X).
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Figure 183.

9.9 Improper Integral

1070. The definite integral [ f(x )dX is called an improper integral
if
« aorbisinfinite,
+ f(X) has one or more points of discontinuity
in the interval [a, b].

1071. If f(x) isa continuous function on [a,co0), then

[t — m[r(XX.
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00 - X

Figure 184.

1072. If f(x) is a continuous function on (--0,b], then

_itth - Jimb[t()x.
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Figure 185.
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Note: The improper integrals in 1071, 1072 are convergent if
the limits exist and are finite; otherwise the integrals are
divergent.

00

1073. O[Of()hxz [rOMX + [f(xkhx

Figure 186.

If for some real number c, both of the integrals in the right
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side are convergent, then the integral [f(><}dx is also

convergent; otherwise it is divergent.

—00

1074. Comparison Theorems
Let f(x) and g(x) be continuous functions on the closed
interval [a,00). Suppose that 0<g(x)<f(x) for all x in
[2,0).
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00 00

« If [f(X)dx is convergent, then [g(xkdx is also

convergent,

00

« If Jo(xkdx is divergent, then [f(x)dx is also divergent.

1075. Absolute
Convergence

00 00

If [[f(><)dx is convergent, then the integral [f(><)dx is
absoe
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lutely convergent.

1076. Discontinuous
Integrand
Let f(x) be a function which is continuous on the

interval a,b) but is discontinuous at x = b. Then

b b-€

f(x)dx = €Ilrgl [f(x)dx

y
b
X
a 0 b-e
Figure 187.
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1077. Let f(x) be a continuous function for all real numbers x in
the interval [a,b] except for some point ¢ in (a,b).
Then

f f

b

-& b
o f(x)dx = I|n;|+ [f(x)dx + lim

f(x)dx.

a c+6

CcC-€
Cc+€

Figure 188.

9.10 Double Integral
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Functions of two variables: f(x,y), f(u,v),...
Double integrals: [[fX,yldxdy,

[[g6xykdxdy, ...

i=l j=I
Small changes. Ax,, Ay,
Regions of integration: R, S
Polar coordinates: r, 0
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Area:A

Surface area: S

Volume of a solid:

V Mass of a lamina:

m Density: p(X,y)

First moments: M,, M,
Moments of inertia: I,, I,,
I, Charge of a plate: Q
Charge density: 0o(X,y)
Coordinates of center ofmass: X, y
Average of a function: p

1078. Definition of Double
Integral
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The double integral over a rectangle [a, b] [c, d] is
defined to be

max Ax, »0 .

[tsz- » 2Si..,Hls»,

[a, o ]Xee.a|

maxAy, O i=l j=I
where [u,,V,) is some point in the rectangle

(X » X)X(Y,V.), and Ax,=x, X, Ay,=Y,=Y .

Y (X, ><Ix [y, v
d
R
Y
Y.,
J
C
0
a X, X b X
Figure 189.
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The double integral over a general region R is

[[tts,yMA=- [[gE&,rMA,
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R [a,bkle, d]
where rectangle [a, b} [c, d] contains R,
9(x,y)=f(x,y) iffx,y) isinRand (x<,y)=0

otherwise.
y
C

d
C .
[ |

0

a b X

Figure 190.

1079. [[[rs,y)+g(xVv)l — [[rts,yMA-+[[g6 , YMA
1080. [[[rs.y)-9Gy)MA=[[rs,yA-[lif<x,y A

1081. [[w(><y)MA= [[rs,yYMA,

where Kk is a constant.
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1082.1f 66 , Y)<O , Y) onR, then [[ftx,y)MA < [[9(>xy)MA.
R

R

1083. If f(x,y » 0 on Rand SCR, then
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[tts,rMA< [[fe,yMA.
S R
y
0 X
Figure 191.

1084. If f(x,y)> 0 on R and R and S are non-overlapping
regions, then [[f(x,y A= [[f(s,y)MA+
[[f(><,y)MA.

ROS R S
Here Ru S is the union of the regions R and S.
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Figure 192.
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1085. Iterated Integrals and Fubini's Theorem
ba(x)

[[(><Vv)MA=-] [tts,y)yd

2 pix)
for a region oftype I,

R={x.y)la<x<b,p(x)<y<qx)}.

y

y =4d(x)
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y = p(x)

Figure 193.

d vly)
[[tsyA- [( [)r(sy)dey
R cu(y.
for a region oftype II,

R={(x,y)uly)<x<v(y)c<y<d}.
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X = v(y)

Figure 194,
1086. Double Integrals over Rectangular Regions

If R is the rectangular region [a,b] [c, d], then

[iiSh<cts-I] |

Jisor -ljise -1,

In the special case where the integrand f(X,y) can be write
ten as g(x)n(y) we have

1Hi6»<«r- [JesSH« r[ [«] [ [MS ))]

1087. Change ofVariables
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i«

ijttus»-J a.
~X 0OX
i . a(u,v

I
-ha ["T, _Z { I -0i «e iacOa 0Or «e

taos

cu ~v
formations (x,y)->(u,Vv), and S is the pullback of R which

262

CHAPTER 9. INTEGRAL CALCULUS
can be computed by x =x(u,v), y =y(u,v) into the defini¢
tion ofR.

1088. Polar Coordinates
x=rc0s0, y=rsin0.
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Figure 195.
1089. Double Integrals in Polar Coordinates

The Differential dxdy for Polar Coordinates is

dx /0> 1 a,o=rdrdO.
— 0(r,0)

Let the region R is determined as follows:
0<g(0)<r<h(0), a<0<9,where ~—a<2n.

Then
~hQ ,
[[ftx,ykdxdy=[ [ f(rcosO,r sin0)rdrdO.
R

ag(0)
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Figure 196.

If the region R is the polar rectangle given by
O<assr<b,a<0==,where [-a<2n,
then

[[F(x,y)dxdy= ﬁf(r cos0,rsin 0)rdrdO.

R aa

y
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Figure 197.
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1 090. Area of a Region

f1

b f(x)
A= dydx (for atype I region).
a g(x)

y = h(x)

y=d(x)

Figure 198.
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f i

d q(y)
A= dxdy (for atype Il region).
e fly)
y
d
X =q(y)
c
0 X
Figure 199.
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1091. Volume of a Solid

V- [R[f(xv)MA.
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Figure 200.

IfR is a type | region bounded by x=a, x=b,y = h(x),

y=g(x), then
b g(x)
v-[[ftyVA=[ [ts,ryd.
R ah

)

If R is a type Il region bounded by y=c, y=d,

x=q(y), x=p(y), then
d qty)
v=[[fis,y)A-[ [rs,yikdy.
R cp(y)
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If f(x,y)29(x,y) over a region R, then the volume of
the solid between z, =f(x,y) and z,=g(x,y) over R is
given by
v=[[[tts,y)-ds y)IA.

R

1092. Area and Volume in Polar Coordinates
If Sis a region in the xy-plane bounded by 0 =a, 0
=~, r=h(0), r=9(0),
then
[ 90)
A=-[[dA-[ [rdroO,
s ah(o)

v=-[[(r,0)rdrdo.

y

0
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Figure 201.

1093. Surface Area
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1094. Mass of a Lamina
m- [[s,yA\,
R

where the lamina occupies a region Rand its density at a
point (x,y) is p(X<,y).

1095. Moments
The moment of the lamina about the x-axis is given by fore

mula

M,=[[YOISYA.

The moment of the lamina about the y-axis is

M, =[[so(s,yHA.

The moment of inertia about the x-axis is
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1=rry'lS,yMA.

The moment of inertia about the y-axis is

1, =[[€X YA.

The polar moment of inertia is

, —[R[(e+y)ls,yA.

1096. Center of Mass

M., Tuis»

m mr_ P X,y

r— s [[Ws>>j3j, a
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[[yis,y A

— = m [R\]Ot >>_j prix,yIE
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1097. Charge of a Plate

[fa( r)MA,

where electrical charge is distributed over a region R and its
charge density at a point (x,y) is 0(,y).

1098. Average of a Function
—, [t

where S = ffdA .

R

9.11 Triple Integral

Functions of three variables: f(x,y,z), 9(x,y,2), ...

Triple integrals: [[[ts.y, 2\, [[[gS,.YZ\r,...

G G
m n p

Riemann sum: 2) 2t|S » W,)Ax.y . >

i=1"j=1 k=l
Small changes: Ax,, Ay,, AZ,
Limits of integration: a, b, ¢, d,r, s
Regions of integration: G, T, S
Cylindrical coordinates: r ,0, z
Spherical coordinates: r, 0, ¢
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Volume of a solid: V
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Mass of a solid: m

Density: (X,Y,2)

Coordinates of center of mass: X, Y, Z
First moments: M,, M,,, M,,

Moments of inertia: 1,, I,» R, 01,1,,1,, I,

1099. Definition of Triple Integral
The triple integral over a parallelepiped [a, b} [c, d ] [r, s]
is defined to be

[[ts..zv- a ST.. ,Ir.,An,[.

o X[, :

dH]r. max U,—)é) i
okt o= MY —0E

max Z>>0
where (u,,v,, W,) is some point in the parallelepiped

x,>)xly,, », DC Z,),and Ax,=x, X,,)
AY,=Y,-Y,, AZ=7,-Z.

1100. [[[ [ts.y.2)}+sty zfv- [[[ lisy.zv +[[[ gsy.ZV

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

@EcoleBooks

Ecolebooks.com

1101. [[[ [tts,y.2)-sts,y.2)\Vv-[][[ tts,yz\v-[[[$s. - zVv

1102, [[[ 4y ) v=L[[tty.zV,

where Kk is a constant.

1103. If f(X,y,z)>0 and G and T are nonoverlapping
basic regions, then

[ tty.zv-[[[tsy.v-+{[[tsy V.

GUT
Here Gu T is the union of the regions G and T.
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1104. Evaluation of Triple Integrals by Repeated Integrals
If the solid G is the set of points (x,y,z) such that
x,y)eR, ,(x,y)<z< . (x,y), then

X2(x.y)
[[[ fE€,y.z)Md»dz- [[][ [ty .zZMz[ddy.
G RE (xy)
where R is projection of G onto the xy-plane.
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f

If the solid G is the set of points (X,y,z) such that
a<x<b, X)<y<0,(x)1,(x,y)<z==(Xxy), then

[[[ts)y.zkxdyz-[ [ [6,yz= vy
G s 0( 1(xy)

1105. Triple Integrals over Parallelepiped

k

If G is a parallelepiped la, b[c, d][r s], then

i ts<<so DITISHWF

In the special case where the integrand f(X,y,z) can be
written as g(x)h(y)k(z) we have

[f ts. 20w [jeta[j SI’[hO ]

11 06. Change of Variables
[[[ fLty,zkdydz=

1
= ffJ fix(u, v, wty(u, v, w),z(u,v,w)] at
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,Z ) dxdydz, y
S @u,v,w
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where
+0 1s the jacobian of

Ox Ox 0Ox

cu @ QW
(xy.z) _ 0y 0Oy Q0y

@u,v,w) cu ~V OW
0z 0z Oz

Gu CV Cw
the transformations (x,y,z)>>(u,v,w), and S is the pulls
back of G which can be computed by x=x(u,v,w),

y=y(u,v,w)
z =z(u, v,w) into the definition of G.

1107. Triple Integrals in Cylindrical Coordinates
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The differential dxdydz for cylindrical coordinates is

dxdydz = alx,y,z? drd0dz = rdrd0dz.
Olr,0,z

Let the solid G is determined as follows:

x,y)eR, z,(x,y)<z<1,6x,y),

where R is projection of G onto the xy-plane. Then
LLL f(X,y,zk><dydz= [[[ f(rcos0,rsin 0,z)rdrd0dz

G N

= f\] [x,(rcosj ; (;~0s O,r sin 0,z)dz] rdrdO.
R(r,0] {(rcos0,rsin0)
Here S is the pullback of G in cylindrical coordinates.

1108. Triple Integrals in Spherical Coordinates
The Differential dxdydz for Spherical Coordinates is

dxdydz—lg ’g'o)ldrdOd— r sin 0drd0do

[[[rs.y.z)Mxdyd=

G
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=[[/ f(rsinOcos@,rsinOsin @,rcos0) r
sin0drd0d,
S
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where the solid S is the pullback of Gin spherical coordie
nates. The angle 0 ranges from Oto 2, the angle
ranges from O to re.

Y.z)

Figure 202.

1109. Volume of a Solid
V= fff dxdydz

G

1110. Volume in Cylindrical Coordinates

V- [[[ rdroz
$(r,0,2)

1111. Volume in Spherical Coordinates
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(SyIv,
1112. Mass of a Solid
m—[[L

where the solid occupies a region G and its density at
a point (x,y,z) is (X,y,2).

1113. Center of Mass of a Solid
X_M” _M” Z M ?
pa o r‘x_ “m
m
where
M, ., —[[[Uty.z)dv,

G

M, -[[[utsy, )WV,

M, =[[[zuts,yz)dv
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are the first moments about the coordinate planes x =
0,y =0, z=0, respectively, u(x,y,z) is the density
function.

1114. Moments of Inertia about the xy-plane (or z=0), yz-plane
(x=0),and xz-plane (y =0)

L, -[[[ruts - 2)dv,

" [[Uvutsy,) 7,

- —[[[ruts.yo)\r.

G

1115. Moments of Inertia about the x-axis, y-axis, and z-axis

l,=1, +1=[[["tYiItsS )V,

L=1,+1, =[[[+itsS) WV,

274

,=1+1,=[[[6+elisy?)V.

1116. Polar Moment of Inertia

L=l +1+ 1 =[[[(F+Yy'+rEtxy.z)dv

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@écolel}ooks

9.12 Line Integral

Scalar functions: F(x,y,z), F(x,y), f(X)
Scalar potential: u(x,y,z)

Curves:G, C,, C,

Limits of integrations: a, b, a,
Parameters: t, s

Polar coordinates: r, 0

Vector field: F(P,Q,R)
Position vector: r(s) Unit
vectors: i, j, k, T Area
of region: S

Length of a curve: L

Mass of a wire: m

Density: 0(x,y,z), p(x,y)
Coordinates of center of mass: X, Y, Z

First moments: M,, M,,, M,,
Moments of inertia: I,, I,, |,
Volume of a solid: V

Work:W

Magnetic field: B
Current: |
Electromotive force: €
Magnetic flux:
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1117. Line Integral of a Scalar Function
Let a curve C be given by the vector function r = r(s),

0 s s<S, and a scalar function F is defined over the curve C.

Then
S

[F(r(s)Ms =[F(x,y,z)ds=[Fds,

where ds is the arc length differential.

1118. des: fF ds+ [F ds

Cuc, (o} c,

Figure 203.

1119. Ifthe smooth curve C is parametrized by r =r(t)
a<t<-—,then

p
[FCs,y,z)ds= [F((Ey(1).2())/(~ (1)) +6y(T)) + ((OFE.
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1120. If Cis a smooth curve in the xy-plane given by the
equation y=~1(x), a<x<b,then

[FGs.yMs= [Fx,FQ)/1+F (9)dx.

1121. Line Integral of Scalar Function in Polar Coordinates
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3
[F(><,y)ds = [F(r cos0O,rsin 0)

_4j do O

where the curve C is defined by the polar function r(0).

a

1122. Line Integral of Vector Field
Let a curve C be defined by the vector function I = I‘(s),

0<s<S.Then
gf —1 - =~(050,C0Sp?,Cosy ’
S

is the unit vector of the tangent line to this curve.
Z
r(s=0)
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Figure 204.

Let a vector field F(P,Q,R) is defined over the curve C.
Then the line integral of the vector field F along the curve
Cis

S
JPdx +Qdy +Rdz= [(Pcosa + Qcos~ + Rcosy)ds.
C 0
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1123. Properties of Line Integrals of Vector Fields
[(1r)--]+-r),

-C C
where -C denote the curve with the opposite orientation.

[(Fr)- [(Fr)- [(-r)+ [(Fr)
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C CuUcC, C, C,
where C is the union of the curves C, and C,.

1124. If the curve C is parameterized by r(t)= (x(t),y(t),z(t)),
a<t<-—,then
Pdx + Qdy + Rdz =

C

13
= CP(x(1).y(1), Z(t)) DX +QUx(E),y (1), 2(t) — DY
HRX(E).Y(T), Z(t)) [ it it

1125. If C lies in the xy-plane and given by the equation y =f(x),
then

[Pax+ody—[] ts.tts)+(t- «(1,, I.

1126. Green's Theorem

L

"] as-y eastos.

where F=P(x,y)i +Q(X,y)j is a continuous vector funce

tOI’l Wi tth

conti'rnuous
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rst partial %€er " vatrves

OQ mna

1127.

1128.

~y  0Ox
some domain R, which is bounded by a closed, piecewise
smooth curve C.
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Area of a Region R Bounded by the Curve C

s=[[dxdy- " [xy yd
« 2%

Path Independence of Line Integrals

The line integral of a vector function F=Pi +Qj + RK is
said to be path independent, ifand onlyif P, Q, and R
are

continuous in a domain D, and if there exists some scalar
function u=u(x,y,z) (a scalar potential) in D such that

Cu Cu @u

F=gradu, P, , R.
Iradtor o oy Q 0z

Then

[ Cr)-dr = [Pdx +Qdy + Rdz = I(B)- u(A).

C C
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1129. Test for a Conservative Field
A vector field of the form F= grad u is called a conservative
field. The line integral of a vector function F=Pi+Qj + RK is
path independent if and only if

1 J k
0 curlE-= 0 °
Y =0°.
x Yy C
p Q R

If the line integral is taken in xy-plane so that
[Pdx +Qdy = u(B)- u(A),

C

then the test for determining if a vector field is conservative
can be written in the form

0P 0Q

~y  Ox
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1130. Length of a Curve
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t- [as_j " "d- (Oat_ [13
c ~dt a
where C ia a piecewise smooth curve described by the posie

tion vector r(t), a<t<9.

Ifthe curve C is two-dimensional, then

I-1PE«gI

g d

L

If the curve C isthe graph of a function y =f(x) in the xy-
plane (a<x <b), then

—Z B

1131. Length of a Curve in Polar Coordinates

I I~II
d

where the curve C is given by the equation r =r(0),
a <6<9 in polar coordinates.
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1132. Mass of a Wire
m=7]0(x,y,zlds,

where p(X,y,z) is the mass per unit length of the wire.

If Cis a curve parametrized by the vector function r(t)=(x(t),
y(t),z(t)), then the mass can be computed by the formula
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—Jita. a\J !tg ' —<

If Cis a curve in xy-plane, then the mass of the wire is given by

m=[p(x,y)ds,

C

or
aJ((«O ["; [{ KLKSOIKES

1133. Center of Mass of a Wire

M’1 M” M’
X= y— . /Z — 2
m m m
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where
M,, =[Xxpbxy,z)ds,

c

M,,=Lyo(X,y,z)Ms,

c

M,, =]zpx,y,z)ds.
C

1134. Moments of Inertia
The moments of inertia about the x-axis, y-axis, and z-axis
are given by the formulas

L, =Ly "+zZ)(X.y,2)Ms,

C

1, =[(X +> (xy.z)ds,

1, =L(<X+W)h(X,Y,z)Ms.

@
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1135. Area of a Region Bounded by a Closed

Curve s=Txdy =Fydx="fxdy -ydx.
c C 2%
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Figure 205.

1 ¢
y d
If the dosed curve C is given in parametric form
r(t)=(x(t),y(t)), then the area can be calculated by the fore
mula
=[x(t)"”"dt= [Cy(t) = @S dt=, [E€s™ ~
s dt.
dt 2a dt dt

1136. Volume of a Solid Formed by Rotating a Closed
Curve about the x-axis

v='nfy'dx= 2 nfxydy= ""[2xydy +ydx
c c 2%
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%,

Figure 206.

1137. Work

Work done by a force F on an object moving along a curve
C is given by the line integral

w=-[Fdr,

where F is the vector force field acting on the object, dr is the
unit tangent vector.
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Figure 207.
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Ifthe object is moved along a curve C in the xy-plane, then
w=[Fdr=[Pdx+Qdy,

C C

If a path C is specified by a parameter t (t often means

time), the formula for calculating work becomes
dt dt dt

w-jPt(0»teats™" OB, (oats)""+6(0,ta.a0) "o

where t goes from a to 3
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If a vector field F is conservative and u(x,y, Z) is a scalar
potential of the field, then the work on an object moving
from A to B can be found by the formula

w=u(B)-UuA).

1138. Ampere's Law
[1-dr =al.
C

The line integral of a magnetic field  around a closed path C
is equal to the total current | flowing through the area
bounded by the path.

Figure 208.
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1139. Faraday's Law
q=pEdr- =
d
c dt
The electromotive force (emf) & induced around a closed

loop C is equal to the rate of the change of magnetic flu><
passing through the loop.

Change in

Figure 209.

9.13 Surface Integral
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Scalar functions: f(x,y,z), #X,y)
Position vectors. r(u,v), r(x,y,z)

Unit vectors: i, j,K

Surface: S

Vector field: F(P,Q,R)

Divergence of a vector field: div F=V.F
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Curl of a vector field: curlF=\/F

Vector element of a surface: dS
Normal to surface: ii

Surface area; A

Mass of a surface: m

Density: (X,y,2)

Coordinates of center of mass: X, Y, Z
First moments: M,,, M,,, M,

Moments of inertia: 1,, I>1,,1,, 1,, |,
Volume of a solid: V

Force: F

Gravitational constant: G
Fluid velocity: (r)
Fluid density: p
Pressure: f(I)
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Mass flux, electric flux: <>
Surface charge: Q
Charge density: o(x,y)

Magnitude of the electric field:

1140. Surface Integral of a Scalar Function
Let a surface S be given by the position vector

r(u,v)=x(u,v)i +yu,v)j +z(u,v)k,
where (u,v) ranges over some domain D(u,v) of the uve

plane.
The surface integral of a scalar function f(x,y,z) over

the surface S is defined as

[[rs.v.2)s- [[ fE@v)yisv)a . v)= =1T

== a-ladv,

s pf,v)

whhere thhe parti'al1 dterr‘vatv‘
os af

].[Cu Cv
an are gi'ven by
Cu ~V
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O (%05 — (%hox
i
- o m (K
@@V = (r 9ol gv hO
or Or..
and mvls the cross product.

1141. If the surface S is given by the equation z = z(x,y) where
zIx,y) is a differentiable function in the domain D(X,y),
then

te»8s0 <. 6m, [ 7 - ?]us.

pits.y)

1142. Surface Integral of the Vector Field F over the Surface S
If Sis oriented outward, then

[[€s,y,)-is- [[r(x,y.2) ids
-p[lj,)Fst.816a.8144ts,) L. Jakde.

If Sis oriented inward, then

[[rt,y.2)-as- [[F(s.y,z) NS
T "
p ”)Fst.Slta.8144ts,s) |; .Ou]ate.
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dS=ndS is called the vector element of the surface. Dot
means the scalar product of the appropriate vectors.

The parti'alldterr'vatr'ves ar
d ar
ian D
are given -y Cu o
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=N u,VItI—I—9u,V - /-:j+ | (u,v5.°k

a a(ll "s-AR 1T, tua

1143. If the surface S is g{i_ven by the equation z =z(x,y) ere
z(x,y) is a differentiable tunctioh In the domain Y,

then
« IfS is oriented upward, i.e. the k-th component of the

normal vector is positive, then

[[€s,y.2) as-[][Fs,Y,2) ids
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f
by |

al-i__aj . k-‘]dxdy,
pk.») Cy

+ If Sis oriented downward, i.e. the k-th component of the
normal vector is negative, then

[[rt,y.2)-as- [[Fs.y,2) NS

(x,y,z ) (aXZ " + —aZ j'—k-\]dxdy.
Dk y) Cy

1144, [[(F- = s =[[Pdydz + Qdzdx + Rdxdy
s s

= [[(Pcosa +Qcos~ + R cos)ds,
S
where P(X,y,2), Q(X,y,z), R(X,y,z) are the components of
the vector field =
cosO, cos[, cosy arethe angles between the outer unit
normal vector ii and the x-axis, y-axis, and z-axis, respecte
ively.

288

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

@écoleﬂooks

Ecolebooks.com

CHAPTER 9. INTEGRAL CALCULUS

1145. If the surface S is given in parametric form by the vector
r(x(u,v),y(u,v)z(u,v)), then the latter formula can be

written as
p
[J(i-sis- [[v»a +o=+Rsay- [[ [[;
S S PI[7,
3/ R
Oidudv,
Cu Cu
~y o0z

where (u,v) ranges over some domain plane.
~o~V ey
D(u,v) of the uv-

1146. Divergence Theorem

fiF-as-[[jl\-FV,
where

F(Xiyiz):(PG7y7Z)l Q(X’yiz)l R(X’y7z))
is a vector field whose components P, Q, and R have
continuous partial derivatives,
V.I 2P o or
X ~y o 0z
is the divergence of F, also denoted divF. The symbol
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[l indicates that the surface integral is taken over a closed

surface.

1147. Divergence Theorem in Coordinate Form

X
#Pdydz+Qdxdz+Rdxdy= Hf(ap + aQ )7 aRgdxdydz.
S ¢ ~ YA

1148. Stoke's Theorem

Jr-r -[[\sF)is,
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where

F(x,y,2)=(PG\y,z), Q(%,Y,z), R(X,Y,z))
is avector field whose components P, Q, and R have

i >
.eI.OX
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Ox

0X, ~y 0z 0z X

Y. .

continuous partial derivatives,
i ik
p Q R
is the curl of F, also denoted curl F.
The symbol indicates that the line integral is taken over

a closed curve.

1149. Stoke's Theorem in Coordinate Form
JPdx +Qdy + Rdz

C - ff(aR aQ)[dydz+ (—aP— —aR)dzdx + (aQ

[an)xdy
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1150. Surface Area

A—[[as
S

1151. If the surface Sis parameterized by the vector
r(u,v)=x(u,v)i +y(u,v)j +z(u,v)kK,
then the surface area is
pis[@Qu V

A- jj |a' - a'l<516ads,

where D(u,v) is the domain where the surface r(u,v) is
defined.
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1152. If Sis given explicitly by the function z(x,y), then the

~sag[{d

face area is
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pk.y) Cy
where D(X,y) is the projection of the surface S onto the xy
plane.

1153. Mass of a Surface
m -
[[Cx.yz)Ms,

S
where (X,y,z) is the mass per unit area (density
funce

tion).

1154, Center of Mass of a Shell
M M M

X— ’; y— ”, Z_Zl_
m m m
where

M,, :[j u(sy.z)Ms,
M,, =[[yu(sy.z)Ms,
S

M,, =[[zuts,y.zs
S

are the first moments about the coordinate planes X
=0, y =0, z=0, respectively. (X,y,z) isthe density
function.

1155. Moments of Inertia about the xy-plane (or z = 0), yz-
plane
(x =0), and xz-plane (y =0)
1, —[[ruts.y.zs,
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S
1, -[[e€,yz)s,
S
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1, -[[y'ts,yzs.
S

1156. Moments of Inertia about the x-axis, y-axis, and z-axis

. =y +2)ts,y,2)Ms,
, -[[fe+zitsy.zs,
L=[le'+y)its)y.2)s.

1157. Volume of a Solid Bounded by a Closed Surface

v="/[fxdydz + ydxdz + zdxdy
35

1158. Gravitational Force
F:Gm[ft ,Y.2)",as,
S r
where m is a mass at a point (X,,y,,z,) outside the surface,
r=(x-x,y -YzZ-1,),
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U(X, y,z) is the density function,
and G is gravitational constant.

1159. Pressure Force
F-[J(rs,
S
where the pressure p(r) acts on the surface S given by

the position vector r.

1160. Fluid Flux (across the surface S)

—Db-as,
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where V(r) is the fluid velocity.
1161. Mass Flux (across the surface S)
— [fjo(r)-4ds,
S

where F=PV is the vector field, P is the fluid density.

=

1162. Surface Charge
a(yMs,
S

where o(X,y) is the surface charge density.
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1163. Gauss' Law

The electric flux through any closed surface is proportional to
the clparge Q enclosed by the surface
=|r-
= |Q
d - ’
E s =
S &a
where

d is the electric flux,
E is the magnitude of the electric field strength,

&,=8,85x1072 F
m

I's permi‘ttivity olfftree space.
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Chapter 10
Differential Equations

Functions of one variable:y, p,q,u,g, h, G H,r,z
Arguments (independent variables): X, y
Functions of two variables: f(x,y), M(X,y), N(X,y)

First ordder derivative: vy, u', vy,

dysg, .
dt

v 2

_ Second ordder dler
[
atves:

Y.y

dt
p...ld .
7' Tarta tr

. Bu
at ves

8aU'o_

il Vo
Natural number: n
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Particular solutions: vy,, Y,

Real numbers: k, t, C, C,, C,,p,q, 0,9
Roots of the characteristic equations: ,, ,
Time: t

Temperature: T, S

Population function: P(t)

Mass of an object: m

Stiffness of a spring: k

Displacement of the mass from equilibrium:y
Amplitude of the displacement: A
Frequency. 6

Damping coefficient: y

Phase angle of the displacement; ~

Angular displacement; 0

Pendulum length: L
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Acceleration of gravity: g
Current: |

Resistance: R
Inductance: L
Capacitance: C

10.1 First Order Ordinary Differential

Equations
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1164. Linear Equations

POy =Q)

The general solution is

[ux) (x)kdx +C
y=  u(x)
where

()= ex( [a(x)x<).

1165. Separable Equations
4" _rCy)=ixicy)

The general solution is given by

Ll
| #—cC

H(y)=G(x)+C.
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CHAPTER 10. DIFFERENTIAL EQUATIONS

1166. Homogeneous Equations
The differential equation dy =f(x,y) is homogeneous,
if
dx
the function f(x,y) is homogeneous, that
is fitux, ty)=F(x,y).

The substitution z=y (then y =zx) leads to the separable
X

equation

"7 s —Stl2).

1167. Bernoulli Equation
o 7 POy =aQy"

The substitution z=y"" leads to the linear equation

> &P

1168. Riccati Equation
i PO*a6dy +rQy

If a particular solution vy, is known, then the general solus
tion can be obtained with the help of substitution
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z = ,which leads to the first order linear equation y—
\

('j;( I aQO+2,16x)]z-1(x).
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1169. Exact and Nonexact Equations
The equation

M(<,y)dX + N(x,y)dy =0
is called exact if
OM ON

a
and nonexact otherwise.

The general solution is
[MGs,y)dx + [N(x,y)My =C.

1170. Radioactive Decay
dv L

dt
where y(t) is the amount of radioactive element at time t, k is
the rate of decay.
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The solution is
y(t)=y,e"", where y, =y(0) isthe initial amount.

1171. Newton's Law of Cooling
d*  (T-s),
dt
where T(t) is the temperature of an object at time t, S is the

temperature of the surrounding environment, k is a posis
tive constant.

The solution is

T(t)=S+(T,-Se,

where T, =T(0) is the initial temperature of the object at
time t=0.
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1172. Population Dynamics (Logistic Model)
M

dt
« =1J
where P(t) is population at time t, k is a positive constant, M
is a limiting size for the population.

The solution of the differential equation is
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P(t), P, +M=Ple” .where P, -PO) is the initial poPu-

lation at time t=0.

10.2 Second Order Ordinary Differential
Equations

1173. Homogeneous Linear Equations with Constant Coefficients
y'+py +qy=0.
The characteristic equation is
7 +pl.+q=0.

If , and Z, are distinct real roots of the characteristic
equation, then the general solution is

y=Ce"+C,e"", where

C, and C, are integration constants.

If2., =2, =h '2,then the general solution is

P,
y=(C,+C,xke.

If 7, and , are complex numbers:
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.,= a +pi, ., =a—1i,
where

__E’p—NM2-

then the general solution is
y=e"(C, cos~x + C,
sin~Xx).

1174. Inhomogeneous Linear Equations with
Constant
Coefficients

y"+py'+qy=f(x)

The general solution is given

by y =ys +y». where

ye is a particular solution of the inhomogeneous equation
and yn is the general solution of the associated homogenes
ous equation (see the previous topic 1173).

If the right side has the form

f(><)=e" (P, ()cos~x

+P,(X)sin~Xx),

then the particular solution y- is given by
y,=xe""(R,(x)cos~x +

R, (X)sin~Xx),
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1175.

1176.

where the polynomials R,(x) and R,(X) have to be

found by using the method of undetermined coefficients.
« If o+pi isnotaroot of the characteristic equation, then

the power k =
0,
« Ifa+~i isasimple root, then k=1,
« Ifo+~i isadouble root, then k=2.

Differential Equations with y
Missing y"=1(X,y).
Set u =y". Then the new equation satisfied by v

is u'=f(>,u),
which is a first order differential
equation.
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Differential Equations with x Missing
y'=f(y.y).
Set u=y'. Since

v pde dugy_du
dx dydx dy
we have
| N |
~ rt - L
dy )
which is a first order differential equation.
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1177. Free Undamped Vibrations
The motion of a Mass on a Spring is described by the equar
tion
mjj +Ky =0,
where
m is the mass of the object,
k is the stiffness of the spring,
y is displacement of the mass from equilibrium.

The general solution is
y=Ac050O,t-6),

where

A is the amplitude of the displacement,

C, isthe fundamental frequency, the periodis T _**
o,

6 is phase angle of the displacement.

This is an example of simple harmonic motion.

1178. Free Damped Vibrations
mjj + Yy +ky =0, where
y is the damping coefficient.
There are 3 cases for the general solution:

300

CHAPTER 10. DIFFERENTIAL EQUATIONS

Case L . = 4km (overdamped)
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y(t)= Ae"™ +Be"",
where
. -y—4/2)r/n—4km A -y+/y —4km

2m

Case 2 - = 4km (critically damped)

y(O=(A+
Bt)e™, where

N=—— T
2m

Case3. < 4km (underdamped)
| |

y(t)=e" » Acos(@t ~), where
c=/4km-y/.

1179. Simple Pendulum

d'0,So0O,

de L

where 0 is the angular displacement, L is the
pendulum length, g is the acceleration of gravity.

The general solution for small angles 0 is

e(t)=e__sin W t, the periodis T = 2an¥

1180. RLC Circuit
d!

di 1 L+
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'QﬂﬁQ%wﬂﬁz
dt dt C
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where | is the current in an RLC circuit with an ac
voltage source V(t)=E, sin(Ct).

The general solution is

It)=C.e" +C,eFAsin(t -@),

where
Mo~ "0
GE,
w-foe«
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C,, C, are constants depending on initial conditions.

10.3. Some Partial Differential Equations

1181. The Laplace Equation

Ox oy

applies to potential energy function u(x,y) for a consere
vative force field in the xy-plane. Partial differential equas
tions of this type are called elliptic.

1182. The Heat Equation
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applies to the temperature distribution u(X,y) in the xye
plane when heat is allowed to flow from warm areas to cool ones.
The equations of this type are called parabolic.

1183. The Wave Equation
Ou,0'u_Ou
ox ¢y O
applies to the displacement u(x,y) of vibrating membranes and
other wave functions. The equations of this type are called
hyperbolic.
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Series

11.1 Arithmetic Series

Initial term: a,

Nth term: a,

Difference between successive terms: d
Number of terms in the series: n

Sum of the first n terms: S,

1184.a,=a,,+d=a,, +2d=...=a, +(n-1)d

1186.a _%0E&A
DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@EcoleBooks

1187.S i12:%.,_2a,+(2n—d,,
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11.2 Geometric Series

Initial term: a,
Nth term: a,

Common ratio: g
Number of terms in the series: n

Sum of the first n terms: S,
Sum to infinity: S
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1190. a,=Wa, -a,

1192. S=lims, m
n->> I_q

For Iq] <lI, the sum S converges as n = oo.

11.3 Some Finite Series

Number of terms in the series: n
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+1)
N

1193.1+2+3+...+n
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1194, 2+4+6+...+2n =n(n+1)

1195. 1+3+5+...+(2n-1)=n
1196. k+(k+1)+(k+2)+...+(k+n-) n(k+n-1)
2

2 __ n(n+1)(2n+1)
6

1197, P +2°+3° + ... +n

1199.1+3+5+...+(2n-ny _n(4nN-1)
3

1200.1"+3"+5"+...+(2n-1)"=N(2n -1)

(1201 1+ttt s
+..=2 E

4 8 o

L1 1 |
1202, oot 3 - ap+P - -7t

120&.1#-—1—_3——}— -
o2l t3T.'_ n—1!
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11.4 Infinite Series

Sequence: {a,}
First term: a,
Nth term: a,

1204. Infinite Series

00

I an =al +a2+... +an+ ...
n=I

1205. Nth Partial Sum

n

s,=a.=a+ta.+..+a,
n=I

1206. Convergence of Infinite Series
Ya. =L,if BS, -L
n—00
1207. Nth Term Test

00
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+ Ifthe series Dy a, is convergent, then lima, =0.

« Iflima, + 0,then the series is divergent.

n—00

11.5 Properties of Convergent Series

Convergent series: »a, =A, D> b, =B
n=l n=|
Real number: ¢
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1208. 2(0, +6.)=2a. -2b. =A~+
n=I n= n=I

=I
1209.2a. =e22a. =CcA.

n=1 n=1

11.6 Convergence Tests

1210. The Comparison Test
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00 00

Let D a, andD» b, beseriessuch that O<a, <b, forall n.
n=I n=I

00

« I b, isconvergent then D) a, isalso convergent.
n=I n=I

00 00

« It a, isdivergent then Dy b, isalso divergent.

n=I n=I

1211. The Limit Comparison Test

00 00

Let D a, andD» b, beseriessuchthat a, and b, are posie
n=] n=I

tive for all n.

« If O<Im®™"<s then»a, and Db, are ether both

n-»wb
n n=I n=1

convergent or both divergent.

IFM" " =0 then Db, convergent implies thc D a, is

n->>kJ_ n=1 n=1

also convergent.
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00 0o

* If Im“o  then Db, divergentimpliesthat>a, is
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n n=| n=|
also divergent.

1212. p-series
n

p-series In --\- converges for p>1 and diverges for

O<p<l.

1213. The Integral Test
Let f(x) be a function which is continuous, positive, and

decreasing for all x > 1. The series
O)O|t(a):£(1)+6(2)+£(3)+. H(@)+...
n=

00

converges if [f(X)dx converges, and diverges if

|
n

[f(X)dx ->co as n-»-0.
|

1214. The Ratio Test

00

Let Y a, beaseries with positive terms.
n=|

« Iflimanti <1 then II an is convergent.
o, n=

« Iflimanti >1 then N an isdivergent.
n-sw ,, n=l

¢ Iflimanti =1 then B an may converge or diverge and
n-» a, n=I

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

@EcoleBooks

Ecolebooks.com

the ratio test is inconclusive; some other tests must be
used.
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1215. The Root Test

Let })a, be aseries with positive terms.

n=1

00

i Iirroloy/a, <1 then>y a, is convergent.
he

n=1

o If Irmé//a, >1 then>y a, isdivergent.
n=I

00

o If Iirroloy/a, =1 then }a, may converge or diverge, but
n— n=I

no conclusion can be drawn from this test.

11.7 Alternating Series

1216. The Alternating Series Test (Leibniz's Theorem)

Let {a,} be asequence of positive numbers such that
» <a, foralln.

lima,=0.
n>00

00 00
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Then the altermting series > (-1)*a, andD» (-1)""a,

n=1 n=I

both converge.

1217. Absolute Convergence

00

« A series )_a, is absolutely convergent if the series
n=I

00

Dla,l is convergent.

n=1
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00

« If theseries )_a, isabsolutely convergent then it is cone

n=I

vergent.

1218. Conditional Convergence

00

A series )_a, is conditionally convergent if the series is
n=I

convergent but is not absolutely convergent.

11.8 Power Series
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Real numbers: x, X,
00 00

Power series2 - X"-Sa.G- )"
n=0 n=0

Whole number: n

Radius of Convergence: R

1219. Power Series in x

n=0

1220. Power Series in (x —X,)

00

a, (x=x,)"'=a,+a,(x—x,)+a,(x— , )" +...+a, (-, )"+...
n=0

1221. Interval of Convergence
The set of those values of x for which the function

00

f>x)=2Da,(x—x, )" isconvergentis called the interval of
n=0
convergence.
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1222. Radius of Convergence
If the interval of convergence is (X, -R, X, +R) for some
R>0, the R is called the radius of convergence. It is given as

R =Iirrr1]__'Aﬂra!R’=1ml' .r;-l .
>la,,

DOWNLOAD MORE RESOURCES LIKE THISoN ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

@EcoleBooks

Ecolebooks.com

11.9 Differentiation and Integration of Power
Series

Continuous function: f(x)

00

Power series: D a,x"
n=0

Whole number: n
Radius of Convergence: R

1223. Differentiation of Power Series

Let f(x)=aa , X''=a, +tax+a,x+... for X]<R.
n=0
Then, for [X] <R, f(Xx) is continuous, the derivative f'(x)

exists and

f' (x)= ad

dx dx dx
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1224. Integration of Power Series

Let f(x)=a,x"'=a, +tax+a,x+... for x]<R.
n=0

Then, for [X] <R, the indefinite integral [f(X)dx exists and
[fEMx = [a,dx+fa dx+[a edx+..

X
=a,Xx+a . +a —S a,
2 3 no n+l

11.10 Taylor and Maclaurin Series

Whole number: n
Differentiable function: f(X)

Remainder term: R,

1225. Taylor Series

tt)- M I reer(k a."tq-a'

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

@écolesooks

Ecolebooks.com

@) o
n! B
.
1226. The Remainder After n+ 1 Terms is given
by re (&(x-a)"™"
»— Qa<5<x. n +1)!

1227. Maclaurin Series
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+oD o .. ,.

r’ 2! n!

11.11 Power Series Expansions for Some
Functions

Whole number: n
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Real number: x

3 n

1228.e' =1+8 4+ 4... _ +..
20 B n!

1229

%In@] (xIna)2  (xIna)’

B+ (xlnat_l_h - Z‘q ;

1230, In(l+x)=x = ¥~ X 4 &1

As

2 3 4 n+1

1231, I w—m =2Ix 4+ 44— —4—+.._, /IX]<I.
1-Xx 3 5 7

()
Xx=1 1 x-1 1 x-I
1232. Inx :2][ ( ) +

--],X>0- x— 1 x+1 5—+L

X x
1233. cosx =1 — —A—

XD
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X X D

G
1234 .sinx x3—l—! ) Lot n+1}. + ...
x12¥xetanxsex 62'*° n

+...,X]<

—+— —— —— —— -

3 15 315 2835
'fa

1236. cotx=. —8#— —#— —8—+.._IX]<_
X 3 45 945 4725

N

; ' 13X° 135.0n1)""
1237.arcsinx=x+—xl— 3X+...+ 3:5 %n ) + ...
23 2:4.5 2:4.6..2n 2n+1
X]<1.

(

1.3:5 ... 2n=1x""" J )
+ ..+ +
3 245 2.4.6..2n 2n+

3
1238. arcCOsx i23§5< .,

X]<1.
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1239. arctanx=x — —|—X _ X +.. .+ ('1)
3 5 7 2n+1

+...,/xI<l.
_ Xl _XII LA n
1240. coshx -1—l—2! —l—4! +6! + T
X
t.

1241 .sinhx =X o ( on +)1+!
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11.12 Binomial Series

Whole numbers: n, m
Real number: x
Combinations; "C,,
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e =

1243

NC. _n(n-1)...[n—(m=-1)] ,1‘yl‘<l,

m.

1244, = =1-x+>x—-x"+...,/X]<1.
1+x

1245 —1

I+ X+X2+x3+ ...,
X <1.
—x X 13x 1.3-5)6'

1246 A AT S8 a% salds

1.2 12-5% 1.2-5-8i(
— — 84— —&— /X<
3 3.6 3.6.9 6.9.1

1247 M+ 5

11.13 Fourier Series

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM

I--x


https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@EcoleBooks

Integrable function: f(x)
Fourier coefficients: a,, a,, b,
Whole number: n
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1o

a, o
1248. fx)= ) +)(a, cosnx + b, sin nx)

<<1

1249. a, 1 [f(x)cosnx dx
T

TT

1
1250. b, = [f(x)sin nx dx

[
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Chapter 12
Probability

12.1 Permutations and Combinations
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Permutations: "P,
Combinations: "C,
Whole numbers: n, m

1251. Factorial
n'=1.2-3...(n-2(n-1)n
0l=1

1252."P, =n!

1254. Binomial Coefficient

1255."C,="C,%

1256."C,, +C,.,
- Cm+|
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1257."C,+"C,+"C,+...+"C,=2"
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1258. Pascal's Triangle

RowO 1

Rowl 1 1

Row?2 1 2 1

Row3 1 3 3 1

Row4 1 4 6 4 1

Row 5 1 5 10 10 5 1
Row6 1 6 15 20 15 6 1

12.2 Probability Formulas

Events: A, B

Probability: P

Random variables: X, Y, Z

Values ofrandom variables: x, y, z
Expected value of X:

Any positive real number: €
Standard deviation: 0

Variance: A
Density functions: f(x), f(t)

1259. Probability of an Event
P(AD ™",
n
where
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m is the number of possible positive outcomes, n
is the total number of possible outcomes.
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1260. Range of Probability Values
0<P(A)<1

1261. Certain Event
P(A)=1

1262. Impossible Event
P(A)=0

1263. Complement
PA)=1-P(A)

1264. Independent
Events P(A/B)=
P(A), P(B/A)=
P(B)

1265. Addition Rule for Independent Events
P(AU B)=P(A)+ P(B)

1266. Multiplication Rule for Independent Events
P(Ah B)=P(A)-P(B)
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1267. General Addition Rule
P(A OB)=P(A)+ P(B)-
P(AOB), where
AU B is the union of events A and B,
A 1B is the intersection of events A and B.

1268. Conditional Probability

P(A/D_P(LA\B
) P(B)

1269. PL\B)=P(B): P(A/B)=P(A)-P(B/A)
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1270. Law of Total Probability
IA)-DPB HA/B),
i=I

where B, is a sequence of mutually exclusive events.

1271. Bayes' Theorem

P(BIA)_(A/B)-P(B)
P(A)

1272. Bayes' Formula
PB 7> MB,)-P(A/B,)
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(8,) p¢sB)
k=1
where

B, is a set of mutually exclusive events (hypotheses), A
is the final event,

P(B,) are the prior probabilities,
P(B, /A) are the posterior probabilities.

1273. L p=aw of La rge N

umbe  rs
||

, S O S
) s».

where
S, is the sum of random variables,
n is the number of possible outcomes.

1274. Chebyshev Inequality
(X—a)-18),

where V(X) is the variance of X.
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1275. Normal Density Function

L ( )
(x)==—¢
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6/2r

where X is a particular outcome.

1276. Standard Normal Density Function
l __Zz
W)=55¢"

2R

Average value u =0, deviation o = 1.

y

1277.S|t an ‘ dard Z Value

Figure 210.

1278. Cumulative Normal Distribution Function
1 _(t—=)?
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where
X is a particular outcome,

t isavariable of integration.

ians. (CEX— "]

where
X is normally distributed random variable,

F is cumulative normal distribution function,

P(a <X <9) is interval probability.

12s0. P(x-al<e)-z§ "]

where
Xis normally distributed random variable,

F is cumulative normal distribution function.

1281. Cumulative Distribution Function
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X

F(x)= P(Xx<x)= [f(t)dt,

—00

where t is a variable of integration.

1282. Bernoulli Trials Process
u=np ,0’ =npq,
where
n is a sequence of experiments,
p is the probability of success of each experiments, g

is the probability of failure, q=1-p.

1283. Binomial Distribution Function
|

»['Ir
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—np, Oo=npq,

fQO=(at+pe’)’,

where

n is the number of trials of selections, p
is the probability of success,

q is the probability of failure, g =1-p.

1284. Geometric Distribution
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P(T=j)=q""p.
1oz q
- , 00
where
T is the first successful event is the series, j
is the event number,
p is the probability that any one event is successful,
g is the probability of failure, g =1- p.

1285. Poisson Distribution

PX=K)=
u=, 0'=,
where
» —np,

} is the rate of occurrence,
k is the number of positive outcomes.

1286. Density Function
Pla<X<b)= [f(x)kdx

1287. Continuous Uniform Density
f— -
a+b
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where f is the density function.

1288. Exponential Density
Function

t=—e K =2,6=2
where tis time, A is the failure rate.

1289. Exponential Distribution Function
Ft)=1-e"",
where tis time, A is the failure rate.

1290. Expected Value of Discrete Random Variables

—E(X)—n2x. -

where X, is a particular outcome, p, is its probability.

1291. Expected Value of Continuous Random Variables

00

—E(X)= [TF(x)dx

—00

DOWNLOAD MORE RESOURCES LIKE THIS ON

ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Ecolebooks.com

@écoleBooks

1292. Properties of
Expectations E(X+ Y)=
EX)+ E(Y), E(X=Y)=
E(X)-E(Y), E(cX)=
cE(X),

E(XY)= E(X)-E(Y),
wherecisa
constant.

1293.
E><)=v(><)+,
where
—E(X) is the expected value,

V(X) is the variance.
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1294. Markov Inequality

PG _ EI?,

where K is some constant.

1295. Variance of Discrete Random Variables
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where

i=l
X, is a particular outcome,
p, is its probability.

1296. Variance of Continuous Random Variables

1297. Properties of Variance
V(X+Y)=V(X)+ V(Y),
V(Xx=Y)=V(>X)+ V(Y),
V(Xx +¢)= V(X),
v(ex)=ev(Xx),
where ¢ is a constant.

1298. Standard Deviation

p(x)=-/ (X)- /1](x-{f]

1299. Covariance
cov(X, Y)= E[(X=(<)(Y = (Y))]= EEXY)- (Xu(Y),
where
X is random variable,
V(X) is the variance ofX,

is the expected value ofX or Y.
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1300. Correlation
(x,y)1 coxXx,Y)
ARV A%

where
V(X) is the variance of X,

V(Y) is the variance of V.
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Look for other handbooks and solved problem guides at
www .math-ebooks.com.
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