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outcomes Tor this Topic

In this topic we will revise :
e Probability terminology.

Unitl
e Probability identities.
Unit 2
e Probability for dependent and independent events.
Unit 3
e Conditional probability. Not in the CAPS
Curriculum anymore Unit 4

e Use of Venn Diagrams and Contingency Tables.
Unit 5
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outcomes tor Unitl

In this Unit section our revision exercise will include discussing :

what probability is
what a statistical experiment is

the concept outcome of an event

the concepts event and number of events in a sample space

v

v

v

v' the concept sample space
v

v' the concept of theoretical probability
v

concepts union and intersection of events
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. Probabil Ity is the mathematics of chance that enables us to predict

the likelihood of uncertain occurrences and tells us the relative frequency
with which we expect an event to occur.

« Examples:
1. The probability that it will rain in PE today is 0,3 = 30%.
2. The probability of contracting the flu virus is 70:100 = 70%.

3. The probability of winning the Lotto is 1 ~ 0,000 007%.
13 983 816

- Probability can be reported as a fraction, decimal or percentage.

- The greater the probability, the more likely the event is to occur.
Conversely, the smaller the probability, the less likely the event
Is to occur. In the examples there is a strong probability that you
may contract the virus, a reasonable chance of rain in PE today,
but almost no chance of you winning the Lotto.
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Experiment, Outcome, Sample Space and Event

e To0 study probability in a mathematically precise way,
we need special terminology and notation.

e Anexperimentis the act of making an observation or taking
a measurement e.g. toss a fair coin and record whether the side
up iIs heads or tails.

e An outcome is one of the possible things that can occur as
a result of an experiment e.g. H (heads) and T (tails) are
the two possible outcomes in the coin-tossing experiment.

e The set of all possible outcomes is called the sample space.
In the coin-tossing experiment S = {H ,T} is the sample space.
An eventis any subset of the sample space.
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Number of Events in Sample Space: 2n(8)

Sample Events Number of Events
Space
S={} {) 1=20 = 2"®)
s=(a,_|1}.4a) 111-2-2 =7®
s=(ab) | {).(a}{o}fab) Lr2+1=4=2 2P
{ }
S ={a;b;c} i}bibia{z{bc} 1+3+3+1=8=2°=2""
{a;b;c}
%,
{a},{b}.{c}.{d]
S={a;b;c;d} | {a;b},{a;c},{a;d},{b;c},{b;d},{c;d} |1+4+6+4+1=16=2""
{a;b;c},{a;b;d}, {a;c;d},{b;c;d}
S
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0SsSIng a single coin In an experiment

Experiment1: Toss a fair coin, and record after each trial whether
the side up is heads or tails.

« Two possible outcomes H or T.
Hence the sample space S ={H,T} and n(S)=2.

- There are 2° = 4 events and since an event is simply a
subset of the sample space the events in this experiment

are { }, {H}, {T} and {H,T}.

« Events in this experiment can be described in the following way:

Event Description of event
{H} Getting heads It is not always possible to give
{T} Getting tails descriptions of the different events.

S={H,T} | Getting either heads or tails
Getting neither heads nor tails
How is this possible?
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Rolling a pair of dice In an experiment

Experiment 2 : Roll a pair of six-sided fair dice and record, respectively,
the number value and number of dots showing on the top faces of the

die after each trial.
- For this experiment, the sample space consist

~

3

—

of 36 ordered pairs of outcomes and 2*° events.
The 36 ordered pairs can be illustrated graphically.

Outcomes for Die Two . Note
(1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)
) P S N N M S "SR
IR (5:3) & (35)
(1,5) (2, 5) (3, 5) (4,5) (5, 5) (6, 5) )
R LA LA ® & ¢ Are different outcomes
21,4 22,4 23,4 24,4 25,4 26,4 1
7 ,<> _______ ,<> _______ ,<> _______ ,<> _______ .<> _______ .<> Many more such pairs!
3 5(1,3) 5(2, 3) 5(3, 3) 5(4, 3) 5(5, 3) 5(6, 3) e o
------------ D T e N, o o 3
e e ENs
o (.2 (2.2) 2 o e ®.2)
: a1 @n  en @ 5 6 e
1 * ® o o o ® ° 5
| | | | | | @
0 Outcomes fo% Die One

0 1 2 3 4 5 6


http://images.google.com/imgres?imgurl=http://michaelkonik.com/wp-content/uploads/2011/10/red-dice-icon.jpg&imgrefurl=http://michaelkonik.com/random-org/red-dice-icon/&usg=__2aE3gse4EEy-lawwkHF5-sUtp-0=&h=1024&w=1280&sz=173&hl=en&start=8&zoom=1&tbnid=w6mt0Y111QE3DM:&tbnh=120&tbnw=150&ei=uVYOUNj1M4nDhAfekIHwAw&prev=/search?q=dice&hl=en&gbv=2&tbm=isch&itbs=1
http://images.google.com/imgres?imgurl=http://i00.i.aliimg.com/photo/v0/232212754/number_Dice.jpg&imgrefurl=http://eagogift.en.alibaba.com/product/232212754-201063273/number_Dice.html&usg=__j_wp5qZR4sgga_XCH1kS51usLZg=&h=500&w=500&sz=25&hl=en&start=5&zoom=1&tbnid=XUg4OHCxCKEcYM:&tbnh=130&tbnw=130&ei=XlcOUN3OAs25hAfhk4DIDA&prev=/search?q=number+dice&hl=en&gbv=2&tbm=isch&itbs=1
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Experiment : Draw a card from a standard pack of cards

Experiment 3: A card is randomly drawn from a standard deck
of 52 playing cards.

4 28 2 [ieas 30 [as 1&&4 24&& 2::“"&&& M

* & Ll R I O

o gl e I e I o RE| b T o B TR b _ _
4 o |36 [ioa0a (e Z.o: 20: ) See illustration of :
® - KR R R kAR Drawi f d

el ol eel ool el vl vel ve o rawing a race cara,
A 2 3 4 5 6 7 8 9 10
N A R D M A B RO P M as one of these events.
v v vive|vv ve| v.laa

o &3 &G sai Al AAG A AT & A A o“og,
o 26 |3 ¢ ‘}00?00?00303?00200'&0.0

¢ . 3 KRN KON KX Wil

¢
VIRE R ERNEEN EE EREY EREN KR KL

« For this experiment, the sample space consist

of 52 outcomes and 2>° =4 503 599 627 370 496
events.
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Theoretical Probability

. Probabill Ity is a real number in the closed interval [0;1]
that describes how likely it is that an event will occur.
(A probability of 0 means that an event will never occur (impossible).

e < A probability of 1 means that an event will always occur (certain).
|A probability of 0,5 means that an event will occur half the time.

e Define theoretical probability of an event as:

P(E)= Number of outcomes in E _ N(E)
Number of outcomes in S n(S)

P(2)=0andP(s)=1
. 1P(2)<P(E)<P(s
<P

IAN O

I/\

\_/

0 and
()

\_/
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Theoretical Probability from single coin - tossing experiment

Event Description of event
E,={H} Getting heads
E, ={T} Getting tails

E,=S={H,T} | Getting either heads or tails
E,={ }=0O Getting neither heads nor tails

P (getting heads) =P (E,) = r;((il)) — % — 50%
P (getting tails) =P (E,) = nn((ESZ)) _ % —50%
<
P (getting either heads or tails) = P(E;) = n(Es) _< =1=100%
n(s) 2
P (getting neither heads nor tails) = P(E,) = nn((ES4)) — g —0=0%
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Theoretical Probability from rolling asingle die experiment

« 8={1,2,3 4,5 6}=n(S)=6

& =i 2
o .
CEEY

€
®@ @/ @
e cal by e SR e D

P (getting a number smaller than 3) P (getting a six)

=P(E)  where E ={12} =P(E) where E = {6}
_nE)_2_1 _n(E) _1
"n(s) 6 3 n(S) 6
P (getting an even number) P (getting a number greater than six)

=P(E)  whereE=1{2;4,6} =P(E) whereE={ =0

n(E) n(E)
(S) (S)

3 1
6 2 6

>
>
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Theoretical Probability from drawing a card experiment

o 2 2 |fes i |les Z&*& 2&*& 2&&'!24-.,.&
*» *» N B R ol Iods
Hoe 2 o ¥ el e b wE el el b el

4 o 3o |laa2aa|iean 3"0’ 2’0’ is & 0a0
' I N I KRN KX b il
»,

Y e i e i el vei el el vel v el vey

8 2w |9 |ivvw |ivew | [ivew Ev'o Ev'o 200“20,0
v v v |[vo|ve|ve | W2IXY
a8l Al aal aall aal aall aal aall a®a

P Z o |3 e ‘300?00?00303%00200'&0.0
¢ ¢ N KRN N X PO I D4
.

VIR IR KR EE EE KRN EES KR KL

P (drawing a diamond) P (drawing either an ace or a king)
n(E) n(E) 8 2
n(s) 52 4 n(S) 52 13

P (drawing a diamond face card)  p (drawing 4 face card)
Dn(E)TS _n(E) _

- n(S) 52 " n(S) 52 13
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Jrobabilities

Roll a pair of six-sided fair dice and record, respectively, the number

and number of dots showing on the top faces of the die after each trial.
Determine the theoretical probability

for each of the following events:

1. Event A: The sum of the dots on the dice is equal to 7
2. Event B : The sum of the dice is greater than 5

3. Event C . At least one die must show a 4 faceup.

]

Outcomes for E?ie Two . : : :
(1, 6) (2, 6) (3, 6) (4, 6) (5, 6) (6, 6)
B ® ® & & & |
: (1,5 @25 35 (45 (55 (65
------------ L
) (1, 4) (2, 4) (3. 4) (@, 4) (5. 4) (6, 4)
17 ®* ® ® & ® ®
5 1,3) @3 @.3) @ 3) 5,3) 6.3) PAUSE
““““““ L AR REEhERE Rl RREhbl bbbl S
2| PP G e AP A AP T o - Do Tutorial 1
1 a1 ey len @ 1) 6.1) * Then View Solutions
------------ L
0 QOutcomes foé Die One
0 i 2 3 4 '5 6
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http://images.google.com/imgres?imgurl=http://i00.i.aliimg.com/photo/v0/232212754/number_Dice.jpg&imgrefurl=http://eagogift.en.alibaba.com/product/232212754-201063273/number_Dice.html&usg=__j_wp5qZR4sgga_XCH1kS51usLZg=&h=500&w=500&sz=25&hl=en&start=5&zoom=1&tbnid=XUg4OHCxCKEcYM:&tbnh=130&tbnw=130&ei=XlcOUN3OAs25hAfhk4DIDA&prev=/search?q=number+dice&hl=en&gbv=2&tbm=isch&itbs=1
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Tutorial 1: Problem 1: Suggested Solution

1. Determine the theoretical probability for event A.
Event A: The sum of the dots on the dice is equal to 7.

A={(16); (2 5); (3 4); (4 3); (5 2); (6 1)} =n(A)=6

Outcomes for Dle Two
(1, 6) (2 6) (3 6) (4 6) (5 6) (6 6)
R L o * * *« * P ( A)
5 (1, 2% 65 45 655 69
| n(A)
4 | —
n(S)
3)
6
- 36
1, 1
0 §)

0 1 2 3 4 '5 6
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Tutorial 1: Problem 2: Suggested Solution

2. Determine the theoretical probability for event B.
Event B: The sum of the dots on the dice Is greater than 5

Out for Die T | | | | |
e e ee  @e  6e @e| N(B)=26
e e e e e e
(1, 5) 5(2, 5) 5(3, 5) 5(4, 5) 5(5, 5) i(e, 5)
= J ® @ ® P ( B

-
—~
o —
N—

-
—~~

w
~

oo RS

0 ' Outcomes for Die One
0 1 2 3 4 5 6
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Tutorial 1 em 3: Suggested Solution

3. Determine the theoretical probability for event C.
Event C . At least one die must show a 4 face-up.

Qutcomes for ﬁie Two 5 5 5 5 5
J a9 @9 eeo [@e] s ©s  N(C)=1l
: (1. 5) 2,5 (35 | 45 (5.5 (65
------------ L e e
. 1, 4) (2, 4) (3, 4) (4, 4) (5, 4) (6, 4) |
"""""" A S A N A R A S P(C)
; (1, 3) (2, 3) (3, 3) (4, 3) (5, 3) (6, 3)
------------ L I e e I e el T e n(C)
(1, 2) (2, 2) (3, 2) (4, 2) (5, 2) 5(6, 2) —
e e e e e * oo n(S)
(1) (2,1) (3.1) 1) (. 1) (6. 1)
N o o o O o ° 11
0 Outcomes fo% Die One 36

0 1 2 3 4 5 6
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Outcomes tor Unit 2

In this Unit section we will revise:

v The probability identity
P(Au B) = P(A)+ P(B)— P(Am B)

v' Concept of mutually exclusive events when :
ANB=0

v' Concept of complementary events when :
AnB=Zand AuB=S
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Venn diagram representation of events and sample space

Consider the following three sets of events linked to the sample
space S ={outcomes when rolling a single die} = {1;2;3;4;5;6}.

S

1. A={getting an even number} = {2;4;6}

A 5
= {getting a factor of 6} = {1;2;3;6} X
AU B = {getting an even number or a factor of 6} = {1;2;3;4;6} e
A B = {getting an even number and a factor of 6} = {2;6}

2. A={getting an even number} = {2;4;6}
={getting a odd prime number} = {3;5}
AU B = {getting an even number or odd prime number} ={2;3;4;5;6}

AN B = {getting an even number and odd prime number} ={ } =&

3. A={getting an even number} = {2;4;6}
= {getting a number >1} ={2;3;4;5;6}
AU B = {getting an even number or a number >1} ={2;3;4;5;6} =B

A B = {getting an even number and a number >1} ={2;4;6} = A



https://ecolebooks.com

Downl oad nmore resources |like this on ECOLEBOOKS. COM

Example 1: Identity P(AUB)=P(A)+P(B)-P(ANB)

1. Consider the example where: P 5 5

S = {outcomes when rolling a single die} and the events
A = {getting even number} = {2;4;6} and e
B

= {getting a factor of 6} = {1;2;3;6}

Show that P(AuUB)=P(A)+P(B)—P(AnB) holds for this example:

S ={1,2;3;4;5;6} = n(S)=6 -P(AuB):n(AUB)=§
n(S) 6

« A={2;4,6} = n(A)=3 "(A) 3

-+ B={1,2,3,6}=n(B)=4 -P(A):m=g

« AUB={1;2;3,4;6} = n(AUB)=5 2(B) 4

« AnB={2;6} > n(AnB)=2 .P(B):W:E

~P(A)+P(B)- P(AmB)zg %—ézgzp(AuB) 'P(AﬁB)=n(nA(2)B)=§
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Example 2: Identity P(AUB)=P(A)+P(B)-P(ANB)

2. Consider the example where:

A
S = {outcomes when rolling a single die} and the events
A = {getting even number} = {2;4;6} and
o : :

= {getting an odd prime number} = {3;5}

Show that P(AuB)=P(A)+P(B)-P(AnB) holds for this example:

S ={1,2;3;4;5;6} = n(S)=6 -P(AUB)=n(AUB)=§
n(S) 6

« A={2;4,6} =>n(A)=3 0

. B={3:5!=n(B)=2 A= %%

« AUB= {23456}:> AUB)=5 n(B) 2

+ AnB={ }=F=n(AnB)=0 P(B ):KZE

-~ P(A)+P(B)- P(AmB):g %—%:gzP(AuB) +P(ANB)= (nA(g)BL%
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Tutorial 2: Identity P(AUB)=P(A)+P(B)-P(ANB)

Consider the example where:

S = {outcomes when rolling a single die} and the events
A = {getting an even number} = {2;4;6} and

B = {getting a number >1} ={2;3;4;5;6}

1. llustrate the events and sample space by means
of an appropriate VVenn diagram. PAUSE
" " DO T lal 2
2. Confirm that the Identity e
P(AUB)=P(A)+P(B)-P(ANB
holds for this example.
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Tutorial 2: Problems 1 and 2: Suggested solutions

1. Appropriate Venn Diagram:
Given: -

S = {outcomes when rolling a single die} and the events
A = {getting an even number} = {2;4;6} and
= {getting a number >1} ={2;3;4;5;6}

2. Show that P(AUB)=P(A)+P(B)-P(AnB) holds for this example:

S ={1;2;3;4;5;6} = n(S)=6

_n(#)_3
« A={24,6)=>n(A)=3 RANTORE
. B={2,3:4:56} = n(B)=5 -P(B):%zg
« AUB=B={2;34;5:6} =>n(AuUB)=5 o B_n(AUB)_S_pB
. AnB=A={246)=n(ANB)=3 PlAVB)=—T5y ~6~P(B)
.P(A)+P(B)-P(AnB)=2+2_2_>_p(AUB) p(anB)=1A0E) 3 _py)
B "%)7676 6 6 - n(s) 6
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Viutually exclusive events: AnB =

Definition : S
« Two events are called mutually exclusive if they A 1 B

cannot occur at the same time.
« Alternatively two event sets, A and B, are mutually
exclusive if they do not have any elements in common.

This implies that AnB =& or P(AnB)=0.
« In addition: n(AUB)=n(A)+n(B)= P(AUB)=P(A)+P(B) ANB=O<n(AnB)=0

Example of two mutually exclusive events :

- Sample space S = {outcomes when rolling a single die} = {1;2;3;4;5;6}

A = {getting an even number} = {2;4;6}
- Events:
B = {getting a odd prime number} = {3;5}
.. 3 2 5
In addition: P(A)+P(B)==+—-===P(AUB)

6 6 6
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Complementary events: AMB=ZJ and AUB =S

Definition : (1) AnA =0
Two events, A and B, are complementary events (2) AUA'=S
If and only if

1. AnB =Y and
2. AUB=5 P(A)
(«A'=B=S-A P(A)
In addition: <«B'=A=S-B (4) P(A)=1-P(A) or P(A)=1-P(A)
|+ A and B forms a partitioning of S

Example of two complementary events : 5
- Sample space S = {rolling a die} ={1,2,3,4,5,6} ) 2 ) 1 :
B
A = B’ = {getting an even number} ={2,4,6} 6 3

- Events:
{B = A’ = {getting a odd number} = {1,3,5}
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Outcomes tor Unit 3

In this Unit section we will revise :

e |dentification of independent and dependent events.

e Calculation of the probability for dependent and independent events
by means of Contingency Tables.

e Calculation of the probability for dependent and independent events
by means of Tree Diagrams.

e Product Rule for independent events: P(AnB)=P(A)x P (B)
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Product Rule

Two events are said to be Independent if the result of the second

event is not affected by the result of the first event.
Example 1: A white ball, red ball and yellow ball are placed in a box.
In an experiment a ball is randomly drawn, its color recorded

and it is returned to the box. A second ball is drawn and its

color recorded. What are the probability of drawing a red ball

and then a white ball?

Use a contingency table: ~.If Aand B are independent events

cn(s)=3x3=o INIESTIII then P(Aand B)=P(ANB)=P(A)xP(B)
W Y

“-WW _RW -YW . A= {red first} = {RW;RR;RY } = p(A)=§

_ WR RR YR

WY Ry w *B={whitesecond}={WW;RW;YW | = P(B)zgz

(RW = P(AmB):% — P(A)xP(B)=

Second Draw

« AN B = {first red then white}
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ree Diagram

Example 2 : A packet contains
4 red paperclips and 5 blue paperclips.
One clip is taken from the packet, the color
recorded and then placed back in packet.
A second clip is taken from the packet and
the color recorded.What is the probability
that the first clip is red and the second blue?
Solution :
P(A)=P({First Red})=P(RR)+P(RB)
_ 4.4 4 5 16+20_36_4

9 9

"9 9 9 81 8L 9 -~ P(A)xP(B)
Second Blue P(RB)+ P (BB

P(B)=P({ })=P(RB)+P(BB) a5 _20_pianE)

_4.5 5 5_20+25_45_5 "9 9 81
' 9°9 9°9 81 81 9 . A and B are independent events.

M B) =P ({First Red and Second Blue .

(4 . )20 ( ) Thus draws with replacement

979 81 lead to independent events.
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Probability for Dependent Events : Tree Diagram

Example 3: A bag contains five marbles : two red and three green.

Two marbles are drawn from the bag, one after the other, without replacing
the first one drawn, what is the probability that the first marble is red and the
second green?

If a result of one event is affected by the result of
another event the events are said to be dependent.

Solution :
P(A)=P({FirstRed})=P(RR)+P(RG)

Ll bl 8 _ZR0 © 2 - P(A)<P(B)
54 5 4 20 20 5 2.3 6
P(B)=P({Second Green})=P(RG)+P(GG) 5 5 25
_2,3,3 2 6+6_12_3 < P(ANB) [

5 4 5 4 20 20 5

P(AnB)=P({First Red and Second Green}) - |f P(A)X p(B) = P(Aﬁ B)

2 3 6 3
52" %20 10 then A and B are dependent.
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Tutorial 3: Independent and Dependent Events and ldentities

Problem1: A bag contains 3red and 5 blue marbles. One marble is randomly drawn

from the bag, its color recorded and then (a) placed back; (b) not placed back in the bag.
A second marble is then drawn and its color recorded.

1.1 What is the probability that the first marble is red?

1.2 What is the probability that the second marble is blue?

1.3 What is the probability that the first is red and the second is blue?

1.4 What is the probability that the first is red or the second is blue?

1.5 Are the first marble being red and the second being blue independent events?

Problem 2: Given that P(A)=0,6, P(B)=0.4and P(AnB)=0,24.
2.1 Are A and B mutually exclusive? Give a reason for answer.
2.2 Are A and B independent? Give a reason for answer. PAUSE

2.3 Determine P(AUB).
_ , * Do Tutorial 3
2.4 Determine P(ANB’). - Then View Solutions

2.5 Determine P((Am B)').
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Tutorial 3: Problem 1 (a): Suggested Solution

Problem 1(a): A bag contains 3red and 5 blue marbles. One marble is randomly drawn

from the bag, its color recorded and then placed back in the bag. A second marble is
drawn and its color recorded.

. 33,35 3(3 5) 3, 3
1.1 P(A)=P({firstred})="P (RR)+P(RB)=oxotoxo= 8(8+§j_§x1_§
3555 (355 55

1.2 P(B)=P dblue})=P(RB)+P(BB)="x—+—x—=| -+ |[x>=1x—=—
(B)=P({second blue})=P(RB)+P(BB)= =*5t5%3 (8+8)X8 573

1.3 P(AnB)=P({first red and second blue}) = P(RB) =>x—="—

8 8 64 © R
14 P(AUB)=P(A)+P(B)-P(AnB)=1-= -2 R<
64 64 e
or P(AuUB)=P({redfirst or bluesecond})
9 15 25 49 ;
<

= P(RR)+P(RB)+P(BB R
( )+( )+( ) 64 64 64 64 B
3 5 15 :
1.5 P(A)x P(B):gxgza:P(Am B) = A and B independent events B
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Tutorial 3: Problem 1 (b): Suggested Solution

Problem 1(b): A bag contains 3red and 5 blue marbles. One marble is randomly drawn
from the bag, its color recorded and then not placed back in the bag. A second marble is
drawn and its color recorded.

1.2 P(B)= P({second blue}) = P (RB) + P (BB) = >

1.1 P(A)=P({firstred}) = P(RR)+P(RB)—g % g ?%@ gj gxlzg
>
8

4_15 20_35_5
7 56 56 56 8
3 5 15

2.
4
1.3 P(ANB)= P({first red and second blue}) =P(RB)=

15 41 R
1.4 P(AuB)=P(A)+P(B)-P(AnB)=1-—=— >
(AB)=P(A)P(B)-P(AnB)=1- B2 (D

7

2

or P(AUB)= P({red first or blue second})

L1520 41 Ny 2 4R
4

1.5 P(A)xP(B):gxg =

=51 P(AnB)= A and B dependent events
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Tutorial 3: Problem 2: Suggested Solution

Problem 2: Given that P(A)=0.6, P(B)=0,4 and P(AnB)=0,24.
2.1 Are A and B mutually exclusive? Give a reason for answer.
2.2 Are A and B independent? Give a reason for answer.

2.3 Determine P(AUB).
2.4 Determine P(ANB’).

2.5 Determine P((Am B)').

2.1 A and B are not mutually exclusive.
Reason: P(AnB)=0= AnB=Y s

2.2 A and B are independent. A .
Reason:P(A)xP(B)=0.6x04=0.24=P(ANB)
23 P(AUB)=P(A)+P(B)-P(ANB)
=0,6+0,4—0,24=0,76 (or0,36+0,24+0,16)
2.4 P(ANB')=P({Aonly})=0,6-0,24=0,36 1-0.76 = 0.24

2.5 P((Am B)'):l— P(ANB)=1-0,24=0,76
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outcomes tor Unit 4

In this Unit section we will revise :

e Definition of conditional probability.
e Solving conditional probability problems by means
of tree diagrams.

e Solving conditional probability problems by means
of Venn Diagrams.

e Solving conditional probability problems by means
of conditional probability formula.
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Probability : Definition and Formula

Let Aand B be events in a sample space S where P (B) = 0.
The conditional probability that event A occurs, once event

B has occured, denoted by P(A\ B), Is defined as

P(A|B) = P(PA(E)B).

If Aand B are independent events, then we know that
P(Am B) = P(A)x P(B)

Conditional probability for two independent events

can be redefined using the previous relationship:

p(pla)- T - e (e
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Conditional Probability of Dependent Events : Using Tree Diagrams

Example 4 : When tossing three fair coins, what is the probability of
getting two tails once the first coin came up heads?

Tossing three coins implies that sample spaceis: SOV UEIITg IS DIEEEN

{HHH;HHT; HTH;HTT,; THH; THT;TTH;TTI } tonoena Outcomes
/ H \ HHH
2dhA - - H< HHT

Condition, first coin head, changes sample space v < T
to {HHH; HHT; HTH; HTT }. 7 g
2 TE<T HTT
Only one outcome, HTT, fits the event description. - : v / THH
.. Conditional probability of getting two tails given H<{ T o
T
that the first of the three coinsis head is 1 X 1_ E. < H -
2 2 4 T<

T ™

P ( B‘A) =P ({getting two tails once a head occured}) = %


https://ecolebooks.com

Downl oad nmore resources |like this on ECOLEBOOKS. COM

Probability for Dependent Events : Using Conditional Probability Formula

Example 4 : When tossing three fair coins, what is the probability of
getting two tails once the first coin came up heads?

Know: P(B|A) = P({getting two tails once a head occured}) :% Tree Diagram

Alternative Solution : S omomes

: - - - . H HHH
Tossing three coins implies that sample space is: H<_|_
{HHH;HHT;HTH;HTT;THH;THT;TTH;TTT}. H< . HTH
T HTT

A= {first head} = {HHH; HHT; HTH; HTT } = P(A):g <:T
B={twotails}={HTT;THT;TTH}:>P(B)zg H<$ THH
S~ ANB={HTT}|= P(AmB):E T< -

8 -|-<H
P(B|A)=P({getting two tails once a head occured} ) = i(Gial) T i

P(A)
1 4 1 8 1
P(B‘A) - g g g Z = Z P(A)x P(B)=gxg=%¢ P(AnB)= A and B are dependent events
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Dependent Events : Using Venn Diagram

Example 4 : When tossing three fair coins, what is the probability of
getting two tails once the first coin came up heads?

Tossing three coins implies that sample space is:
S ={HHH;HHT; HTH; HTT; THH;THT;TTH;TTT }.

A

THH

B

S

Let A be the event of getting exactly two tails:
A={HTT;THT;TTH}.
Let B be the event of getting head with first coin :

B = {HHH; HHT; HTH;HTT)

1

.-.AﬁBz{HTT} P(A‘B):Z

Condition of head first limits us to set B (shaded) :

Only one of these four outcomes contains two tails (HTT)
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Venn Diagrams to illustrate definition of Conditional Probability

A sample space S of equally likely outcomes is z B
shown in the next Venn diagram. ‘
n(s)=14 KP(A):E P(.A;\B) 2 7 2
14 p(AB)= S
n(A)=6 7 P(B) 14 14 7
4 =<P(B)=—
n(B)=7 14 A B S
\n(Am B)=2 p(AmB):E (.) Condition
| 14 ~ Bshaded
A B
P(B|A) = P(ANB) 2 6 _2 Condition
P(A) 14 14 6 A shaded
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Tutorial 4: Conditional Independent and Dependent Events

Problem1: A packet contains 4 red paperclips and 5 blue
paperclips. One clip Is taken from the packet, the color

recorded and then placed back in packet. A secondclipis

taken from the packet and the color recorded. What is the
probability that the second clip is red once the first drawn is blue?

Problem 2 : A bag contains two red marbles and three green
marbles. Two marbles are drawn from the bag, one after the other,
without replacing the first one drawn.
What Is the probability that |

_ * Do Tutorial 4
the second marble is red once - Then View Solutions

PAUSE

the first drawn Is green?
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Tutorial 4 : Problem 1 :Suggested Solution

Problem 1: A packet contains 4 red paperclips and 5 blue paperclips.

One clip is taken from the packet, the color recorded and then placed back in packet.
A second clip is taken from the packet and the color recorded.

What is the probability that the second clip is red once the first drawn is blue?

Let A = {first blue} and B = {second red}. Tree Diagram

. 4
Suggested solution: - R
JIEsIEE oY :>P(B\A):ﬂ 9
Condition limits us to the two bottom 9
5
9

branches from the tree diagram. (Last part of branch three)

O =

Second possible solution: Conditional formula

P(A)= P(BR)+P(BB)_§><g LB e > ' .

979 81 81 9
() — p(RR)+P(BR)—ﬂ 4.5 4 16420 36 _4
9 9 81 81 9
5 4 20
P(AnB)=P(BR)= 979 81 Third possibility: Independent events
(8[a)="(ANB) _20 5 20 9 4 P(A)xP(B)

4
P(A) 81 9 81 5 9 P(BlA)= P(A) =P(B)=3
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Tutorial 4: Problem 2: Suggested Solution

Problem 2 : A bag contains two red marbles and three green marbles.
Two marbles are drawn from the bag, one after the other, without replacing the first drawn.
What is the probability that the second marble is green once the first drawn is red?

Let A= {firstred}and B = {second green}.

Suggested solution: 3
P = P(B|A)==

Condition limits us to the two top

branches from the tree diagram. (Last part of branch two)

Second possible solution: Conditional formula

2 1 2 3 2+6 8 2
P(A)=P(RR)+P(RG)=Sx, +ox = &=
(A)=P(RR)+P(RC) =55+ 5*2= 20 “20 5
P(B)= P(RG)+P(GG)_E 0,82 840 12 _&

4 5 4 20 20 5
2 3 6 3
P(ANB)= P(RG)_E 420 10 Third option not possible:
2 3 6
P(B‘) P(AﬁB) 3 2 3 5 3 P(A)XP(B)——XE 2—57‘—-P(AﬁB)
= = = = X =_
P(A) 10 5 10 2 4 . A and B dependent events.
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Outcomes tor Unit b5

In this Unit section we will revise the following :

e Process of solving probability problems by means
of Venn diagrams.

e Process of solving probability problems by means
of Contingency Tables.
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ems using Venn Diagrams

Consider the die experiment where: 1. Venn Diagram can be utilized to:
S ={1;2;3;4;5;6} and events

A ={getting even number} = {2;4;6}
B = {getting a factor of 6} ={1;2;3;6}

o Display outcomes in sample space
o Display outcomes in events

Venn Diagrams can now Venn Diagram can then be
be utilized to solve related utilized to list related events:
probability problems: o« A— {2; 4: 6} AB= {1; 2:3: 6}
. p(A):%,\p(B):% « A'={1;3;5} AB'={4;5}

- AUB={12;3;4;6}

. P(Ar):%,\P(B’)zé - AnB={2;6}

. P(AUB):g/\ P(AmB)zé - (AnB) ={1,34;5) - - -
fianey)pomf SUTTER O
. P(AmB'):%/\P(A’mB):% - ANB={13}
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= ems using Venn Diagrams

Consider the die experiment where: _ B
S = {1;2;3;4;56} and events 2. Venn Diagrams can be utilized to:

A ={getting even number} = {2;4;6}
B = {getting a factor of 6} ={1;2;3;6}

o Display cardinal numbers for regions
o Display probability for regions

= Note :
> a A - o Sum of cardinal numbers
(e’ of all the regions isn(S)=6
1 : o Sum of probabilities
of all regions is P(S) =1

Cardinal Numbers Probabilities
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Tutorial 5: Using Venn Diagrams to solve Probability Problems

In a survey 100 people were guestioned to find out how many
read the newspapers A, B and C. The survey revealed that 10
did not read any of the three newspapers; 50 read A; 44 read B;
20 read A and B; 9 read Aand C; 6 read B and C and 5 read all

three papers. PAUSE

Do Tutorial 5
* Then View Solutions

1. Construct an appropriate Venn Diagram.

2. Symbolize given information.

3. Place the appropriate cardinal number in each of the eight regions.
4.

5.

Determine how many read newspaper C only?
Determine the probability represented by each of the eight regions.


https://ecolebooks.com

Downl oad nmore resources |like this on ECOLEBOOKS. COM

Tutorial 5: Problems 1 and 2: Suggested Solutions

In a survey 100 people were questioned to find out how many
read the newspapers A, B and C. The survey revealed that 10
did not read any of the three newspapers; 50 read A; 44 read B;
20 read A and B; 9read A and C; 6 read B and C and 5 read all

three papers.

1. Construct an appropriate Venn Diagram. n(S)=100
2. Symbolize given information. (AL BuC)' _10

S
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Tutorial 5: Problems 3 and 4: Suggested Solutions

3. Place the appropriate cardinal number in each of the eight regions.
4. Determine how many read newspaper C only?

Assume that n(

n(S)=100
A'ﬁB'ﬂC)=X n(AuBuC) 10

n(A)=5

S n(B)=4
n(An )
n(AnC)=9
n(BNC)=6
(

n(AnBNC)=5

20+4+5+15+23+1+x+10=100

.84+ x=100= x=16
.16 read C only.
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Tutorial 5: Problem 5: Suggested Solution

5. Determine the probability for each of the eight regions.

S 5 1
Region 1|:P(ANBNC)=

100 20
Region 2 :P(AmBmC’)zi
20
Region 3|: P(AN B’mC)zi
25
. . . 13
Region 4|: P(ANB' nC')=—
50
Region 8 - . ) 1
10 Region 8| Region 5: P(A mBmC)zm
P(AnB'nC')
. IRegion 6 :P(A’mBmC’)=£
=P(AuBUC) 100
_W0_1 Region7]:P(A'AB'AC)= —
100 10 25
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using Contingency Tables

A group of people were asked whether they had watched on TV Jesica Fletcher's murder
she wrote plays or whether they read her murder stories. Based on the results of the survey,
the contingency table was drawn up showing the probabilities of these events.

1. Complete the table.

2. Show that watching her plays and reading her murder stories are independent events.

| [wachplays | Notwatchplays JTotal __
0.21 0.5

0,14 0,26 o,4

0,35 0,65 1,0

P (Watch Plays and Read Stories) = 0,21

P (Watch Plays)x P (Read Stories) =0,35x0,6 = 0,21

. P(Watch Plays)x P(Read Stories) = P(Watch Plays and Read Stories)

.. Watching the plays and reading the stories are independent events.
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Tutorial 6: Use Contingency Table to solve Probability problem

A study was conducted to investigate the relationship between eye colour and hair colour.
A group of 250 people were observed. The results are:

« 12 people had red hair, 64 had blond hair and 82 had black hair

« 35 of the blondes had blue eyes, and 21 had green eyes

« 68 of the brunettes had brown eyes

« 38 of those with black hair had brown eyes, and 41 had green eyes
« 5 of the redheads had blue eyes

- 116 people had brown eyes and 86 had green eyes PAUSE
1. Copy and complete the contingency table. * Do TU'[(_)I’Ial 6 |
2. Based on these results, determine the probability of a person having: * Then View Solutions

2.1) blond hair and green eyes
2.2) black hair and brown eyes
2.3) blue ey./es, .glven that are they are brunette Not in the CAPS Syllabus
2.4) red hair, given that they have brown eyes. Nt in the CAPS Syllabus

Brown eyes

Green eyes
Total
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Tutorial 6: Suggested Solution: problem 1

A study was conducted to investigate the relationship between eye colour and hair colour.
A group of 250 people were observed. The results are:

« 12 people had red hair, 64 had blond hair and 82 had black hair

« 35 of the blondes had blue eyes, and 21 had green eyes

- 68 of the brunettes had brown eyes

« 38 of those with black hair had brown eyes, and 41 had green eyes

« 5 of the redheads had blue eyes

« 116 people had brown eyes and 86 had green eyes

1. Complete the contingency table.
Order in which table i1s completed not unique.

-

Green eyes 21 19 41 5 86
Total 64 92 82 12 250



https://ecolebooks.com

Downl oad nmore resources |like this on ECOLEBOOKS. COM

Tutorial 6: Suggested Solution: problem 2

2. Based on these results, determine the probability of a person having:
2.1) blond hair and green eyes
2.2) black hair and brown eyes
2.3) blue eyes, given that they are brunette Not in the CAPS Syllabus
2.4) red hair, given that they have brown eyes. Not in the CAPS Syllabus

| Blondeharr Black hair

Green eyes 21 19 41 5 86
Total 64 92 82 12 250

2.1 P(Blond and green eyes) = L Wy P (Black hair and brown eyes) = — = 19
250 250 125
5 2 1
2.3 P(Blue eyes|Brunette) = — 2.4 P(Redhead|Brown eyes)=—=—
92 116 58
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Ena of the Topic Slides on revision of Probability

for Grades 10 and 11

REMEMBER!

« Consult text-books and past exam papers & memos
for additional examples.

 Attempt as many as possible other similar examples
on your own.

« Compare your methods with those that were
discussed in these Topic slides.

* Repeat this procedure until you are confident.

- Do not forget: Practice makes perfect!
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