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1. SET THEORY

1.1

1.2

121

1.2.2

1.2.3

1.2.4

Definition:

Aset is a collection of objects or members, which are related in some
way. Sets are denoted by capital letters, e.g. set A, B, M etc.

Terms used:

Member (element) of a set

The objects in a set are called members or elements of the set. Members
of a set are enclosed in curly brackets. The symbol € is a short form of

saying ,,"“is a member of “* and [Ois for ,,"not a member of**.

Consider set A= {1, 3,4, 6}. Then 1€A, 3€A, 4€A, and 6€ A. Whereas
7, 8, 9 etc are not members of set A, i.e. 70A, 80A, 90A, etc.

Subsets

Set A is said to be a subset of set B if every element of set A is also in set
B. E.g. giventhat B ={1, 2, 3,4,5,6,7,8}and A ={1, 3, 5, 7}. Here
every element of set A is also in set B. Therefore, set A is a subset of B.
The symbol Oor0O is for ,,“subset of“* and Ois for ,,“not a subset of .

Therefore A O B or B O Abut B O Abecause not all elements of B are in A.

Empty set (null set)

An empty set is a set with no elements. It is at time called null set. The null
set is denoted by the symbol { } or ¢. Note:

The empty set { } is not the same as {0}. This is because the set {0} has
one element which is 0 whereas the set { } has no element.

Finite sets

The set is called finite if the elements of the set can be counted.

Example
Consider the following sets:

D = {days of the week}

F = {factors of 12}

G = {whole numbers greater than 5 but less than 11}
6
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We can list all the members of these sets.

D = [Monday, Tuesday, Wednesday, Thursday, Friday, Saturday,
and Sunday}

F={123,4,6,and 12}

G={6,7,8,9, and 10}

1.2.5 Infinite sets

These are sets with unlimited number of elements.
Example
Given the following sets:

W = {whole numbers}
R = {real numbers}
M = {multiple of 3}

Here, we cannot list all the members of these sets.

W=10,1,2,3,4,56....}
R=1{..-2-1,012..
M=1{3,6,9,12.....}

All members of these sets cannot be exhausted so they are infinite
sets.

1.2.6 Number of elements in a set

The number of element in a finite set can be counted. The number of

elements of set A is denoted by nOal and it is the total number of
elements in set A.

Example
Find the number of elements in the following sets.

R={1,2,3 456,78, 12}
B={2 4,689}

Solution

nOAO O 9
nO0aAO 05

Example
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1.3

Given that set B = {factors of 24}
a) Write out set B in full

b) Find nOB0

Solution

a) B={1,2,3,4,6,8,12,24}

b) nOBOg 8

Example

Given that set N = {natural numbers from 2 to 11}
a) Write out set N in full

b) Find nONDO

Solution

a) N={2 3,4,5,6,7,8,910, 11}
b) nONDO g10

Equal sets

Two or more sets are equal if they contain the same elements.

Eg.A=]1,3,5 7}and B={1, 3,5, 7} are equal sets. Here Ag Band
alsoB O A

1.3.1 Equivalent sets

Two or more sets are said to be equivalent if they contain the same
number of elements. E.g. set A ={a, e,i,0,u}and B = {2, 4, 6, 8, 10}.
Sets A and B contain the same number of elements which is 5. We
therefore say that they are equivalent sets.

1.3.2 Union of sets @

The union of two sets is the set of all elements that are members of either
set. The symbol for union is .

Example
Giventhat: M={1, 2,3,4}and N=[3, 4,6, 7}
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i) List MUN ii)
Find nOm yNQ
Solution

1) MoONOO1,2,3,4,6,70 i) nOMm

oNOo e

1.3.3 Intersection of sets(D)

The intersection of two sets or more sets is the set of elements that are
in both sets.

Example
Given two sets: A={-1,0,4,5,6, 7}and B = {-1, 6, 8, 10}
Find:

i) nOace" i)

nOAmBQO
Solution

1) OAoBO0{01,0,4,5,6,7,8,1030n(AOB O 8 i)
Oaos0o0o1,60o0n0AoBO0 2

1.3.4 Disjoint set

When the intersection of the two sets is empty, the two sets are called
disjoint sets. E.g. given that P = {1, 3, 5, 7} and Q = {2, 4, 6, 8}. Here
OpooOo{}

1.3.5 Complement of set
Consider two sets: A={a, b,c,d}and B={a, b, c, d, e, f}.
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Members which are present in B and present in A is called
complement of A denoted by A or A. From the two sets above:

A0 O {e, f}On0A00 O 2
Also :

ADO B O {e, f }On(ADO B) O 2

1.3.6 The universal set

This is a set that contains all the members of an item or object under
consideration. It is denoted by the symbol E.

1.3.7 The Venn diagram

The Venn diagram is used to simplify solving problems in sets or used to
illustrate sets.
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Example

Giventhatset A={1, 2, 3,4,5}and B={2, 4, 6, 8}. Use a Venn
diagram to find: a) i) Ags ii) nOAnBQO

b) i) AmB i)

nOARB[

Solution

a)

A

oD
i AOBO{2,4}

il. nOdaosOnO 2

b) i) AOB 0{1,2,3,4,5,6,8} ii)
nOaosOn 7

Example

Giventhat P ={1, 3,5,7,9, 11, 13, 15} and Q = {3, 9, 15}. Hlustrate
this information in a Venn diagram.

Solution

SinceQ o P, Q is drawn inside P.

POQO{3915}00Q
POQO{135,7,9,11,13,15} 0P

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Example

Given that, R ={2, 4, 6, 8} and S = {1, 3, 5, 7}. Show this information
in a Venn diagram

Solution

Here R and S are disjoint sets i.e.RpS o [, so R and S are drawn
separately as shown below.

R S

N
o A

1.3.8 Solving problems using Venn diagram

The following examples will illustrate how a Venn diagram can be used
to solve certain mathematical problem.

Example
Use Venn diagram to show that:

a) DaoBO" 0 A0 BO

b) Oans0” 0 ADO BO

Solution

a) Oao sOY AO0O BO
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O(AOB)O O AOOBO

b) Oao sO" ADO BO
() C ()

O(AOB)O O AOOBO
Example

There are 40 men working in a company. 38 of them own either a
car or a house or both. 33 men own a car, 24 of whom also own a
house. Represent this information in a Venn diagram and use it to
state: a) the number of men who do not own a house.

b) the number of men who own a house but do not own a car.

¢) the number of men who own neither a car nor a house.

Solution
Let, C represent those who own a car
H represents those who own a house
And let:  x be the number of men who own a car only.
y be the number of men who own a house only

Z be the number of men who own neither a car nor a house.
Given: nJO00Oo 40 nOc O
HOD 38,n0cOo 33nlco
HODO 24,n0H0O0O 2

n(C) 33 n(H)pg?
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1.4

From the diagram: x 0 24
0330x03302409n(CO
H)OxO240y0O38

090240y0O38
OyQO>s
a) Number of men who do not own a house O nJHOLO x O z 09 O 5014

b) Number of men who own a house butnotacar=y=5
¢) nOcooHoOozo2

Three sets problém

So far we have seen how to represent two sets in a Venn diagram. We
shall also use Venn diagram to represent or solve problems that may
involve three or more sets.

Example

Giventhat A= {1, 2, 3,8,9, 10}, B={3,4,5, 6,7, 8 9}and C = {7, 8,
9,10, 11}

Represent the above information on a Venn diagram, hence fine:

a) nOaoBsocO
b) nOAoBOCO
c) nOaoBocod

Solution

Side work

AN B (—'w_>u| BN Cl=2
A B ‘(":‘x._ AN BAC} =1
AuBUC =1,23,456,7.8.9.10,11}
=>{AnBACl=1l
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n0An B ocOo 2 nOAD
BoOcO o11 nOAD B

ocoldom:

Example

On the Venn diagram, shade the following:
a) OaosOoc

b) OaocOoB

Solution

a) For OaosOoc

ADBIs the shaded vertically and C is shaded horizontally.
nUApBOoCis the area shaded both ways.

b) For OAaocOo B
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y=—==x
l I\ |! 5 .’I

| M =/
&mﬁ,ﬁf‘("ﬁ"y

\_/

AOC is shaded vertically and B is shaded horizontally.

o0ApcOao Bis the area shaded both ways.

Example

The Venn diagram below represents the members of students taking
History (H), Geography (G) and French (F) in a certain class.

a) How many take history?
b) How many take French and Geography?
c) How many students take all the three subjects?
d) How many students are there altogether?
e) Write down:
I. n(H OF)
ii. n(F OG)

iii. nOH 0 Focod iv. nOH g F geO”

Solution
a) Number taking history=2+4+8 +10=24
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b)  Number taking French and geography =8 +7 = 15
c) nOHOFocOOS

d) nOoO0D2040608070100110120 60

There are 60 students altogether.

e) i) nOHOFOO1008 018

i) n0OF 0GOO 4 0 6 080 7 010 0110 46

iD) nOH 0 Foco0otiv) nOnoF

ocO%o12—

Example

50 students were asked whether they liked football (F), volleyball (V) or
basketball (B). 8 like football and volleyball, 11 liked basketball and
volleyball, 19 liked football and basketball, 6 liked basketball only, 7 liked
football only and 8 liked volleyball only.

How many liked:
a) All the three games if three of the students liked none of the games.
b) Basketball and football only.

Solution

ndo0 oson0s 0 FoovoO O6nv
oBooOFO)Oo8  nOrFoOBOOVOO

O7n(FOvOB)OO3letndFOVOBO
0 x
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nd0B oOv 0O
o112 nF O
BO 019

a) For all the three games:

7080 xO 080 xO 019 O0x 0110 x O 6 0 3 0 50
62 0 2x 0 50

0 2x 050 0620012
012
OxO_ 06
2

Therefore, 6 students liked all the three games.

b) Basketball and football only: 0190 x 01906 013

Example

The Venn diagram below shows representation of members of community
council to three different committees of Finance (F), Production (P), and
Security (S)
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a) Determine the value of a, b and c.

b) Find:
i.  The total number of members who make up the community
council
ii.  Number of members who belong to more than one
committee.

Solution
For Production:

alcO203010

alc0O1005

080 CHO5 e (1)
For Finance:

aOb0O303010

aObO1006
0a0Db 04, )

For Security:
bOcO30107

bOcO704
OB O CO Buereeeeeeeeceseeeseeeeseenee 3)
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From equation (1): a g 5gcand substituting for a from (1) in equation

(2):

O50cObO4

OD O CO 0L @)

Solving (3) and (4) simultaneously
bOcO3b
OcO"1
O2b020b0O1cO
30bOcO2al5
OcOabO3
OaO3b0O1,c02

a) 1) The total number of members making up the community council
020a03030cOb0O103

0203030302010103
018

i)  Number of members who belong to more than one committee

OaOcObO3
03020103

09

1.5 Set builder notation
A set can be described using symbols rather than words, for instance;

AOOx: xaN,xO e

This means that ,,A* is the set of values of x such that x is a natural
number and X is less than 6. This notation is called set builder notation.
Such a set can be represented on a number line.

Example
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Given that, BOOx : xOR,0 OxO 60, where R is a Real number. Show the
solution set of B on a number line.

18
Solution

B is the set of real number x such that x is greater or equal to 0 and less
than 6. This can be represented on a number line as below.

L4 0

2 0 2 2 6

Note:

The solid cycle at 0 indicates that O is included in the solution set of B while
the empty cycle at 6 indicates that 6 is not included in the solution set of B.

Example
Show the following sets on the number line

a) cO0x: xOrR,02 OxO 400 Where R is a real number.

b) D oly:yow,10 x 0 60Where W is a whole number. Find n(D)

Solution a)
3 O
2 0 2 a 6
b)
[ L J
2 0 2 4 6

D 323456 n(D) g6
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1.6 Miscellaneous exercise
1. Study the Venn diagram below

a) Write down the members of the universal set.
b) Write down the members of the following sets.
i) Aii) B
iii) C
IV) Agc
c) Find:

i) n(A)
On(B) On(C)
il) n(ADBOC)

2. Giventhat:n(A)=22,n(B)=22,n(AnBnC)=5n(AnB)=11,
n(CnA)=7nBnC)=9,and n(A u B u C) =40. Find n(C).

3. A certain class was asked whether they liked science and history.
Twice as many liked science as liked history. Eight said they liked
both subjects and nine pupils said they did not like either subject.
If there were 46 pupils in the class, use a Venn diagram to work
out how many pupils liked science.

4. Given that ADOx:02 oxo10,and,BO0x:0 Ox0 50.

a) Represent (Ag B)on a number line.
b) State (AO B)

5. Given the sets:
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A = {all natural numbers less than 30} B =
{All prime numbers between 10 and 30}
Find:

a) (AOBD)

b)  n(AOp B)Where B’ stands for complement of set B.

6. Inaform 3 class, the teacher told the students to bring a pen, a
pencil and a ruler to class. The following she found that of the 40
students, only 12 had brought all the three instruments, 5 students
didn“t have any at all. 11 students didn*t have a pen, 12 students
did not have a pencil and 18 students didn“t have a ruler. One
student had only a pen, 2 students had only a pencil, and no
student had only a ruler.

a) Draw a Venn diagram to illustrate this information and find out
how many students had at least a pencil and a ruler.

b) The students who had less than two instruments were put in
detention. How many students were put in detention?

7. Inacertain school, a sample of 100 students was picked randomly.
In this sample, it was found out that 78 students play netball (N),
82 play volleyball (V),53 play tennis (T) and 2 do not play any of
the three games. All those that play tennis also play volleyball. 48
play all the three games.

a) Represent the given information on a Venn diagram.

b) How many students play both netball and volleyball but not
tennis?

8. Of the 80 senor five students that passed Math (M) in Teso
Integrated S.S; 45 passed Physics (P), 60 passed Chemistry (C), 5
passed Biology (B) and M only, 5 passed M only. Those who
passed P, C, B and M equal to those who passed only B, C, and M.
The number of students who passed M and C only equal to those
who passed M, B and P only and are 5 less than those who passed
all the 4 subjects.
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a) Represent the above information on a Venn diagram.

b) Find the number of those who passed:

i. all the four Subjects. ii.
only three subjects.

c) A student is selected at random. Find the probability that the
student;

I. passed by 2 subjects. ii.
did not pass Biology.

EQUATIONS OF STRAIGHT LINES
Coordinates:

A point can be described by a number pair. Consider point A

described by a pair of numbers on the Cartesian plane as shown
below.

A B, B)

e it ]
L
2

] S
Figr 2
Origin
The first number i.e. 8 is the horizontal displacement of point A from
the origin O. This is known as the x-coordinates. The second number

I.e. 6 is the vertical displacement of point A from the origin. This is
known as the y-coordinate.

Pont A is located by moving 8 units along the x-axis and 6 units by
moving along the y-axis. Any point can be located in this way.

Example
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Draw the Cartesian pane and locate the following points.
A(3,2),B (2, -4),C(0,3),D(50),and E (-3, -1)

Solution
Yy
N
fc(o,3)
2 . & (3,2)
E D (5, 0)
-i -'l 1 ' 3' 5'
@ === :
E(-3,-1) 2 .
A *5(2,-a)
Example
Obtain the coordinates of the following points from the Cartesian plane
below.
Yy
2
] &
|
24 !
|
4 1
M :
- 3 1 1 ) i 5 ' X
| |}
1 |}
: 2 2
74 1
4 A
“*p
Solution

o0z, 30, 06,020, P(0,05),
7(03,03), M (%4, 0)

2.2 The gradient of a straight line
Definition:
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Gradient is the measure of steepness (slope). Another name for gradient
is slope.

Gradient id defined as the ratio of the vertical distance to the horizontal
distance, i.e.

vertical distance
Gradient(slope) O horizontal
distance

Generally, consider a line passing through at least two points, P
(X1, y1) and Q(x2, y2)as shown in the figure below.

¥

¥z

i ; vertical distan
Gradient of the line PQ hofizto(:t‘ald;itsataﬁi .

O change in y [0 coordinates 0 y.0 ys

change in x O coordiates X2 OX1

.“_' - .“I

- .":

. . Y
Or Gradient .m =
X, =X, X, —X,

Gradient,m =

The letter m is used to denote the gradient.

Example
Find the gradient of the line passing through the following points. a)
A (4,1)and B (6, 5)
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b) P(3,5)and Q (9, 8)
C) D (0, 7) and C (4,0)
d) J(0,0) and E (6, 0)
e) N (0, 0) and K (0, 8)
Solution

X1y1 X2Yy2
a) A(4,1), B(6, 5)

Grdadient,m g y? Y'o 50100 2 X2
604

X1y1 X2y2

b) P(3.,5), Q(9, 8)

d)

k‘l(cll!a:u

4
2 Ox

Grdadient,m 0y -0 Y+ 0 890053 O 63 D{Z

X X

X1y1 X2Yy2

D(0,7), C(4, 0)

Grdadient,m 0 y25 Y,*0 04 00 70 g0 74

x O x

X1y1 X2y2

J(0,0), E(6, 0)

Grdadient,m g yzl:I Yioonooono 0x20
oo_

X1y1 X2Yy2
N(0,0), K(0, 8)

y20 vyt 800
Grdadient,m O H—*does notexist

v

O
G X16

=

0 ox 000
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2.3 Nature of the gradient:

2.3.1 Positive gradient:

If an increase in the x-coordinate causes increase in the y-coordinate,
then the line slopes upwards from left to right, the gradient therefore is
positive.

Positive

Increase

Increase

L 3

2.3.2 Negative gradient:

If an increase in the x-coordinate causes a decrease in the y-coordinate,
the line slopes downwards from left to right, the gradient is therefore

negative.
F 3

~ Inerease

xi!

Negative
grodient

L 2

2.3.3 Zero gradient:

If for the increase in x —coordinate there is no increase in they —
coordinate, the line therefore runs horizontally and the gradient is zero
ie.

F 3
Grodient =0

Increase in x and no increase in y

B
L

2.3.4 Undefined gradient:

If there is no change in the x-coordinate while there is increase in the
y —coordinate, the line therefore runs vertically, and the gradient in
this case is undefined.
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Increase in y and no increase in x

Grodient does not

e
>

| I
For example, consider the line passing through points B (3, 0) and P
(3, 7). There is change in the y —coordinates but no change in the x —
coordinate; hence, the gradient does not exist. i.e.

T-0 7
Gradient D33 1 ,does not exist since zero can't be divided by any number

Example
Consider the figure below.

Determine the gradient of the following line segment.

i) AB
i) AC
Solution

X1y1 X2y2

I. Coordinates of poits; A(4, 0), B(0, 7)

Gradient of AB m: 0 yx2 00 xy1 O 70 OO 04 D1{74

xt y1 ox2 y2 ML

Coordinates of poits; A(4, 0), C (6, 4)
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Gradient of AC m0 y. O-yrB-4H0 32—

X2 O Xz 6|:|4

2.4 The length of a straight line

Consider the line AB on the Cartesian plane with coordinates;
A(Xl, y1) andB(xg, yz)

¥et

¥

v

By Pythagoras theorem;
AB2[] AC 20CB?

VAC ? gCB?,but AC gx, gx ,andCB gy v

- Length AB = \r"(.r? -x, ) + (v, -»)

Olength AB O 1 2 1

The length AB of a straight line is denoted by the symbol ABjor AB—.

Example

Find the length of the straight line joining each of the following pair of
points.

a) B(,3)andD (4,7)
b) T(-7,-1and Q (-1, -4)
c) N(,0) andP (4,-7)



Ecolebooks.com @tecitoon

Solution
X1Yy1 X2y2
a) B(1,3),D(4,7)
Length BD D\/I:Xz |:|X1|:2 op- I:Iyll:2
BD| g (4D’ g(7gD)® gV3* g4’ g5
[ Sunits

XL y1 X2 Y2
b) T(”?, EIl),Q(E'l, EI4)
20x06, B30 x

04 y2 X1y1 X2

c) N(0,0), P(4,%7)

Length NP D\/[4D0[2 O[700f ov16 49 65

0 INP| g 8.06 units

2.4.1 The midpoint of a straight line

If A and B have coordinates A(x, y1) and B(x, y2) respectively, the
coordinates of the midpoint M of the line joining AB is given by:

MO0 % B-%:y- By BE-
a 2 2 a
Proof:

Let M be the midpoint of the line joining AB and let its coordinates be
(p. Q).

|
=

L5
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For horizontal For vertical displacement
displacement DE 0 EB
ACOCDpO Oy:0y.0q¢q
xi:O0x.OppO qOqOy0y:
pOx0Ox 2q0y.0y:
2p O X0 X1 d
X 090 20y
2
opO 20 X1
2

Coordinates of M the midpoint of AB = (p, q). Therefore the coordinates
of the midpoint of a straight line joining any two points is given by:

M=

( 'TZ + 'T] .TZ v .1.1 ll.’
o2 T2

e

Example

Find the coordinates of the midpoint of a straight line joining each of the
following pairs of points.

a) (-2,1)and(6,5)
b) (-2, 6) and (-8, -5)
¢) (3,8)and(1,2)

Solution
Xt oy1 X2y2

a) (°21),and(6,5)

The midpoint,M 000 x.0 x:, y20 y: 00 000602 , 50100000 4, 600 oM 002,30
o 2 2 0 O2 200220

X1 Y1 X2 Y2

b) ("2,6),and("°8,"5)

The midpoint,M OOOGE s80252 6520 6B00000000 0102 , 120000 OM O
0.5, 050
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X1y1 X2Yy2

c) (38),and(1,2)
2.4.2 Parallel and perpendicular lines
a) Parallel lines:

Lines are said to be parallel if they do not cross the path of one
another or if they do not meet even though they have been
extended indefinitely. Parallel lines have the same gradient.
Consider the following lines on the Cartesian plane.

line |
ling 2

lire 3

Gradient of linel:

Considering coordinates of xOand y Ointercept respectively
u]

i.e (3,0)and (0, 2) m

O OZEIDEDB EI%%

Gradient of line 2:

Considering the origin (0, 0) and point A0, <00
/o
m20 %0000 O 13 1 2 oo3
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The gradients of these lines are the same. Hence, they are
parallel.

Example

Using the points A (2, 4), B (8, 7), C (5, -1) and D (19, 5), show that line
AB is parallel to line CD.

Solution

A@2,4) C (5,02
B(8,7) D(19,5)
4x03y

Since the gradient of AB is equal to the gradient of CD; the lines AB and
CD are therefore parallel.

b) Perpendicular lines.

A line is said to be perpendicular to another line if they meet at right
angle to one another. The product of the gradients of a pair of
perpendicular lines is -1.

Consider two lines L1 and L and let their gradients be m; and m»
respectively. If L1 is perpendicular to Lo, then;

m, xm,= 1

Example

Given three points A (2, 4), C (5, -7) and D (19, 5). Prove that the line
AC is perpendicular to the line CD.

Solution
A@2,4) C(,02) D(195)
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GradientofAleljl'JZl:|4 542 DD% oo2
. sn2 7
Gradient of CD m: 0O 19 45 014 EI%

Som:0 m; 03002 001

Sincem,; Om,0°71, the two lines AC and CD are therefore perpendicular to
one another.

2.4.3 Sketching a straight line

When sketching a straight line, we simply need two points lying on the
line. The two points are plotted and are joined using a ruler.

Example
A line passes through points (0, 2) and (2, 4). Find: a)
the gradient of the line

b) the length of the line
c) Hence sketch the line.

Solution

X1y1 X2Yy2
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a) (0,2),and (2, 4)
Length of the line \/[><2 |:|x1|:2 ol:o y1|:2
0V(2g0)? g(4g2)? gv2? g2°
gve
DZ\/Eunits

2.4.4 The equation of a straight line
The equation of a straight line is in the form given below:

y=mx+c
where m — gradient of the line

¢ —is the y —intercept

When the above equation is drawn on the Cartesian graph, it may
appear as shown below.

¥ — axisy
y=mx+c

¥ - intercept

/ |
1 = X — axis
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Y —intercept is where the line cuts the y —axis and the x —intercept is
where the line cuts the x —axis.

a) Obtaining the equation of the line given the gradient and the y —
intercept

Example

Find the equation of a line whose gradient is 3 and y —intercept is -2.
Hence, sketch the line.

Solution

From:yOmxOc,m0O3,cO02
OyO3xO2

To sketch a line, we need only two points.

X 0 1

y 2 0

Example

Obtain the gradient and y —intercept of the line whose equation is
4x03y 09 0 0

Solution
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First, we have to express this equation in the gradient-intercept form
of the equation of a straight line

4x O3y 09 O 0, can be expressed as;
3y O 4x 09
Oy0O*x0O3

comparing thiswith ~ yO mx0Oc

I:Iml:l%,andcl:l 03
Ogradient m O % .and y Ointersecpt,c O O3

b) Obtaining the equation of a line given the gradient and a point on
the line

Example

A straight line with gradient 3 passes through the point A (3, -4). Find
the equation of the line.

Solution
Method 1

From:yOmxdcmO3,cO?
OyO3x0Oc

considering point A(3,04),x 0 3,y 0 04

00403@3)0c.0cO0O13
Oy0O3x013

Method 2
By using any other point on the line.

Let B (X, y) represents any general point on the line. So now we have two
points lying on the line i.e.

X1 y1 X2y2

ABO4) B(xy)
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yZDyl,butm
a 3X2|:| X1

Gradient O

n30c484Y xos
X|:|3
0 BxIy404

8 30x o300
y03x0904

Oy0O3x013

c) Obtaining the equation of a line given two points on it
Example

Find the equation of the straight line which passes through points A (1,
1) and B (2, 3).

Solution
Method 1

Let P(x, y)be the general point on the line. So now we have three points
lying on the line, i.e. A(1,01),B(2,3) and P(x, y)

Gradient of AB 0O gradient of BP
301 y0O3
d

201 xa2
40y03-
1 x0O2
4x080y0O3
OyO4x0O5
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Method 2

X1y2 X2y2
A(1,01) B(2,3)
FromyOdmxOc, mO?,c0O?

m O y=Ovy. 0 30@1) 0 4 %,
Ox, 201
Oy d 4xOc

considering point A(1, 71), x 01, y 001
0010 4(1)0Oc O c OO5
Oy O 4x05

d) Obtaining the equation of a line which is parallel to a given line
and passing through a point

Example
Write down the equation of a straight line passing through;

i.  the point (5, 11) and parallel to the x —axis. ii.
the point (0, -1) and parallel to the line 3x02x0O5y O 0

Solution

. Gradient of line parallel to x —axis is zero
Fromy O mxOc,mO 0, x0O5,y 011

011 05(0) Oc O ¢ 011
Oyoll

For the line 3y 02y 0500 ii.
3 5

2y03x 050y 0 2x02
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Therefore the gradient of this line isO %. The gradient of the line
parallel to this line is alsod 2, notv from;

y O mxOc,m0Od 32,/f0r pint(0,01),x O 0, yOo1
3
0ol 020)0cOcO01
3
Oy 5 OxO1
e) Obtaining the equation of a straight line which is perpendicular to
a given line and passes through a given point

Example

Write down the equation of a straig2ht line passing through the point
(0, -2) and perpendicular to the linedy O 2x O3
Solution
Linel: 4y O 2x O3
SR 1

4

y Ox O,has gradient m;
U.
Let m2 be the gradient of the line which is perpendicular to line 1
Line 2 : yOm,xOc but m;
Om, 001
0%0m,0010m, 002 OdyO02x0c,considering point (0, O 2), xO 0,
yoo2

002 002(0) Oc. OcOO2
OyOO02x0 2oryd 2xd0 200

Example

Find the equation of the line which is a perpendicular bisector of the line
passing through points A (5, 4) and B (3, 8).
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Solution
Let my be the gradient of the line passing through A (5, 4), B (3, 8)

8—4
ml 3_5 DDDZ

Let m, be the gradient of the line that bisects the line at 90°

Om: Om. 0 O1 O2m, 0O

01
Omz20 1{
Line 2 passes through the midpoint of AB. Let M be the midpoint of AB,
then;
M 000 x. 0 x., yyOyz 0000050 3,410 8000 04, 60
g 2 2 a2 20
From; y O mxO ¢,M(4, 6)

mO%, x04,y0®

D60%4)0cOcO4
DyO+x04 or 2yOx0O800

2.4.5 Intersection of lines

If two or more lines intersect (meet), then at the point of intersection,
they have the same coordinates. In order to find the coordinates of the
point of intersection, we solve simultaneously the two equations.

Example

Find the coordinates of the point where the following pairs of line
intersect.

a) xO2y02and3xO2y 014
b) y0O2xOlandy O xO1

Solution
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a) Solving the two equations simultaneously,

xOd2y0O?2
o3x 02y 014
4x 016
OxO4,yp2 xp2 4pO1
2 2

OThecoordinates of point of intersection is (4, O1)

b) For this:

y 0 2x 01, yOx0O1
0 2x 010 x 010 2x O x 0101

OxO2, yO20101
OThe point of intersection is (2, 3)

2.4.6 Intersection of a line and a curve

'\‘lcclulonu

If a line and a curve intersect, then at the point of intersection they have
the same coordinates. A curve may intersect with a line at several points
and to find the coordinates of the points of intersection, we equate the

two equations when y is the subject in both equations.

NB

The curve has the equation in the form ax"Obx"* O....Oc where n, a, b

and c are constants. E.g. 2x201, 3x*0 2x?0 xO 4, e.t.c

Example

Find the coordinates of points of intersection of the curve y p x*g3 and

the line y O5x 09.

Solution
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curve: Y 0 X200 3u.eeeecceceeeeeean, 010
line iy 05X 0 9ureevevceeeeeeeeee s 020

Equating the two equations:

x?0305x09x%0
5x 0 6 00 x%0 2x
O03xO0600

xO3)xx0O20D0
OxO3,x02
Fromeqgn(2),i.eyd5x09

whenx 0O 3,y05030906
coordinates of this point is (3, 6)

whenxO2,y05020901
coordinates of this point is (2,1)

Therefore the coordinates of the points of intersection are (2, 1) and (3,
6)

Example

Given the curve y g 2x2p3x and the line y g05x O 4, determine the
coordinates of the points of intersection of the curve and the line.

Solution
CUNVE: Y 0 2X2 0 BXereeeeeeeeeieeee e 010
line iy O5X 04, 020

Equ(1) Oequ(2)
2x°03x0O5x04
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2x?03x05x0400
2x¢02x04000x20x02000x

o200xoi0o0o0o0xo 2, x 001

From equ(2),iey 0 5x 0 4whenx 0O 2, y0O50204
O140coordinates (2,14) when, x 001, y O 5(/1) O 4
O010coordinates (01, O1)

Therefore, coordinates of points of intersection are (2, 14) and (-1, -1)

2.4.7 Area enclosed by the line(s) and the x —and y — axis

Consider the area enclosed by the lines AB, BC and the x — and y — axis
as shown below.

Vi

y=mx+c

The area of the shaded part can be divided up into two figures i.e.
rectangle OCBD and triangle ABD.

Area of OABC O Area of rectangle ODBC 0O Area of triangle ABD
01 0w O3bh,buth O ¢ O y
d xy 0> x(cOvy)

NB:

Point A is the y — intercept of the equation y O mx0Oc . It therefore has
coordinates A (0, ¢). The line CB and AB intersect at point B. therefore
the coordinates of B is obtained by considering the intersection of lines
BC and AB.
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Example

h_"'f.'

y=x+35

» X

C«— 4 units—s{ 0

In the diagram above, the equation of the line AB isy 05 O xand C is 4
units from O. Find the area of OABC.

Solution

The equation y O x0O5 cuts the y —axis at A. Therefore A isthey —
intercept of y O xO5i.e. A = 5. Coordinates of A is (0, 5)

Equation of the line BC is xg®4 . Line 1 and line 2 intersect at B. the
coordinates of point B can be obtained by considering the intersection
the two lines.

Linel: yOXO5. i (D)

Line2 : X O O4u.ocovveiiiee (2)
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Substituting for x from equation (1) in equation (2)

¥
I Y
y=x '\-1 A(0,5)
5 units
T | o T[ﬂ,u
T = _4 f Iuﬂll'-t

o

Cle— 4 units _,.ﬁ

yO050401
Ocoordinates of B is (%4,1)

Area of OABC O Area of rectangleODBCIO Area of triangle

ABD | O w Obh h O1,w O 4units,b O 4units,h O 5 010 4units

O

010 4 0= 40 4
0408
012squnits

Example

Find the point of intersection of the lines, y 0 2x03,and y 00Ox0O3.

Calculate the area of triangle enclosed between the two lines and the x —
axis.
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Solution
First, sketch the two lines on the same diagram.
For:y 0O 2x 03 For .y O Ox0O3.

y |-3 y |-3 0
¥
y=-x-3 /.1"1"' 3
A3 s

Extracting the triangle ABC:

A=——— 3units

[ ——1.5unlts —=p

Area of ABC O:bh, h O 3units,b O 301.5 O 4.5units
0% 0304.5

O 6.75squnits

2.4.8 Miscellaneous exercise

1. Aline of gradient - passing through the point Q (3, 4) cuts the y —
axes at point P. find the coordinates of P.

2. Show that the points (3x, -2y) and (2x, y) and (0, 7y) lieon a
straight line.
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w

Two points P (5, 2) and Q (2, 4) are in a plane.

Find:
a) Coordinates of M, the midpoint of pg®

b) |OM|

Given the line3y O 2x06 O 0.
a) What is the gradient of this line?
b) Obtain the x —and y —intercept and hence sketch the line.

a) A straight line passes through the origin and the point (1, -1).
Find the equation of the line.
b) A straight line of gradient -1 passes through the point (3, -1)

i.  Determine the equation of the line.
ii.  Through which point does the line cut the y —axis.

a) A line passes through the points (a, 0) and (0, b). Find the

equation of the line.

b) Given that a line, L passing through the point (0, 2) is
perpendicular to the line 2y O 5x03,find the point of
intersection of the line L with the line2x O 3y O5.

Sketch the lines y O 4x,and 2y 03x O 3.hence calculate the area of a
triangle enclosed by the two lines and the y —axis.

Obtain the coordinates of points of intersection of the curve y O 2x?
03x and the line y O 3(2x0O3).

a) Find the equation of the line that passes through H (1, 5) and is
perpendicular to the line x O5y O1.
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b) Given that,5x010y 030 O 0 is an equation of a straight line.
Find the coordinates of its x —intercept.

c) The line through A (a, 2) and B (3, 6) is parallel to the line
whose equation is y O 4x 0O5. Find the value of a.

10. a) Determine the area of the figure enclosed by the x —axis, y —axis
and the line2xO y O 8.
b) The points M (1, 3), N (5, 11), A (0, -3) and B (4, y) are such
that MN is parallel to AB
c) Given two points; D (3, 5) and E (6, 2). Find the gradient of the
line, which joints these two points and the distance between
these two points.

3 GRAPHS OF QUADRATIC FUNCTIONS
(ax2+bx+c)
3.1 Introduction:
Quadratic function is of the form ax? ObxOc , where a, b, and ¢ are
integers.
The graph of such a function is a curve and the curve is called a parabola.

The curve has one turning point called vertex, which may be either
minimum or maximum depending on the nature of the quadratic function.

The curve is symmetrical about a line, which is parallel to the y —axis and
passes through its vertex.

The graph of ax? Obx0Ocis u-shaped, i.e. faces up if a is negative. In this
case, the vertex is minimum. It is n—shaped i.e. faces upside down if a is
positive and in this case, the vertex is maximum. In other words, the
graph of quadratic function faces up if the coefficient of x2 is positive and
is upside down if the coefficient of x? is negative.

3.2 Sketching graph of Quadratic function

The following examples will illustrate how to draw the graph of
quadratic function.
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Example

Draw the graph of the function yOx?O5x06for O7 O x O 2and hence
state the coordinates of the vertex.

Solution
X 7 |6 [55 |4 [3 |2 [ 0 1 2
X2 49 | 36 | 25 | 16 9 4 1 0 1 4

5x |3 |3 |-25|-20 |-15 | -10 | -5 0 5 10

-6 -6 -6 —6 -6 —6 -6 —6 -6 | 6 —6
y 8 0 |6 -10 |12 | -12 | -10 | 6 0 8

O First, construct table of values for x from —7 to 2. The table is drawn
as below.

O Next, choose a suitable scale and plot the values of y against those of
the corresponding values of x.

O Lastly, join the various points you have plotted with a continuous
smooth curve, using free hand. You then obtain the curve below.
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O The curve has a minimum value aty =-12.4 and x = -2.3. So the
coordinates of the vertex is (-2.3, -12.4).

From the graph, the curve cuts the x —axis at two distinct points, i.e. at —6
and 1. At these points, the y —coordinates are zero.

Sofrom yOx?05x06,ify0d0

O xO05x0600
Ox O 06 and x Olarethe solutions to the quadratic equation above

This implies that we can also use graphical mean to solve a given
quadratic equation.

Example

Draw the graph of yg 2p2xpx*for values of x from -2 to 4.
From the graph find:
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a) the maximum of yg 2p 2xox?
b) the value of x for which y is greatest, hence state the coordinates
of the vertex (maximum point).
C) the range of values of x for which y is positive.
Solution
2 |4 0 1 2 |3 4
2 2 2 2 2 2 | 2 2
% <4 [ -2 0 2 4 | 6 8
X2 4 1 0 1 4 |9 16
0 x <4 [ 0 [+ |4 [9 [-s6
yDZDZXDXZ -6 -1 2 3 2 -1 -6
m % +4 ] :
2 H
- fiiiis
ﬁ: =i i H
F- 1 =_ ¥=2+2x-x*
§5= et

From the graph:

a) The maximum value of yO202x0Ox%is 3.

DOWNLOAD MORE RESOURCES LIKE THIS oN ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

3.3

3.4

b) The value of x for which y is greatest is 1. Hence the coordinates of
vertex is (1, 3).
c) The curve cuts the x —axis at xgpg0.8and, x o 2.8. Therefore, y is

positive for all parts of the curve above the x —axis i.e. when x 0.8
and, x 0 2.8. In other word, y is positive over the range 0 0.80 x 0 2.8

Solving quadratic equations by graphical method

To obtain the solution (root) of the quadratic equationax?Obx Oc O 0

graphically, you have to draw the graph of yOax?ObxOc and then read
the values of x at the points where the graph cuts the x —axis.

Nature of the graph (curve)

1 If the curve of the quadratic function cuts the x —axis at two distinct
points as depicted below:

\ )-—_1.' =ax” +bhx+c¢
/v\ * X — dXis
Root 1 Root 2

Then the related equation has two distinct roots. The two values of x at
these points therefore give the solution the quadratic equation.

2 If the curve just touches the x —axis at only one point as shown below:

k y=ar’ +bx+c
f

X — (IXIS

Roat
Then the related equation has one root which is repeated at the point where
the curve touches the x —axis.

3 However, if the curve does not cut or touch the x —axis at all, then the
related equation has no solution (has no root). Such a curve may appear
as depicted below.

f—y=ax + hx+c

\__/

* ¥ = (IVIS

Example
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Solve the quadratic equation x20 x O 2 O0by graphical method.

Solution

OLet yOx?Ox0O2

de-leoh

O Select the range of values of x for which you want to obtain the

corresponding values of y, say from —2 to 3.

X 2 [ 0 1 2 3

xZ 4 |1 0 1 4 9

Ox 2 1 o [ 1 [2 [=3

2 2 |2 |2 |2 |2 [=

y 4 o [ 2 [-2 0 4
¥ 3 s

Y

I
11

.-
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O From the graph, the curve cuts the x —axis at —1 and 2. Ox O01and x O 2

Example

Use graphical method to find the roots of the equation 4x2012x 0900

Solution
O Let y0O4x2012x 09
X -1 0 1 2 3 4
4x2 4 0 4 16 | 36 64
012x 12 0 -12 24 | -36 |-48
9 9 9 9 9 9 9
y 25 9 2 1 9 25
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O From the graph, the curve does not cut the x —axis but rather touches it
where x = 1.5.Ttherefore the root of the equation is 1.5 (twice i.e.
repeated)

NB: you can check this by factorization method.

4 Obtaining the coordinates of the point of intersection of a line and a
curve by graphical method

Here the graph of the line y O mxO ¢ and the curve yOax? ObxOcshould be
plotted on the same graph paper and the coordinates of the points where the
two graphs meet give the solution to the two equations. Remember that at

the point of intersection, the two equations arte the same, i.e. ax? Obx Oc
Omx0Oc

Example

Draw a graph of y 0202x O x?and y O x O4on the same graph paper for O
20 xO 4

Use your graph to solve202x0 x? O xO4

Solution

For yO202x0x?
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i i T
I i =242
(-2,
X ) ] 0 1 2 3 4
2 2 2 2

2% i ) 0 2 4 6 8
0 x2 4 ] 0 |1 |4 |9 |-

y 6 ] 2 3 2 |1 |6

ForyOx0O4
X 2 1 0 1 2 3 4
_4 0
y Ox 04 -6 -5 -3 -2 -1

The two graphs meet at (-2, —6) and (3, 1). Therefore the solution to the
equation20 2x0Ox* Ox0O4 arexd02 and xO 3

Exercise
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1. Use graphical method to solve:
a) theequation x*04x010 0 for 03 0 x O 3
b) the simultaneous equation yO x? 04xO1and yO 802x

2. Draw the graph of yO2x? O03x0O7taking values of x from -2 to 4.
Use your graph to solve:

a) the equation 2x203x07 00
b)  the equation 2x203x012 00

c) the simultaneous equations yO 2x?03x0O7 and yO 201x

3. Draw the graph of the function y O x> 05x0 4for the domain 010 x O
6. From the graph, solve the following equations:

i. x?0405x
ii. x205x01
iii. x2O6exo200

4. (a) Copy and complete the table below for yO2x* 03x0O7

X ) 1 0 1 2 3 4
o2 8 2 0 2 |
03x 6 3 0o | ... 9 |12
7 7 7 7 |7 |7 |7 |
y 7 -2 7 | T

(b) Use a scale of 1cm to 1unit on the x —axis and of 1cm to 2units on
the y —axis to draw the graph of y02x?03x07

(c) Use your graph to find:
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4.2

i.  thevalue of y when x = 3.4
ii. the values of x wheny = —7
iii.  the minimum value of y.

INEQUALITIES

Introduction:

An inequality is an expression that contains the following symbols:
a) > which stands for “greater than” or “more than”

b) < which stands for “less than”

c) DOwhich stands for “greater than or equal to”

d) Owhich stands for” less than or equal to”

The following are some examples of inequalities:
a) 2x03010 b) 2x020 4x06

c) x202xO0100
1

d) sOxo100o Oao2x0
Solving Inequalities:

When solving inequalities, the following rules may be put into
consideration:

1. Multiplication on both sides of the inequality symbol by a positive
number does not change the order of the inequality. E.g.

2x 03 0 4x O 6, multiplying both sides by?2
0 2(2x03) O 2(4x 06) O 4x 06 O 8x 012
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2. Adding a constant on both sides of the inequality symbol leaves the
order of the inequality unchanged. E.g.

2x 03 0 4x O 6, adding a 5 on both sides
0 2x 03050 4x 06050 4x 020 4x 011

3. Subtraction of a constant from both sides of the inequality symbol
leaves the order of the inequality unchanged. E.g.

3x 010 4x 05, subtracting a 4 from both sides

03x 0104 04x 050 40 3x 03 04x 011

4. Multiplying or dividing both sides of the inequality symbol by a
negative reverses the order of the inequality. E.g.

3x 010 4x 05, multiplying both sides byf2

[92(3x O1)072(4x O5)

Similarly:

3x 010 4x 05, dividing both sides byP4

1 1
0_o(3x0O1)0 — (4x
05)4 04
4.3 Linear inequalities in one unknown

A linear inequality is an inequality for which the highest power of the
variable is a one.

Example

Find the value of x for which:
a) xO105
b) x0O206
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¢) 2x0301306x

3

d 50 _O8
X

1 X

e) _OxmOo _
4 3

Solution

a) xO105

Collecting like terms
0 x 010 010 0501

O x0O6

b) xO0206
ODxO2020602

Ox0O4

C) 2x0301306x
0 2x O30 3 0130 30 6x

O 2x 016 O 6x
2x 0 6x 016 0O 6xO O 6x0O
8x 016

IZIxIZI],6/8E|x|:|2_

d 50 _0O8
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3
xO O0_0 30 x

xO
L2
Lg x 010 x or x O1

[FE N ]

1 X
e) _OxomOo _
4 3

Cross-multiplying:

0 30x 0100 4x
O03x0904x03xO4x09

Ox0O9
Multiplying all through byO1 and reversing the order of the inequality.i.e.

01(0x) 00O1(9)
OxOO09or090Xx

Example
Solve the following inequalities
a) de02x0402

b) 30__ 70x0O1

2
3x 1
¢ oOo20— M@
4 2

d p2ps503xpgl
4 2

Solution
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a)

b)

de02x0O402
Addig 4 to both sides of the inequality symbols
Oooe0402x04040204

0 2 0 2x O 6, dividing all through by 2
Dee0ix0%0010x03

30___70x0O1
2

Multiplying both sides of the inequality symbol by 2

O
o030 079 % oo min2

20
6070x02
60700x0O207
010 Ox O 05
Dividing all through byOland reversing the inequality symbol,we have;

o2t X O opaa X O opis

010x05

3x1

o020 O
4 2

goos8 B3x 0 1 .and multiplying althrough by 4
4 2

0080O3x02008003x 006
Dividing all through by
0 3 and reversing the inequality symbol

noes 0 X O opes
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El%/ﬁxEI2or2E|xE| %

d p2p503xpgl
4 2
1
02040503x0 204
080503x 02

013 003x 003

o3 0 X O ooz
O3

DlSQXDl or 1DXD1/{3

Example

The temperature readings on the Fahrenheit (F) and Celsius (C) scale are
related by the equation:

5
¢ p »OF g 320. What range of F corresponds t030 g C g 40?

Solution

300CO40
5

0300 o0F 03200 40

3009 0 50F o0 3200 4009
270 360

5 OFO320 5
540FO032072
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4.4

086 0 F 0O 104

Building up linear Inequality

We can form linear inequality from statement.

Example

The result of the sum of two numbers is less than ten. If one of the
numbers is six, write down an inequality statement.

Solution

Let the number be x. Sum of x and 6 O x O 6, bet this must be less than10
Ox0O6010

Example

The sum of three consecutive integers is less than 99. Write down the
inequality for this statement.

Solution
Let the first integer be n
O2integer O n O1

3"dintegerdnOd2

But their sum must be less than 99.
0 n0O0n 01000n 0 200
9nOnOn0O10 2099
O03n 03099

Example
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The difference between two numbers is 30 and their sum is at most 68.
What are the largest values the two numbers can have?

Solution
Let x be the larger number,then the smaller number O x O30 But

their sum is less or equal to 68

0 x 00x 03000 68
x O x 0300 68

2x 0 680 30
<x 0 Z0x 049
Therefore the maximum the two numbers can take are 49 and 19

4.5 Quadratic Inequalities involving one unknown

Quadratic inequality is an inequality for which the highest power of the
unknown is two.

Solving Quadratic Inequality

When solving quadratic inequality, we have to be very careful with the
conditions of the inequality to be fulfilled.

Consider(x 0 2)(x o1) o 0. Here there are two conditions under which the
above given quadratic inequality can be less than zero.

1%t condition:
xO 200 and xO10 0

With this condition, if(x O 2) is negative i.e. Ox02000and (xa1)is
positive i.e. Oxa1000

Then multiplying negative by positive you obtain a negative and
negative, as we all know is less than zero.
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SoforxOd2000x 002 and
forxd1O0 00 x O1

2"d condition:
xd200and xO100

SoforxOd2000x 0O02 and
forxd10 00 x O1

Example
Solve the following inequalities

a) [Oxo200xo400x206
b) 2x209x01000

c) p?02p0100

Solution

a) Oxo200x0400 x206
x?04x02x 080 x20 6
x0 20 x0202x 080 06
ODO2x00608

on22 X O o22

Ox0O01 orQd10x

b) 2x209x01000
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2x20 1X O5x 01000 Side work
sum Y
2x(x02)05(xx02)00

producr = 20

factors  :{-4,-35)

O2x osO00x o 2000

teondition : O2x 0500 0 and Ox 0 200 0
For2xO050002x050x05/Andforx02000x02
Ox O 5/and x 0 2

2rdecondition : d2x 05000 and Ox o 2000
For2x|:|5|:|OEI2x|:|5|:|x|:|5z,/andforx|:|2|:|0|:|x|:|2

/ Ox0O%andxO?2

e Representing inequality on a number line

When representing inequality on a number line, a line is drawn with an
arrow on it representing the range of values of the solution to the
mequalltydas foIIO\_{_\/g: \ ety i

-rz T él L i L & T rE‘ _—

2 | If the inequality has < or > symbol, such as x g 3.In this case, an arrow

is drawn beginning from 3 with an empty circle at its tail showing
that 3 does not form part of the solution to the inequality.
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c¢) p'O2p0100
Side work

sum 2

p’OpO0Op0O100

1o
product =]

factors = (1 1}

Opo100poi0oo0p 0100

O p 001
Example

Show these inequalities on number lines.
a) x0O1
b) ad 02
c) yde
d) 03ox0O1
e) 020y04

fy 00qO5

Solution
a) x0O1

1. But if the inequality has O or O symbol e.g. x O 3. In this case 3 is
included in the range of value of the solution to the inequality, so a
solid circle is drawn at the tail of an arrow i.e.

re3 .—’f Solid circle

2 0 2 4 6
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Example

Solve the following inequalities and illustrate their solution on
number lines.

a) 1504t05
b) 10 O 2005y015

c) 3x?0OxO01000

Solution
a) 1504t05
015050 4t0 0
1004t00
0 t
p24pt
The solution set is; Et ‘tpg25 C

e
F AT

!« *

T

- * + + + * i

-1 ] 1 i

e

b) 10020 O5y 015
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010 O 20 OO5y 015 O 20
010 OO5y 005

00205 O opss Y O opss

020y01 or 10y0O2

c) 3x*0x01000
3x?0 6x O5x 01000

3xOx 0 20o050x 0 200 0
O3xos00x o 2000

Here there are two conditions for which(3xo5)(xa 2) o 0 1%

condition:

For (3x05)(xg2)to be greater or equal to 0,
(3xO5) O 0 and also (xd02) O 0

So for(3x|:|5)|:|0|:| XD%
and fOf(XDZ)DOD XDDZ

The intersection of the two inequalities gives the final solution to the
inequalities. The final solution is as drawn below.

a0 1 2 3

2" condition:
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For (3xm5)(xm2) to be greater or equal to O also,

(3xo5)o0andalso (xg2)g0i.e. (3x05) and (x o 2) should be negative, so
that if you multiply negative by negative, you obtain a positive which is
greater than zero

So for (3xp5) n0p xp %

and for (xg2)gOpg Xpg?

The intersection of the two inequalities gives the final solution to the
inequalities. The final solution is as drawn below.

it - o
- : —
4.7 Linear inequality in two unknowns

This is when there are two variables involved in a linear inequality.
Such inequality can be shown on a Cartesian graph.

4.8 Showing the inequality on a graph

If we are to show an inequality on a Cartesian graph, we consider the
inequality as if it was an equation and then plot the line corresponding
to it. We then shade the unwanted region. The unwanted region is the
region on the Cartesian graph for which the inequality has no solution.

Note:

When drawing the line, we look for the line; we look for the inequality
symbol and treat the line as follows;

i) If the inequality symbol is < or >, we use a broken line meaning that
it is not part of the solution to inequality.
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i) If the inequality symbol is O or O, we use a solid (continuous) line
meaning that the line forms part of the solution to the inequality.

4.9 Steps involved in drawing the inequality graphs

O Form an equation for the boundary line for each region by replacing
the inequality symbol with equal sing.

O Find the intercepts for each of the boundary lines.

0 Join the two intercepts for each line with a continuous or a broken
line depending on the nature of the inequality symbol.

O Choose a test point on one side of the boundary line and check
whether the test point satisfies the inequality.

O Lastly, you can now shade out the unwanted region with the help of
a test point.

Example

Show the region x O 2on a graph by shading out the unwanted region.

Solution

The inequality x O 2can be treated as a line x O 2

Next, sketch the line x O2using a broken line because of the symbol <



Ecolebooks.com T

Let x O1be the test point. Substituting for 1 in the inequality x O 2010
2. Now what do you say. Is 1 less than 2? The answer is yes,
so shade out the unwanted region (which is to your right).

Example

Show the region for which y O x O3by shading out the unwanted region.

Solution
Firstdraw y O x 03

Intercepts:
x [0 |-3
y |3 |0
Y=Xx+3
¥
yEx+3 pPEx+3

Let the point (0, 0), be the test point.

FromyOx0O3
I1s 0 0 0 O 3?,the answer is NO. So the unwanted region is to the right of the liney 0 x 0 3

Example
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Show the region for which 3xO 2y O 6by shading out the unwanted
region.

Solution

Boundary line is 3x0O 2y0d 6 O yO 30%x
Intercepts:

Test point (0, 0):
From3xO2yO6
Is 3(0) O 2(0) O 6 O yes. So the unwanted region is to the right of the line 3x O 2y O 6

Example

By shading the unwanted regions, show the region, which satisfies the
following inequalities.

xOy O3y
0 xO4

xdo

Hence, find the area of the wanted region.
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Solution

For:xOyO3y
030 x
Boundary line isy O 30 x

Intercept
X 0 |3
y 3 10

Test point (4, 0)

FromxOyQd3
Is4 00 0O 30 No. Sothe unwanted region is to the right of the linex O y O 3

For:yOxDO4

yOx0O4
Boundary lineisy O x O 4

Intercept
X 0 |4
y -4 10

Test point (1,-2)
FromyOx0O4

Is 0 2 010 40 yes.Sothe unwanted region is below the liney O x 0O 4
For:x0O0

x0O0
Boundary lineisx 0 0
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Test point (-1, 0)
Form : x 0 0, using the point (01, 0) 0 x 001,y 0O0.

Is 01 00 O No, so, shade the left hand side of the linex O 0
Boundary lineisx 00

The wanted region is a triangle with base 7 units and height h
unknown. To find h, we consider the intersection of the y O
30 xand y O xO4
0 3 0 X 0 X 0 4
2X O 7
Hence h p3.5units
A

=l

|
Y
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Area of the wanted region Obh = = 00703.5

012.25squnits

4.10 Miscellaneous exercise

1. Using a number line, determine the values of x satisfying the
given pairs of inequalities.

i 10x07, 20x
010 ii. 010 xO 4,
0OxO8
iii.  20x086, “30x0
4iv. 530x0 2, 00OxO5

v. 30x09, 70x011

2. Solve the following inequalities.
i. 3xO504
ii. 2yO0iO07
iii.  2(3x01) O 4x03
iv. 3x04 O 6x0O7

3. Represent on suitable number line the solution set of each of the
following inequalities.
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i. 3x207x020 O O ii.

3x207x020 O 0 iii. 4x

02.023

X
O 2x

Show the regions that satisfy the given inequalities.
i y O 2x01, y 0 30 x

ii. yQO3xO2, y 0 02, 4xO3y 01200
ii. yQ0o, oOx0O4, xOyO6

Study the figure below and use it to answer the questions that
follow.

a) State the coordinates of the points A, B, C, and D.

b) Write down the inequalities satisfied by regions labeled 1,
2,3, and 4.

Show on a Cartesian graph the region satisfying the inequalities:

yOxO0200, xO3yodeOdo, xOO, yOo

a) List the points with integer coordinates that are contained
in the region.

b) What is the area of the figure that forms the wanted region?
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c) For which vertex of the figure that forms the wanted region
is 4x o3y -

i. Greatest
ii. Least.

5 GROUPED DATA
51 (Data Collection/Display)

5.1.1 Introduction:

When dealing with large items in the data, we break them into classes. The
number of individual entries of the data falling into a class is the class
frequency.

The top and bottom values of the classes are called class limits. The top
value is the upper—class limit and the lower value is the lower class— limit.

5.1.2 Frequency Distribution

The following example will illustrate how to obtain the frequency
distribution for grouped data.

Example
The following marks were scored by S.4 students in a certain school.
50 53 31 56 38
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33 39 51 38 41
69 57 63 50 54
40 41 45 48 64
59 61 55 36 52

Form a frequency distribution starting with 30 — 43as the first class and
using classes of equal length.

To draw up a frequency distribution table for any group data, we need to
understand the following:

5.1.3 Lower class and upper class boundary

a) For classes with no decimal places

To get the lower class boundary, we subtract 0.5 from lower class
limit. For the class 30 — 43 above, the lower class boundary = 30 —
0.5=295.

To get the upper class boundary, we add 0.5 to the upper class
limit. For the class 30 — 34, its upper class

b) For classes with one decimal place

To get the lower class boundary, we subtract 0.05 from the lower
class limit and to get the upper class boundary, we add 0.05 to the
upper class limit.

5.1.4 Class marks

This is the midpoint of the class limit. For the class 30 — 34, its class
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30| 34
mark is 32, obtained as follows. Class mark T 032

5.1.5 Class size or class interval or class width.

Class width is the upper class boundary minus lower class boundary. For
the class 30 — 34, its class width is 5, obtained as follows.
Class width 0 34.50 29.505

We can now construct the frequency table for the above marks.

Solution

Frequency table
Marks Class Tally Frequency | Mid-mark
(Class) boundary () x)
30-34 29.5-34.5 2 32
35-39 345-39.5 4 37
40 - 44 39.5-445 3 42
45-49 445 - 495 2 47
50-54 49.5-545 6 52
55-59 54.5-59.5 4 57
60 — 64 59.5-64.5 3 62
65 — 69 64.5-69.5 1 67
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5.2 Mean of Grouped Data

The mean for grouped data is calculated from the expression below.

> A
X/

Where : x is the class mark or midmark

Mean x =

[ is the frequncy

Example

The table below shows percentage marks gained in a mathematics
test.

43 40 49 80 76 46 60 55 58 55
75 79 70 83 82 56 67 63 67 63
69 53 73 61 48 58 60 75 73 69
77 62 66 54 53 63 73 49 59 78

Copy and complete the table below.
Class Tally | Frequency(f) | Mid-mark(x) fx

40 - 44
45— 49
50 - 54
55-59
60 — 64
65— 69
70-74
75—-79
80 -85

Find the mean mark.
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74
Solution
Class Tally Frequency | Mid-mark fx
(f) (x)
40 -44 2 42 84
45— 49 4 47 188
50-54 3 52 156
55-59 6 57 342
60 — 64 7 62 434
65— 69 5 67 335
70-74 4 72 288
75-179 6 77 462
80-85 3 82.5 247.5
O to40 0 tx 0 2536.5

O
Mean X—_fxf, O O 2536.5, O fo40

O

O

536.5

o 40

0 63.4(1dp)

I

5.2.1 Calculating mean of grouped data using assumed mean (Working
mean/working zero)

The assume mean may be used to make work easier and quicker when
finding the mean of a distribution, especially if the values are large.
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Here, we choose any value within the mean mark of the distribution to
be the mean called assumed mean denoted by A, and then calculate the
deviation d of the assumed mean from the class mark from the
expression below:

d = X — A Wherexis the class mark (mean mark)

The mean of the distribution is therefore given by:

Mean = A + 2 ‘ﬁ{
2 1

Example
The table below shows the weight in kilogram of 100 boys.

Weight (kg) | 7072 [ 7375 [ 76 78 [ 7981 |82 84

Frequency |8 10 45 30 7
Calculate the mean using assumed mean (A =
77)
Solution
Weight Frequency | Mid value | Deviation fd
(kg) () (x) (d=x-A)
70-72 8 71 —6 -48
73-75 10 74 -3 -30
76 - 78 45 77 0 0
79-81 3 80 3 90
82 -84 7 83 6 42
O o100 O fd o 54

O fd
o Mean o , Ot ADO77
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5.2.2 The Mode of Grouped Data

The mode of a set of data is the value that occurs most frequently.

Modal class:
This is the class with the highest frequency.

The mode of a grouped data is calculated from the formula below:

Mode = L, + _D c
D, + D,

Where : L, = lower class boundary of modal class

D, = difference between highest frequency and that before it
D, =difference between highest frequency and that afier it

¢ = class width

5.2.3 The Median of Grouped Data

Median is the value that divides a distribution into two equal parts with

equal frequencies. The median for a grouped data is calculated from the
formula below:

Y -F
Median = LI + {'/—Vh](’

Where : L, =lower class boundary of median class

N =total number of observatio n
F, = cumulative frequency before the median class
[, = frequency of median class

¢ = class width

NB:
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The median class is the class that contains the median.

5.3  Quartiles

These are quantities that divide a set of data into four equal parts. The
quartiles are:

5.3.1 Lower quartile (Q1)

This is a value that divides 25% way through the distribution when the
observations are arranged in order of magnitude.

Q0 _ ®gnN
100

Where N = total number of observation

5.3.2 Second quartile (Q2)

This is the same as the median. It divides the observation into two equal
parts. l.e. it divides 5% Of the distribution when the distribution is
arranged in order of magnitude.

Q0 __ N

100

5.3.3 Upper quartile (Q3)

It is the value that divides 75% way through the distribution when the
observations are arranged in order.
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5.3.4 Inter—quartile range
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@tcc«.:;m

This is the difference between the upper quartile and lower quartile.

Inter Oquartile O Q3 0Q:

5.3.5 Semi Inter—quartile range

This is half of the inter—quartile range.

Semi inter O quartile O

Example

Q3 DQl

The table below shows the marks observed in the end of year exams

in mathematics by S.3 students of Kakungulu Memorial School in

2011.
Marks out of | Number of Class fx
100 % students (f) marks

(x)

10-14 8 |
15-19 6 |
20 - 24 14 |

25-29 8 |
30-34 0 |
35-39 2 |
40 - 44 8 |
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45— 49

a) Copy and complete the table below. Hence, calculate the mean mark

and mode for all the students.

b) Obtain the cumulative distribution table. Use the table to find the

median mark.
Solution
Marks Frequency Class fx Class Cumulative
f marks (X) boundaries frequency
(@)

10-14 8 12 95-145 8
96

15-19 6 17 145-195 14
102

20-24 14 22 19.5-245 28
308

25-29 18 27 245-295 46
486

30-34 10 32 29.5-345 56
320

35-39 12 37 345-395 68
444

40-44 8 42 39.5-445 76
336

45-49 6 47 445 -49.5 82
282

O fos2 O x

d

Mean O |:|_fxf, O 02374, 0 o082

H
2374

O 82
0 28.95
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IZIDEI

Mode | nong D: 0'D-000c L.024.5 D:018014 0 4, D,

0i1801008,cO5
OMode 0245000 40005
04080
0 24.501.67

026.17

b) From the cumulative frequency which is equal to 82; the median
item :82/ﬁ 42" jtem. Therefore, the class containing 42 is 25 2
- 29.

020 FQDEIC L.0245 N0O82F,028, f,018,c05

Median O L, 000 fnO0O 0O

0 24.5000 42 0280005
018 O

0284

54 Presentation of Data

Once data have been collected, they can be displayed in various ways,
which makes it easier to interpret and compare the data. Below are
some of the ways of presenting data:

0 Barcharts

O Pie charts

O Histogram

O Frequency polygon

O Cumulative frequency curve (Orgive)

5.4.1 Bar chart (graph)

DOWNLOAD MORE RESOURCES LIKE THIS oN ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

This is a graph where frequencies are plotted against class limits. The
shape of the graph appears as depicted below.

Frequency

u 1 |

Class limit

5.4.2 Histogram
This is a graph where frequencies are plotted against class boundary.

A

Frequency

Class boundary

5.4.3 Using histogram to estimate the mode
Mode can be estimated from the histogram as below:
O Draw a histogram of the data.

O Identify the class with the highest frequency i.e. the longest rectangle
of the histogram.

O Join the corners of the rectangle of the modal class to the corners of
the adjacent rectangles opposite to these corners of the rectangle of
the modal class just as illustrated below.

Modeclass
A
N Y
. ’

Frequency

*
1
1
1
1
1
v
Mode P ud Class boundary
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O Now where the two dotted lines meet; the value along the class
boundary (x—axis) corresponding to this point gives the mode of
the data.

Example
The table below shows the weight of S.4 students of academic year 2011

in Teso Integrated S.S who went for medical checkup at Fredica
Hospital in Ngora.

a) Use the data recorded below to plot a histogram and use it to
estimate the modal weight.

Weight (kg) Number of students
40 - 44 3
45— 49 10
50-54 16
55-59 10
60 — 64 4
65— 69 5
70-74 3
75-179 2

b) What is the mean weight of these students?

Solution
a)

Marks Frequency | Mid-mark fx Class

) (x) boundaries
40 - 44 3 42 126 39.5-445
45 — 49 10 47 470 445495
50 - 54 16 52 832 49.5-545
55-59 10 57 570 54.5-59.5
60 — 64 4 62 248 59.5-64.5
65— 69 5 67 335 64.5 - 69.5
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70-74 3 72 216

69.5-74.5

75-79 2 7l 154

745-79.5

O fos3 O fo 2951
Histogram
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b)  Mean: Mean OO fxf, O o 2951, O foO

53

O
2051
O 53
0 55.68kg

5.4.4 Frequency polygon
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This is obtained by plotting frequency against class marks and then joining
the consecutive points using a straight line as sketched below.

Frequency

Class mark

5.4.5 Cumulative frequency curve (Ogive)

This is obtained by plotting cumulative frequency against upper class
boundaries and then joining the consecutive points using a smooth
curve as illustrated below.

i

Cumulative]
frequency

Upper: class hl::runda:p
Example

The table below shows the weight of some patients recorded from a
certain health clinic.

Weight (kg) | 50-54 | 55-59 | 60-64 | 65-69 | 70-74 | 75-79 | 80-84

Number of 3 5 4 10 12 14 8
patients

Using the above information, construct:

a) A frequency polygon and,
b) An Ogive
Solution
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Weight Class Mid-mark | Frequency | Cumulative
(Kg) boundaries x) (U] frequency
50 -54 49.5-545 52 3 3
55-59 54.5-59.5 57 5 8
60 — 64 59.5-64.5 62 4 12
65— 69 64.5-69.5 67 10 22
70-74 69.5-74.5 72 12 34
75-179 745-79.5 77 14 48
80-84 79.5-845 82 8 56
| a) Frequency polygon # i
Ei:::u:uq:;;]:{::: TInsciiazaiiiiasiiias
Yol 7 T
5 1 3
1 {Hit
HH 4
M ﬂ
B saaae e
,4’ BT i ies i
it
e s 13
& i = FHEH
H T s i
L E e
i T ::ﬂ:;::' :h‘ T i 33 E!:l! 883
n ﬁil-!
w H i

Class marks
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5.5  Using the Ogive to obtain the median and quartiles

An Ogive can be used to obtain the median and quartiles. The

following example shall therefore illustrate how to obtain the median
and quartiles from an Ogive.

Example

The table below shows the mass, measured to the nearest kg of 50
boys.

Mass (kg) 60—-64 [65-69 [/0—74 [75—-79 80—-84 |85-89

Frequency 2 6 12 14 10 6
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a) From a cumulative frequency table and use, it to draw a cumulative
frequency curve.

b) Use your curve to estimate:

1) Median
i) Upper and lower quartiles and hence calculate the inter—quartile
range.
Solution
a)
Mass Class Frequency Cumulative
(Kg) boundaries 4) frequency
60 — 64 59.5-64.5 2 2
65 — 69 64.5 —69.5 6 8
70-74 69.5-74.5 12 20
75-79 74.5-79.5 14 34
80— 84 79.5-845 10 44
85 -89 84.5-89.5 6 50
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Upper class boundary
b) i) Median:
The median corresponds to 50% reading, i.e.
50 50

1000total frequency O 100050 O 25
From the graph, median = 76.0kg

ii) Quartiles:
The upper quartile Qs is the value that corresponds to 75% i.e. the
value corresponding to;

75 75
1{10total frequency O 11050 O 37.5

From the graph; Qs = 81.0kg
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The lower quartile Q1 is the value that corresponds to 25% reading,
i.e.
25 2
1{00total frequency O 1041050 O012.5
From the graph, Q1 = 71.5kg

OlInter O quartile range 0 Qs:0Q.0 81.0 0 71.5 O 9.5kg

Exercise

1. The table below shows the weights of workers in Kawempe division
council.

52 36 76 51 62 67 70 50
45 49 54 58 53 74 64 56
50 80 70 57 64 64 43 78
84 71 85 72 78 46 42 75

81 72 69 | 49 66 48 65 88

a) Form a grouped frequency distribution table for the weight of
workers using an interval of 10kg starting with 30 — 39.

b) Calculate the mean weight of the class.
c) Draw a histogram and use it to estimate the mode.

2. The table below shows the heights of 150 students in Layibi College
who participated in inter house competition during a certain week.

. 10-19 | 20-29 | 30-39 | 40-49 | 50-59 | 60-69 | 70-79
Height
30 16 24 32 28 12 8
Number of
students

i Calculate the mean and modal height
ii. Plot an Ogive for the above data use it to estimate the median.
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iii.  Estimate the lower and upper quartiles from the graph.

3. At 5:30 am, a daily school bus leaves Wobulenzi town for Kampala.
The times taken to cover the journey were recorded over a period of
time and were recorded as shown in the table below. a) Calculate the
mean time

b) Draw an Ogive and use it to estimate the median.

Time (mins) Frequency
80-84 10
85-89 15
90 — 94 35
95-99 40

100 — 104 28
105 -109 15
110-114 4
115-119 2
120 -124 1

4. The frequency distribution table below shows the weights of 100
patients from Mulago hospital measured to the nearest tenth.
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Use the table above to:

Weight (kg) | 10-14 | 15-19 | 2024 |25-29 |30-34 | 35-39

Number of 5 9 12 18 25 6

patients

I.  Calculate the mean using assumed mean of 27.
ii. Calculate the median and modal weight.

ii. Draw a cumulative frequency curve to represent the
information.

5. The table below shows the marks obtained by 250 students in
chemistry test.

Marks Number of
students

44.0-47.9 3

48.0-51.9 1

52.0-55.9 17
56.0 -59.9 50
60.0 - 63.9 45
64.0-67.9 46
68.0-71.9 23
72.0-75.9 9

Use the above table to calculate the:
i. Mean mark
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ii. Median

iii. Modal mark

6 VECTORS
6.1 Definition

A vector is a quantity that has both direction and magnitude. The
following are some examples of a vector quantity.

O Forces
O Velocity
O Acceleration

O Momentum, etc.

6.2 Representation of a vector

a) Graphical representation

Graphically a vector is represented using a straight line and an arrow
on it.

o

.f"ﬁj--

—

The length of the straight line represents the magnitude of the vector
and the arrow represents it direction.

b) Symbolic representation
Analytically, a vector is represented using a bolt letter or letter with

0 a o AO an arrow

or a bar above it, e.g. Aor-or a, AO or-or AO.
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A

e

c) Specifying direction (sing convention)

The vector OA runs from O to A, therefore it is given a positive sign,
i.e. OA = a, but the vector AO runs in the opposite direction to OA, it
is therefore given a negative sign i.e. AO = -a.

6.3 Vector classification
Vector can be given as:

O Column vectors
O Displacement vector

O Position vectors

a) Column vector

Under equation of a straight line you learnt that a point in a plane
can be specified using a number pair as (X, y), where x is the
number of units along the x-axis from the origin and y is the
number of units along the y-axis from the origin. These two
numbers (X, y) are called Cartesian coordinate. The point P(X, y)

can be represented ason*yOnon. Therefore, P DDDDDXyDDDD

a
This is known as column vector.

b) Displacement vectors

These vectors represent motion with respect to a fixed point.
Consider points A (1, 2) and B (8, 6) in the figure below.
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Figl

Motion from A to B involves making (8-1) =7 steps parallel to
the x-axis, followed by (6-2) = 4 steps parallel to the y-axis.
The displacement vector AB is thus given by:

" DbO8O1o0O7o

AB 00006 g 200g00O0Q4000

c) Position vector
When the displacement is from the origin O (0, 0) to any point P (X,

y), the corresponding vector OP is known as position vector.

The position vector of P therefore is: OP® |:|D|:||:||:|XyD|:||:||:|

Example

Describe the displacement made by the following vector in term of
letters given:

D
Fig 2
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i. AB

ii. BA
iii. DA
iv. AD
v. BC
vii CB
Solution
i. AB=a
ii. BA=-AB=0Oa
iii. DA=d

Vi. CB=-BC=0Ob

6.4  Mid-point of a Vector

. . " 0 O
Consider vectors oA andoB® with position vectors a-g ooo’yu0o g and

b-0Op 0 |:||:|Xy22 0 ooo respectively.
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The midpoint of ag M fr=0% Y201 g Therefore the position
o 2 2 O
vector
u} u}

OM of the midpoint of vector AB is therefore given by:
Xz |:|X1 X
0% 1% 1%
M 2 posH 05 b
© DEyZDwE 28y, ovifn 2y, {2 T 2 EI2~
2

()11 = L (h t q)

6.5 Operations on vectors

a) Vector addition
Vectors are added by adding the respective components.

Consider two vectors: a |:|D|:||:||:|Xy11|:||:||:||:|andb~ DDDDDXyZz EID|:||:|.

Ox.0 Ox,0 0 x. 0 x. 0
Da-0 b-0000y,0000000y, 0000000y, 0 y,000

b) Vector subtraction
Vectors are subtracted by subtracting respective components.
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O O
Let al EI|:|Xy11|:| Opandb-

DDDDDXyZzDDDD, then: -

OalOb EIEIEIEIEIxyHDEIEIEIEIEIDEIEIxyZz EIEIDEIEIEIEIEIDyXHDEI Xy2,

EIEIDEI

c) Multiplying a vector by a scalar

Leta |:|D|:||:||:|Xy11D|:||:||:|and k be a scalar quantity, then:

kaO
O Oo__ 0
kOOO xyh 00 O
O
EIEIEIkkaHDEIEIEI -

Here we see that when we multiply a scalar by a vector, we still
obtain a vector quantity.

Example
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Given thata 0000320000,b-00000
o0140000,and c-

goooosoooon. -

Find:

Solution

I. aObOOOOO32000000000
Up140000000003200%41000000000 110000

ii. alc
00003200000000050000000000320005000000
00a 320000

O

iii. bOcOaOOOOO

fp140000000000500000000023000000000
0;1400500023000000000 7140000
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iv. 4alb O 40002000000000
0p1400000000012800:°140000000001280014

aooooo0o0ai1e9 oooo

6.6  Magnitude of a vector

If vectora EIDEIDEIXyDEIDD, then magnitude of a-is deuoted by a-and is
defined

as:

‘a‘ 0 %2 0Oy?

This is the same as the length of the line of vector OA. Graphically,
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y-axis

¥
/
X =0Xis

Fig.4

By Pythagoras theorem, the length of OA is denoted by ‘(SA‘ DH and

it is given by:

|{?| = 1.1.1(2 + 1’3

Example

. 0 O 0 O .
Given thatoPip |:||:||:|73 Opgo,and,PQon OO 21 Ooo, where O is the
origin.

Determine:

I. The position vector of

Qi #Qn

Solution
u] u] u] u] u] u]

i. PQOOQOOP 0OQ O PQOOP
o p50030 05030 O8O

0OQ O 00 100000007000 0 0007010000
oooe000
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6.7

&Q |:|\/X2 Dyz D\/82 DGZ D\/lOO Dl_j
d

Equality of vectors:

If vectorsa O I:||:I|:|a‘f’llz|:|I:I|:||:|,and b-0O |:|D|:|E|b
follows that, a, Ob.and

0
a-0Ob:

Example

Given thata 0°0go2t43*0

Solve for x and y it |:|b~. ~

Solution

If a O b then:

02 0 3xO 06 O 4xO
000 4 OoOoOooo8 O 2yooo

0203x0604x,and, 4080 2y

Ox O 4],/and, yO 12/

b

1,900, then if .0

o0p,and b—EI|:|EI|:|D86|:|D24yXEI|:||:|D.

b

-t
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6.8

Parallel vectors:

Two lines are said to be parallel if they do not meet and run in the same
direction. Vectorally, we say that two vectors are parallel only if one
can be expressed as a scalar multiple of the other. I.e. if vector a is

parallel to b then

a=Kkh

Here a has been expressed as a scalar product ofb . Diagrammatically,
- -they appear as below.

i1
/ Th

If k is negative, then it reverses the direction of the vector kb but still this
vector is parallel to vector a. i.e.

/’ - "H.-'
Example

Giventhat P =(1,1),Q=(3,4),R=(8,5)and S = (6, 2). Show that
PQ and SR are parallel and deduce that P, Q, R, and S are vertices of
a parallelogram.
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Solution

s o o 030010020
PQ 0 OQOOP

O0gO040n000g010gn000go3don
o o o 080 Oed 020

SR OO0 OROOS
oaaosodpoodg200p0doopn30an

ClearlyPQ® |:|1|:||:||:||:|23|:||:||:||:||:|1|:|SRD , Where 1 is a scalar.
O
u] u]

0 PQ is parallel toSR

0

To deduce that PQRS is a parallelogram, we have to show that PS is

also parallel togre and that PS% ] #RF

o o8 0e60 010 OS50
PS OOS

ooPOO0200p000p100g00001000

O
. . o 080 O30 050

QROOROOQOON500000400p000p10
Oo

ooo

oo 050 F)SﬂisparalleltOQRD

OPS 0 QR gOpgO10pp O
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6.9
6.9.1

PS| g V5% g1* gv26
u]
QR|gV5” g1* g26

Since Pspg QR® an(J! P$”|:l QJ;D , PQRS is a parallelogram.

Collinear points

Definition:

These are points that lie on the same line. The idea of parallel vectors
may be used to test if any three given points are collinear. Consider three
points A, B and C. to show that points A, B, and C are collinear, we have
to show that vector AB and AC are parallel. If AB and AC are parallel and
are taken with respect to a common point A, then the points A, B and C
are collinear.

Example

The coordinates of P, Q and R are (1, 2), (9, 2) and (5, 2) respectively.
Find PQ and QR and show that P, Q and R are collinear.

Solution

If P, Q, and R are collinear, thenPQ® k PRC

PQo 0 POc0OQe OOOP:00Qa, OPn 00000120000,0Qn
Oooooe20o0on0

u] u]

0 OQOOP
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090 olo
0 000200000002000

osad

0 0Oooodong

PRoO POcOOR: O0OP:0ORe,OPn 0O0000120000,0Rn
0ooon0s200o00

u} u]

0 OROOP

050 olo
0 000200000002000

040

0 oooooag

PQuOOOOO80000O O 20000040000, butdOoOo0040000 O PRg

PQo0O 2 PRa Where k0 2

Therefore, P, Q and R are collinear points.
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6.9.2 Proportional division of a line

a) Internal division of a line:
Consider the line segment AB below divided into six equal parts.

A C ' - B

Point C is such that it is 2 units from A and it is 4 units from B.
The ratio of AC to BC is equal to 2 to 4, i.e.

AC:CBO2:4

ACn2g1 —
CB 4 2
OAC :CB 0O1: 2

Point C is therefore said to divide AB internally in the ratiol: 2.

Generally a point P is said to divide a line segment AB internally
in the ratio s :t if the point P lies between points A and B such that

APOs. B
PB t

b) External division:
Consider the figure below where AB is produced to point C

i
-

A B C

Point C is outside the internal AB, i.e. it is external. AB is divided up
into six equal units and BC is equal to 3 of these. Taking the
direction from AB as positive, then C to B is negative. Thus

AC :CB 0 9:03

ACO9H3—
CB o3 1l
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OAC :CB O 3:01

In this case, we say that C divides AB externally in the ratio 3:1
or simply C divides AB in the ration 3: -1.

Generally if point P lies on AB produced and that AP : PB g s : it
we say that P divides AB externally in the ratio s :t.
6.9.3 Vector Geometry

Here we shall extend the concept we have learnt so far to the
combination of vectors geometrically.

Addition:
If a, b and c are the displacement vectors a followed by b are equivalent to
c, i.e.

=1 )

Then:

Subtraction:

If we replace b by(Ob) i.e.
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(—b)
@
Then:cO ("b) O a
c—h=a
Example
P s
T
n
R q

In the diagram above, OP2 p,0Q? g,and OTeg t. R and T are the

mid-points of oQ?and pr? respectively.

a) Expresstinterms of pand q.

b) Given that ore is parallel to qs® such that op® g 2¢s?, find
u]

QS in terms of pand g.

¢) Taking O as the origin, and P (0, 8) and Q (6, 4), determine the
lengths ofos?and PS®.

Solution
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o o 1o 1

ORORQO _0QO _q
2 2.

R and T are midpoints of 0QUuand PR respectively

-- I » » » » I
2 — > 2 — —
a) dr q Jb q B gt but PT > PR and PR = PO + OR ’

11 11
t o O Zqn =
D~DPDZHZ(}DPHDPD49D2P
oilosPoyd

b) OPoO2QScO QSeO _10PaO_1p2 2-
o oo oo

AlsoQS O QOO OS 0O0QO OS

o oo

0 0s O QSO 0Q
nl

oosoO _ pOgq

2. .

¢) O asthe origin implies that O (0, 0), P (0, 9) and
Q (6, 4). If O is the origin then;

o ooo o oen
p O OP OO00800pand g-0 OQ O000p400n
- O
o] i1goo0oed  Oodmed o Oed
0S 0 _2 p Oq 0 2 00800000004000

gooo400oo0ao400m00 anoo
S A

o o

q

P
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Length,of OS 0 OS O 620820 100 O 10units

For PS:

u] u} u] u] u]

PS O PO 0O OS O0O0OPO OS

o o o 1 1
OoPSOOSOOPO _pdqOqO_p
2- - - 2-

o geld 1 00O deO OoO Oed
apPS 00040000 2

googoooooon4noooonono
4000000ooo0o0 o

u] u]
Length of PS O Fs b 6¢0 020 36 § 6units

C

In the figure above AD is parallel to OB and OA is parallel to BD.
30C =50B. E is the point where AC meets BD. AC: EC = 3: 2 Find:

DOWNLOAD MORE RESOURCES LIKE THIS oN ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

i. in terms of the vectors a and b, the vectors AC, DC, ED, AE
and OE. ii. theratio BE: ED

Solution

Using the above diagram: OA®pg a,0B°g b

u] o
30C O508B
o 51 5
ooco_OBO_b
3 3-
AE.ECO3:2
AE 3
0 O0O2AEO3ECEC 2
o o o o 3EI
AEOECOAC,butAEO _EC2
o 20
OAEO_AC
5

i. In terms of aandb:

For AC:
u] u] u] u] u]
AC O AOOOB O OCOOA
o 5
OACObOa
3. -
For DC.

DCo DBul BCo

Since AD is parallel to OC and OA is parallel to BD, this implies
that:

o o
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ADOOBOb

0 0 0

OA 0 BD O a0 DBOa

u] u] u]
Also :OC 00 OBO BC

u} u]

o [u] 5
0O BC OOCOOB,butOC O _b
3.
o5 20BC O _bOb
O_b
3- - 3-
o o = 2
so: DC O DBO BC OOaO —b
- 3.
o 2
ODC 0O bOas --
For ED:
o ul ul _ i i(
EDOEAOAD 5
= A(.'.hul 4( = 3/) a
5 3
-3(5 ) 3 >
—b—a|=—=a—-b,and AD = b
513 ) 5
o 3
OEDO aObOb
E~ - N
o 3
OEDOa
5.
For AE:

AEnO _3 ACo 304 5b0 a00O
5 503- -0
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o 3

OAEObOa
_ 5.
For OC:
OEp 0O OAn O AEnO aOl bO __3 a O 5-ad 3a-0 5b-
- - 5. 5
o 10 W
OOEO _ 2a05b
5 . -
il. Ratio BE:ED
3
We have ED O _a
N 5.

o oo o3

and BDOBEOEDOaOBEO _a-5-

o3 ~20BEDO
ala0Oa
. 5. 5.
[u] u] 3
OBDOa and EDO_a-
5.

Soizsaﬁ_ KS_EIZ_
o/ o/

ED ssald 35 3

OBE:ED O 2:3
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Example In the figure below, PQ" s,PR? r,2QT2 g 3TR?andPU

//\
-
‘ Q

-
]

Uy

uQO2:3

g

a) Find in terms of vectors rand s the vectors:

i. OR
i. QT
iii. PT

b) Show that UT is parallel to PR.
Solution
PQOs,andPROTr

PU :UQO 2: 3. Total ratio O 5

OopPuUDO25 F)Q/,and uQO 35 PQ- /

2- — 3
OsOs5-5-
o o QT 3
Also 2QT O 3TR O 0 TR
2
O0QT:TRO 3: 2. Total ratiod 5
3 2
O0QTO_QR,and QTOTROQROTRO _QR
- 5. - - - - 5 -
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a) Now in terms of the vectors rand s

QR OQPOPR
I - - -
O0sOr

OrOs-

w

QT  =0R

O
W o;

i - [ros[

iii. PTOPQODQT

5 IZIDZSEI 3r|:|

b) If UT is parallel to pr then UT g k PR where kis a scalar.



Ecolebooks.com

] 3 s
uTouQd QT butuQ O sgnd QT O rds
- - 5. - 5
our.o3sos ros[doss83ross
5- 5 5
3
guTOr butr 0 PR
. 5. L
3 3
0 ut 5 0OPR, where k 5

O

Hence UT is parallel to PR

6.9.4 Miscellaneous exercise

9

1.a) Find the value ofxandyifDEIuDu 3D|:||:||:||:|3D|:||:||:|

XVUDDDDDZDDDD3ZDDDD

b) Given that the vectors p- I:I|:||:I|:|IZI12|:I

09000 31000

Ooo,and g-

Find t ift L J] q M‘uere t is a scalar.

1 e
@tcc«.:;m

0O
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c) Given thata 00000620000,b-00000 p480000,and c-

00000 o750000. -Find:

i _1 Db OcO a|:|

2 .

ii. 3DchIZIa|:|

In the diagram above OA 1 a,0B" g b;3ADY [ ABE .

u]

Find oDin terms of aandb.

In the figure above,0A? g a,0B2 b,and30B2 g 2BD?; M is the
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point on AD such thatMD: AM 0O1: 2,0C O 3CE O 3AM.

I.  Express the vectors AD, BM and DC in terms of aandb.
- -1 Show that

ADE:0CP 3:8.

4. In a triangle OPQ, X is a point such that oxcg _2op?and Y is 3
the midpoint of PQ.

The point Z on OQ is such thatog? g @z . Given that
OPP[ pand OQ" [ q.
a) Determine in terms of pand q , the vector

I.
OXii.

oYy
iii. ()4
iv. XY
v. YZ

b) Hence or otherwise that X, Y and Z lie on a straight line. State
the ratio of the lengths XY and YZ.

5. In the diagram below,
OA"[] a,0B" 1 b,0OB": BD"11:3,30F? g 20A" and E divides AC in

-~the ratio
3:2.
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Express the following vectors in terms ofaandb.

i. BC
ii. CA
iii. BE
iv. FE

7 MATRICES
7.1 Introduction:

Consider the information given below in the post-primary football
tournament last season in Kampala district. The result for three
schools, Kakungulu Memorial School, Kibuli SS, and St Peters SS
were as shown below.

School P W |D L
Kakungulu 10 4 4 2
M.S

Kibuli SS 8 6 1 1
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7.2

StPeterS.S |8 2 3 3

The above information can shortly be written as
oo 4 4 20

O 6 1 O
08 2 3 10

8 300
O

The numbers above are arranged in a rectangular form. Such an
arrangement of numbers is what is known as matrix.

Definition

A matrix is arrays of numbers in rectangular form with large
brackets around them.

OR:

A matrix is a collection of information (numbers) stored in rows
and columns.

Common terms used

Below are some of the frequently used terms:

1. Entry (an element)

This is a number within the matrix. At times it is known as component.
Consider the matrix below.
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02 30

0004 500g

The numbers: 2, 3, 4 and 5are the elements of the above matrix.

2. Rows of a matrix Oo0O

These are the lines of numbers that goes across the page.
Considering the above matrix i.e.

Onn024530000

(2 3) forms the first row and (4 5) forms another row. Therefore, the
matrix above has two rows.

3. Columns of a matrix |:||:||:|
These are the lines of numbers that go down the page. Considering

nooo24 530000 oooo*2go forms the first column and gogossogooforms
another column.

oo

So the above matrix has two columns also.
NB:

A matrix is represented with upper case letters. In identifying matrix,

one has to use the position of rowl OO and column|:||:||:|. For
example:

If ADOOOOacdbOOOO

Then; a is element of 1% row and 1%

column b is element of 1%t row and 2"
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column c is element of 2" row and 1%
column d is element of 2" row and 2"
column.

4. Order of a matrix

This refers to the number of rows and columns in a given matrix and
it is given by
Order g RowgColumn Consider the matrix below:
C1 Co

R:0an a0
A O O0ax O

R,0O a22000
The matrix above has 2 rows and 2 columns. Therefore the order of the
above matrix above is 2nm2.

Example
State the order of the following given matrices.

O

a. oot ©

3D|:||:||:|, is a 202 matrix 2 rows and 2 columns g

b. Doopg? b % B000. is a 2qsmatrix i.e. 2 rows

and 3 columns

C. oo3 500, IS a3gz matrix i.e. 3 rows and 2 columns
o1 20

001 1300
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d. 01 od, is1gp2a matrix i.e. 1 row and 2 columns

040
O O

e. 020, is a spimatrix i.e. 5 rows and 1column.

0210
] ]
Ooero

00 6200

NB:

The number of rows is denoted by m and column by n. When
stating the order of the matrix, the number of rows is written
(stated) first. This is followed by the number of columns. I.e.

OrderOm0On

Leading diagonal (major diagonal)

This is a line of numbers that runs diagonally from the top lefthand
corner to the bottom right-hand corner for the matrix with equal
numbers of rows and columns (i.e. a square matrix). Consider the

matrix below.
01 2 30
ad 5 O
q 4 0 6
ol
0 0l0p

This matrix has the same number of rows and columns. It is a

3psmatrix. Its leading diagonal is what has been enclosed in the
loop below.
o1 2 30
n| 5 a

4
0 0 60

o1
a o100

1, 5and -1 are the entries of the leading diagonal.
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6. Minor diagonal

This is a line of numbers that runs diagonally from the bottom left-
hand corner to the top right-hand corner. For the matrix above its
minor diagonal is what has been enclosed in the loop.

o1 2 30
0 5 0
o4 o0 60
Opt o100

1, 5 and 3 are the entries of the minor diagonal.

7.3 Types of matrices
1. Column matrix

This is a matrix with only one column. E.qg.

IIIEIlIZII:I
AOO50

ooio00

2. Row matrix

This is a matrix with only one row. E.g.
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colOr o 40

3. Zero matrix
This is a matrix all its elements zeros. E.g.

X oooooooooOOaon

4. Equal matrix

Two or more matrices are equal if and only if their corresponding
elements are equal and are of same order.

Example

bd 4

Given matrix A EIDEIDEIaCd Oggoand B O |:||:||:|D6

10u4|:|IZI|:||:|Therefore if matrix A is equal to matrix B, then;

al4,b010
cO6,d004
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5. Square matrix
This is a matrix with equal number of rows and columns. E.g.

a2 00 Order 0202

A O0pg0O4 3000

01 2 30

B O |:|54 GDEI Order 0303
a

Op2 5 400

6. ldentity matrix

This is a square matrix with 1 as an element in the leading (major)
diagonal and zeros elsewhere. At times, it is known as unit matrix

and it is denoted by the letter I.

Some few examples of identity matrix include the following:

01°% which is a 2g 2 unit matrix 1

00000 1go0O

o1 o oo
| 0, which is a 3g3 unit matrix
;000 1 o0

Um0 0 100

oL o0 0 o;o
o 1 o oo, whichis 4g4unit matrix
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.00 a

Example
1. Three sales girls sold the following numbers of bottles of lotion

on a certain day.
O Liz sold 9 bottles of Dear heart, 13 of Razac and 6 of VVenus.

O Suzi sold 8 bottles of Movit lotion, 7 of Razac and 10 of Venus.

O Aber sold 15 bottles of Movit lotion, 1 of Dear heart and 18
of Razac.

Show this information in a 3x4 matrix.

Solution
DearHart Razac  Venus Movit
LizO 9 13 6 0 O
Suzi 0 0 7 10 8 0
u] u]
Aber OQ 1 18 0 1500

The above matrix can shortly be written as

0913600
] ]

ooviosno

|:Il:ll 180 15D|:|

2. The table below shows the number of times that three couples
attended various types of entertainment in one year.

Couple
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Type of The The The
entertainment | g\ wembo™s | Franks Lukyamuzi*s
Cinema 7 2 5

Dance 1 2 9

Play 5 8 1

Circus 0 3 2

a) Write down the information in the table in the form of a matrix
and state the order of the matrix

b) Write the Frank“s attendance as a column matrix. What is the
order of this matrix?

c) Write as a row matrix, the number of times the plays have been
attended, and state the order of the matrix.

Solution
a) 0007122 9sopo T he order is 403
a5 8 10
n| n|
gno 3 200
b) Oon22P0n0 The order is 401
aosa
oo
0asnong
C) Os s 10 The order is 103

7.4 Matrix Algebra
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1. Addition and subtraction of matrices

When adding two or more matrices, their corresponding elements
(components) are added together. The method of subtraction

follows the same pattern as that of addition.
NB:

* We can only add or subtract matrices if they are of the same
order. Such matrices are said to be compatible for addition or

subtraction.

* When the orders of the matrices are different, then addition or
subtraction is impossible. Such matrices are said to be

incompatible for addition or subtraction.

Example

02 310 0o 2 40
Given matrices, ADOO o1 2 200and B OOO1 2 200

0o 0 3100 0ol 1 o100

Work out;
a A+B
by A-B
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a) O0e2 31000002 40000200 302 104 0o 0025500
AOBOO 122pO012 2000 101 202 202 gO0Oo0 4 40
000 31000011 010000001 301 10(x1)00 001 4 000

02 3 1000 2 400200 302 104002 1 °30

b) AOB 00001 2 2000001 2 2 [00000g101
202 202 00000g2 0 ogooaooo 3 100
ool 10100 OO0 o001 301 10(c1)00 00 ol 2
200
Example

Given that matrices C, D and E are:

04 9 10 02 o4 40 o5 0 o020
.2 OO0EOOOG oo
cOOopo 3 5000,D0
10 03 1 70
oog7
Find:
a) Co(DOE)
b) coboe
C) Co(DoE)
Solution
4 5
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04 91002 4 OO O 920040205  90("4)00 1040(%2)0

CO(DOE) OO 2000063 1 jppnon7ngs) 30201 O
a) 0oo 3 1000 700 so107 U
500000007
o1 5 70

0CODOE O000[100

01000

04 9 1002 o4 4005 O 020040205  9O(R4)00 1040(°2)0
CcODOE 3 000007,2 00000031 DDDDDOD?D(uS)sD(DZ)m n|

oogo 500 10oa 700 ZD1D7

b) 0 O
01153 0 OCODOE

0000 4 2 13000

E|4C) cCOMOE)OCOD 9 1002 9% 4005 0 20
0OE EIEIDDO 3500000007 2 10000000-3 1 7 000

9 0(°4) 00 10 4 O(°2)0

040205
0 C O(D O D) 0000007 O(:3) nf
Q03 13 oocg 30201 50107 0g
D OEOOOO4 4
+3000
Example
Given that:
04 D0e6000,Q0000001350
O
oo
POOIO  45q o7 oo
o O 0200
Find;
i POQ
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Solution

Here matrix addition and subtraction is impossible because the two
matrices are of different orders.

7.5 Multiplication of matrices

a) Multiplication by a scalar (a number)

. . O O
Consider the matrix M g |:||;||:|1224 ooo - Then;

0101010101 202020202005 100

MOMOMOMOMOOO202020202404040404000000015
20000

O

This is the same as multiplying each entry of M by 5.ie

01 20 0501 5020 OS5 100
MOMOMOMOMDOSM DO 50024000 O OO0O502504000 O 00015
20000

O

In general therefore, to multiply a matrix by a real number (a scalar);
we multiply each element in the matrix by the number.

Example
Given that matrix

A O 0001234560000,and,B O 000013 02 110000. FindsAO4B.

|
01 3 s 032 100501 503 5050 0403 402 4010
SA0 4B O 4 0 0 O 504 0 400 0
5002 6000 1000000502 506000000 40100
| 40001 401
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05 15 250012 8 4005012 1508 25040017 23 290
5A0 4B 00010 20300000000 4 0 40000000100 42000 300

4000000014 20 34000
O
Example
s60and Q 0 OO0 90
Given that P |:||:|I:I|:|O4 033 O
O Find: N o0
" 1000 O o
l. 2P
1
1l =Q
iii. -1 3 PoQ

Solution
i. 2P 0 200004 1006000000000220004 2200°10600000000080
020120000 O
iii.
1 1 104 %O 103 90 02 o300 O1

0 000 .1
POQO 00010 OO0p O 3000 -3 0OpO O 500 O 3000

00o0 0o

2 3 20
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- - o201 3030 ii. 13QnO
0800 get D
o0 a( ) 50000 13 000g 033
01 o600
o001 5000

a

90000000000 122s0003300 90gOO000000 a1l

030pgpgd

b)  Multiplication of two or more matrices

To multiply two or more matrices together, we multiply the
first number in the row matrix by the first number in the
column matrix, the second number in the row matrix by the
second number in the column matrix and so on and add then
add the products together.

NB:

For multiplication of two matrices to be possible, it is essential that
the number of columns in the first matrix should be the same as the
number of rows in the second matrix.

Example
o1 20
] . O O ovo
Given that the matrix: A 3
0o 40 and B O
_ 06
Find: g 00s00p
i. ABii.
500 0
BA
Solution
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20
oavo a

g10v02av0 02300

o o

400000800p O

I. 001 pp3eop7700450088000 O
AB O O3
g6 0008253000
o 50O O
i ol 20
o700 O
BAD 40
500
00800nOO6e3
O
O

This matrix multiplication is not compatible i.e. multiplication in this
case is impossible because the number of columns in the first matrix is
not equal to the number of rows in the second matrix.

Generally, for any two matrices A and B, AB # BA except when of the
matrices is an identity matrix.

Example
Work out the following
a. ool 2 oo
02 4 oOm3 o
o1 o0
o 4 oloo
b. 00013
2000

240000000053 16
a 40
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7.6

'\‘lccll!-:-::u

a. 024 o0opoi3 82 nos00n 0 L2o1o 4030 oo 2020

4080004 200409500091

001 4 «100

ol14 36 o200

b. 0Oooo13 240000000053 16 4200000000013005500240033

13006600240011 130022002400440000

09ogtt27 228 199280

O

Application of matrix multiplication

The concept of matrix multiplication is widely applied in day-to-day

arithmetic. The following examples illustrate the application of
matrix multiplication.

Example

1. Ifos 1ooxo o040, determine the values of x and y.

Ox 0
O gl0000y00 ~ Oo80d
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Solution

04 100x0 04x0O yO 040
Ox

0 cl00oooyoo |:II:II:IX2I:I yod |:II:II:I8I:II:I

From equation (2), y 0 x? n8and substituting for y in equation
(1), we obtain:

4x 0 x*08 04 x?
04x 01200

sumO 4
productd®12
factor : 6,72

Ox?04x 0120 x?06x02x01200
Ox(xO6)02x06)00
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OxO2xoO6)00
Ox O 2, xO%6

For:x0O2,y0O (2)2080%

Ox O 2, yOo4

For : xO6, y O("6)208 O 28
OxOo6, y O 28

2. Find the values of p and q given that

04 30
u] u]
01 3 20op 200039 250
010 q0Q
Solution O
04 30
u] u]

20op 20000403p020 30602900039 250
01 3 Yo q00

O

o03po24 2qo90o 039 250

3P0 24 039, (1)
2009025, ..o, (2)
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From equation (1):
3p039024015

0p0153/”

Op0OS5

From equation (2):
2q02509016

Oq I:I162/

OqO8

3. Jack went to buy 3 pencils, 2 rulers and 4 ball point pens. Okot went
to buy 1 pencil, 1 ruler and 8 ball point pens. In Gulu, pencils and
rulers cost shs 60 each and ballpoint pen costs shs 20 each. In Pader,
pencils costs and rulers cost shs 80 each and ballpoint pen costs shs
30 each.

Gulu Pader

060 800
Jack 03 2 400 n}
O 1 u] O
a 80 a
Okot 1 80p10pn 6020 30 0

a

From the above items of jack and Okot as a 2x3 matrix and the cost
in two towns as a 3x2 matrix, find the cost of items in:

i. Guluii.
Pader

Solution

03 2 400060 8000 01800120080 240016001200 0380 5200

001 1 80000006020 80300000000 600600160 800800240 0O0OO0OO280
400000 O
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i. The cost of items in Gulu 03800 2800660/0

il. The cost of item in Pader 05200400 0920/0

4. Peter when shopping and bought 5 books (B) for shs 100each, 3
rubber (R) for shs50@ and 10 pens (P) for shs 200@. How
much money did Peter spend?

Solution
The items Peter bought can be written as row matrix as below.

BRP

Os 3100

And the cost of the items is written as a column matrix.

BOO10000
RO 50 O
POO 20 OO
01000
The amount Peter spent 0 005 3 100000 50
oo
00 20 Og

0 50001500 2000

0 2650/0
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In the football league, a win (W) earns 3 points, a draw (D) only
1point and a loss (L) O point. The results for two football clubs
in the English premier league, Man U and Arsenal are given in

the following table.

Club P w L
Man U 11 5 4
Arsenal 7 9 4

Use matrix multiplication to find the number of points each
scored.

Solution
The matrix from the above information is

MA Opnpll7 95  440pnono

n|
The number of points for W, D and L can be written as a column

matrix as

0_30
WIZIIII

D 010

L O0goao
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030

OMA 00gpl1179544 OgpO0OQO100gp0O00pg0OQg3321g0O950n

000ggOOpOQO30380ggO

O
Thus, Man-U scored 38 points and Arsenal scored 30 points.

6. Jane wants to go shopping and buy 3 writing pads (W), 4exercise books
(B) and 5 ball pens (P). Her sister Eva wants to buy 2 writing pads, 6
exercise books and 3 ball pens. In Entebbe (E), writing pads cost shs
800, exercise books cost shs 300 and ball pens cost shs 150 each. In
Kampala (K), writing pads cost shs 700, exercise books cost shs 500
and ball pens cost shs 100 each. Use matrix multiplication to find out
where it is better to shop.

Solution

The items Jane and Eva want can be shown in a 202 matrix

W B P
Janel 3 4 s5g
] 8 ]

Eva DI:I 2 3
iy

Their costs can be shown in a 3g2matrix

E K700
W 800
o O
o 000
B 0300
O 100 I:||:|
P J0150
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We multiply them together thus:
0800 7000
03 4 500 0 02400 01200 O 7502100 O 2000 O 5000 04350 46000

002 83000150300500000001600 O 2400 O 4501400 O 4000 O

300000000044505700000
O oa 1000 0O
O

Jane would spend shs 4350 in Entebbe and shs 4600 in Kampala
Eva would spend shs 4450 in Entebbe and shs 5700 in Kampala

7.7 Determinant of a matrix

For this course, we shall restrict ourselves to the determinant of a 22
matrices only.

Definition:

The determinant of a 2g 2 matrix is the difference between the products
of the leading diagonal and the minor diagonal. It is denoted as det.

Consider the matrix below:

b

A0 og?e ¢*ogg | a 2momatrix.

O

Its determinant is denoted by det A or A and is defined as:

del A = A = aef — e
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Example

a) GiventhatD g I:'|:||:||:|13 532D|:||:||:|Find det D

Solution det DO (1002)0(303)0°209 O

711
. i . o 2 3,0

b) Giventhat AD PB . Finddet A, if P 0000 0500 pand B
d 1 3 d

O0-000c 1 o~ 0on

Solution
02 3001 3002 03 e6no005 60

AOOO0 5 000000 »1 0000000000500 00000000 £50000
O
0 det AO (500) O(°506) O 0030

Odet AO 30

oo 4 1

C) Given that P |:|D|:||:|a3 a - Opp andQ |:|D|:||;||;|7 2D|:||;||;|. If

det P = det Q,

O
find the possible values of a.

Solution
Oa o00O 2

P O0Op0O3 adpo,det P O (ala) O (300) O a

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

7.8

04 10

Q O0Opo7 2000,det QO (40 2) 0 (701) 0807 01

But det P O det Q
0a20 1
DaOuwd/
Oa0l-a0d1

Note:

Some matrices have det = 0. Such matrices are called singular matrices
where as those for which det #0 are known as non-singular matrices.

Inverse of a matrix

For this sub-topic, we shall also restrict ourselves to the inverse of a 202
matrices only.

Introduction:
If Ais angn(2p2) matrix and | is also a non(2p2) identity matrix, then;
I4 = Al = A4

Example

1. If ADDOOOO13 1040000 and 1 0000010 100000 then;

01 400100 O1 40
ulu O
Al 00003 100" 003 400,
100000000 0
DAIDO A

Definition:
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The inverse of a matrix A is the matrix A such that AAT g ATA[ |

Example
. . . 0 8
Find the inverse of matrix Ag ooo®s
O
32 oon
Solution

From the definition, i.e. AA™ 0O |

Let An: 0OOOObadcOOO0D, |
dooooiolo0000

oOd
0 AAx: 00pgOp85320p0pgO0ggba 0

dcO0Opp O00OnQ10 10Q
O08aO3c 8bhO3dO0O1 o0

000pb5a O 2¢5b O 2d000 00000 1000

8aO03cOl.... (1) 8b03d0 0., (3)

5a02C 00 (2) 5b02d 0L (4)
208a 0 3c 010 208b 0 3d 0 o
305a02c000 30sh 0 2d 01

16a06cO?2 16b06d 00

0 (15a 0 6¢ O 0) 0 (15b O 6d O 3)
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ald?2 b 003
c oos dOs8

0 Ag: 00000 £257830000

Example

3

2. Find B, giventhatB|:|D|:||:||:|56 4D|:||:||:|

Solution

Let Bo: 0OOOxzwyO OO0, OOOO0O10 100000
O
From BB 0O |

05 300x yoO1 o0

000p64000000zwO0O000O000 1000
O05x 03z bSyO3wd Ol 0O
00006x O 4z6y O 4w00000000 1000

SxO3zO1.....ccveee. @
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@l:clll—>:ﬂl
6x04z00....ccvn... (2)
405x 0 3z 010 :Lsyﬂjwﬂf[
3y n4w nlir
306x 04z 00
20y |:|12W |:|0
o8y nl2w q3)
20x 012z 0 4 2ynmdo Yo%
0 (18x 012z O 0) wp¥%
_ 2 03,
2x040x02z003 Eng %E
oB™o0O
SyO3wOO0....covveene. (3) 6y
04w Ol (4)
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7.9

Obtaining the inverse of a matrix from its adjoin and its
determinant

EI%D
Consider the matrix Bo: 0 % H don 023 O of the matrix
3
B % n00gn56  3400ppabove.
%
O
$
s/

B”lEIDEI[IEI o0 3

0200
0000 30 000
0=0 4 0030
000 00605 OO0 =
0
104 o300

O_0Odo6 0O5
20 0o
OBmpg_—1 |:I|:||:| 046 030

2
o 500

The matrix 0gOo o46°530g00is Similar to the matrix 8 g on0~s 34':'[”;”3. The
only

difference is that the position of the elements in the leading diagonal

i.e. 4 and 5 have been interchanged and the signs of the elements in
the minor diagonals have i.e. 6 and 3 have been changed.

The matrix Du 443

u]

I:'|:|is what is known as the adjoin of the matrix B.
00u6 500
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The number ,,2° outside the bracket of the matrix B! is the
determinant of the matrix B.

Generally, to obtain the adjoin of 2gzmatrix; you simply need to alter
the position of the elements in the major diagonal and the change the
signs of the elements in the minor diagonal.

Consider the matrix A g Dunnacdbnnnn, the adjoin of matrix A is the matrix

Od %O
O

O000oc a

ln|

The determinant of matrix A (det A) isadObc . The inverse of the matrix
A is therefore obtained from:

-1 [d h“’
) dc‘ l \ ~L' a )
-1 _[d b
ad =bc| ¢ a

/

Example

Find the inverse of matrix A EIDEI|:|8532DEI|:||:|

O

Solution
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08 30

A 00005 2000

detAO8O0 2050301
02 030 0 102 030

Adjoin, AD OOOO 5 8 OOO O0A.01.0000S5 8000

0 Aq: 00000025 0830000

NB:
* If the determinant of the matrix is equal to 1, then the inverse of
the that matrix is equal to its adjoin.

* A singular matrix has no inverse because it can“t be divided by
Zero.

Example

Find the inverse of the matrix 0000395111991 0000

Solution
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Let CcDOOOO3951 11991 OOOO

detC 0 3301190510910 4641046410 0

Therefore, the matrixPgan®®s1 116% Yang has no inverse because it can’t be

divided by zero l.e. it is a singular matrix.

Example

Given that A 0 000012230000and B 0000011120000 .

Find the matrix:
a) P such that AB O P

b) pot
C) (AO B)™
d (oA
Solution
a) ABOP
02 100202 204004 60
2001 200000010 10 6 0000004 O
AB O P OOO1 30 ] 700
300pg0opl
]
04 60

OP 000Q4700Q
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b) detP 0407040604 Adjointof P Ogn-n’4

|:|46|:||:||:”:|
0
B / /EI
1070600 0000071 ol OO0
OPO 4000Qg 4 400Q
02 2001 1003 30
A0 B O0O01300g000Qg12g00000g2 500g
c) O
o5
3
0 det(A 0 B) 030 5020 6 09, Adjoin(A O B) OO
1 l ad 3
o (AoB)® oy E 3 E
/ ol
g (AgB)o g H 3 f
2y 5o
01 1002 20 001 010
BO A 0000120000000130000000 001000
d) oo o

det(BO A) O( 10 1) 0(0O 1) O1,

001 10 Adjoin(BO
A)Ooo O

00 plOo

0 (B O A)n 0 110000001 0110000

0(B O A)o: 0000001 0110000

ad

0 30
oo

Opg 2
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7.10  Solving simultaneous equation by matrix
method Consider the simultaneous equation below:
axOdyOmcexOdyOn

Where a, b, ¢, d, m and n are constants.
In matrix form, the above equation can be written as;

Dnondc g0t x0 Bmd . OpOg yOoo OO0go

Oa bO
The matrix OQc d Opois known as the coefficient matrix.

Equation O

is then multiplied by the adjoin of the coefficient matrix from the
lefti.e.

O0d ObOOaa bOOxO Od ObOOmMO

ooo 00000c 0 ao00ad n
¢l q ooton 0o
a 00
y"oo " Pooo

C

O0pOdaac gOacbcaddb OpdbcbOpopnOpopO0 xyOOpo O pOOpdman

gOcmbnopdnO

Oda Obc 0 0O0xd 0Odm ObnO
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aooo ad O cbO000000 yOOoOOo O
000an O cmOO0 O

(da Obc)x O dm ObN...c.cvvvernee Q)
(ad Ocb) O an OCM....cocvrvrieirene 2

From equation (1): xno (dm O bn)

(da O bc)
From equation (2): y o (anOcm)
(ad Ocb)

Example 1

Write the simultaneous equation below in matrix form and hence solve it
7x0O9y 03
5x 0 7y O1

Solution

07 900xad O30

005 7000000y00000001000
a

Ov 09007 9OOxOO7 090030

ooo s 7 000oooos 7000000
yOooooooo 5 7 0000001000 O
049 0O 45 0 OOxO021090

000 0045 049000000 yoooooooo1s 0 7o00

04 oOOxOO120
00004000000 ynooooonosoon

O
AX 012, 1)
V[l I— @)

2—D3

4

From equation (1): xpg *
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08

From equation (2):yo "~ “on2

4

Ox O 3,y 002

Example
Solve the following pairs of simultaneous equation by matrix method

a) 2xOyO6x0y0O3

b) 2yDO1103x
2yO05x03

C) xOyO3
2x02y0100

Solution
a) 2xO0yO6x0y0O3

a2 1 00x0O 060
o001 01000000y000a0003a0a
001 01002 1 O00xO 001 010060

O0p01 2 0000001 01000000 yOoo 00ooo1 2

Oooooosgon
0oz20o1 0 O0OxO 006030

00o 00102000000 yooo oooooeoeonn

003 0 OOxO Oo90
000 0 03000000 yOooo 0000 o ood o

O03x 009
O3x000x0O3,y0d0
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b) 2y01103xp2y03x0112y05x032y0
5x0 3

0 3000000 xy
0000 0 Ooo0113

0000
00p22
0 500
05 30020300y005 300110
0002 oopome s oooo 3
q 0. ooo
oo° oo 200

XDEIEIDDEIEIEI 20

gioo6 1501500y0055090
00040 46 010 000000 xOOOOOOO0O 22 0 6000

016 oOOyOO640

000 016000000 x0000000016000
0
16y 0O 64
16x 0016

Ox 001,y 0O 4

C) xOyO3
2x 02y 001

01 100x0 O30

0020 2000000 yooo 0 oooo1o00
O
002 01001 1 00x0 002 010030

0002 1 0000002 02000000 yOOo 000002 1 00000001000
]

202 0 00OxO 006010
oo
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00 00202000000 yOOo 00000601000
]

004 0 O0xO 0050
0000 0 04000000 yOOo 0o0007o00

O4x 005

4y OO7
0

EIXDSA(,yEIM/

7.11 Miscellaneous exercise:

1. a) The table below shows information from Uganda nation

football league.
Club P w Pts
URA 8 3 4
Villa 4 3 6
KCC 3 2 1

Write the information given in the table above in matrix form
and state the order of the matrix.

b) Write the members of the set {3, 4, 1, 8, 2}

2. Given the following matrices:

01 2 40
01 20 02 1 30 0 a
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A 00023000,B0O0001 O 40p0,C

oopt43 10 12000 O

Workout where possible the following:
i. ABii.
BA iii.
BC

Find x and y if:500007° 3300000 20000 xy 420000 000001829
117 0000

In a national soccer league, the results of two soccer clubs, Gulu
united and KCC were as shown in the table below.

Club Won | Drawn | Lost
Gulu 8 3 4
united

KCC 3 2 1

If three points are awarded when a match is won, 1point when it is a
draw, and no point if it is lost, use matrices to find the total number
of points obtained by each club.

Mrs. Lukyamuzi bought 2kg of meat at shs 3500per kilogram, 3
packets of unga maize meal at shs 2000 per packet and 4 loaves
of bread at shs 875 per loaf. At the same time and at the same
store, Mrs. Frank bought 3kg of meat, 2 packets of unga maize
meal and 5 loaves of bread. On a different day, the two ladies
bought the same quantity of food items from the store where the
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prices were shs 3750 per kilogram of meat, shs 2500 per packet
of unga maize meal and shs 1000 per loaf of bread. Use matrix
method to find how much each lady spent at each place.

6. Four students: Kelly, Liz, Musa, and Adong went to a stationary
shop.

O Kelly bought 4 pens, 6 counter books, and 1 graph book O
Liz bought 10 pens and 5 counter books.

O Musa bought 3 pens and 3 graph books.

O Adong bought 5 pens, 2 counter books, and 8 graph books.

The costs of a pen, a counter book, and a graph book were shs
400, shs 1200, and shs 1000 respectively.

a) 1 Write a 4x3 matrix for the items bought by the four
students
Ii. Write a 3x1 matrix for the costs of each item.

b) Use the matrices in a) to calculate the amount of money spent
by each student.

c) If each student was to buy 4 pens, 20 counter books and 6
graph books, how much money would be spent by all the four
students?

7. Given thatP 0DO0O023 0420000. Find matrix Q such that PQ
0000002020000

O
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8. Solve the following pairs of simultaneous equation using matrix
method

a) 3xDO5y0O12x0Oy0O08

b) 4xOyO2x0y0O8

C) mO2n004 mOnODO1

d) pd 2q O11
2p0q0O2

e) 3xOy0O11
2x0O3y0O5

f) 4x O 3yO1
3xO0yOo1o 0
FUNCTIONS

Introduction:

Under mapping, we saw that many members are mapped to many
Image points. But under this topic, we shall see the relationship that
maps a single object to a single image.

Definition:

A function is a relation which maps a single object onto a single
image. In other words, it is a rule that assigns to each element X in set
A, one element known as f (x) in B.

Suppose set A has elements [xi,x,,x:[Jand set B has elements
Oy, vz, ysO and that each element of A is mapped to one element in set
B as shown below.

X Y
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oo x:0g0000 .0

Ox. 00000 y. 0
O0xs 0000000 ysO0

Set A is called the domain of the function and set B is called the
range of the function. Each member of x has one and only one
corresponding member iny , f is therefore a function and it is written
as:

f:AOB

Meaning that, the input values of f come from A, and the output
values of f are stored in B. The action of a function on an element is

denoted by: AD f (x)

Consider the function: xOd03x0O 4. This can be represented as follows;

a) f(x) O3xO 4, which is read as a function which maps X onto 3xO 4

b) f:x0O3xO4

c) f(x)DO3xO4.WecanletyOf(x).0y O 3xO 4. In this case, the
value of y can only be obtained when x is known. In other words,
y depends on x and hence it is known as the dependent variable.
X, on the other hand does not depend on y.It is therefore known
as independent variable.
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Example

A function f (x) is defined by: f (x) O 3x O3, find f (5)

Solution

f(x)O3x 03
f6)of(xos50?

In order to obtain f (5), we have to substitute x in the expression 3x03
with 5 and then simplify it. l.e.

f(5) 0 3(5) 03 01503
O0f(5)018

Example

1

Giventhatf (x) O —. x
Find:

i f(a) i,
f(xO h)

Solution

i. fooo_ to -

fxOayo?t
x a

I><
| -
=

ii. f(xOx0Oh)O
Example

Given that f (x) O x?03x 09
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Find:
i f@)ii

f (35)

Solution

f(x) Ox*03x 09

i O f (x O1) 01203(1) 09
010309
u}
05
ii.  f(o5)0(°5)203(°5) O9
010 309

o0 5

Example

A function is defined by the formula f (x) O 3x O1. If f (a) g19, find the
value of a.

Solution

f(x) O 3x 01 f(a) O3(a) 010 3a
01,but : f (a) 019

0 3a 01019 O 3a 018
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Oa EIlE%/EI 6

Example

"

Given that f (x) g2«* & . Find the value of p for which f (p) p1.

Solution

-

f ()
O

al -
v =0

"

Of(p)02p —601020 2p206
02p20 8 O p20 4

0 pOoo Z1/|:—||:||32
0 pE2p802

Example

Given that g(x) o ax*gb, 9(°2) o3,and, g(1)0°3. Find the value of aand b

Solution

g(x) O ax?Ob
For g (-2):

g(c2) O a(s2).0b
Og(f2)04a0Ob g("2) 03
O4a0b 0 3. (1) For

g (1):
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g(1) O a(1)20b

Og(1) O a Ob g(1)O°3

RN [T n < )
Equation(1) Oequation(2)

4a0b03

n0a o boos

'
3ad060a03
OaO2

From (2):
2 [ObOe3,

Obdns

Example
Find the unknown values in the arrow diagrams for the mapping.

X O 2(X Dl)
g [ P 12
p | 16
...........................
q 2
g [— ”
...........................
13 r
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Solution

We know the range and the domain: X is the domain and rangep 2(x g1)
Of(x)02(x01)

To prove: f (5) O 2(501) 012
f (p) O 2(p O1),but fromthe diagram, f (p) 016

016 O 2(p O1)
O2p 02 016
2p 014

OpO7

f(q) O 2(q O1),but fromthe diagram, f (q) O 22
02(q 01) O 22

01011
q

Oq 010

f(x)0O2(x01)
f(13) 0 2(1301) O 28,but, f (13) O r
Or 028

x O 2(x 0O1)
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v

10
22
24

v

11

v

v

13 28

\4

Example

Given that f (x) o 2 3t 4. Express the f (x)in the form

x0O2 0
Px , and hence state the value of P and

f(X)Dz
xOQ

Solution f (x) O x 02 2 O 3xx.

O -
EI44

Factorizing x?0 4 O (x O 2)(x O 2) from difference of two squares.

2 304

Of(x)0 O OdLcmOXO?2)(x0O?2)
xO02 (x0O2)(x0O2)

o f (x) o 2((xx0022))(O0x30x20)4 0 2x Ox4.0034x 0 4

5x

O0f(x) O x. 0 4
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8.2

x25|ZIX 4

Since f (x) O 2PXQ ,by comparing with f (x) O

xa
O P 0O 5,and,QO%4

Undefined functions:

A function is undefined if the denominator is equal to zero. This is
because we cannot divide something by zero. Therefore the function

f(x) o 1 is undefined when x 0 0i.e. f (x) O L which cannot be divided. In
X 0 fact your calculator indicates ,,“math error««.

Example

Given that f (x) g 1

10 x
i Find f (2)
ii.  Find the value of x for which f (x)is not defined.

Solution
) - 1
L 001X O
1 1
ofo0 — 4 0ool
10 2 1

i.  f(x)isundefined if 10x0 0O
0i0x0o0
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Example
Gr—06

Find the value of x for which f (x) g4 — x*is not defined.

Solution
Ay 6
fod 4 a

f (x)is undefined if, 4 g x*g 0

020 4 O x0% 4062

Ox O 2,0r,x0592
8.3 Inverse of a function

8.3.1 Introduction:
If a function f maps elements of A onto elements of B i.e.

f:AOB
A B

0 a; 0000010
o 0o oo
Oa. 0000020

g 000030,

Then the function that maps elements of B back onto elements of A
e
A B
0 a; 0000010
0 O oo
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Oa 0000020

DDa3DDDDDDD3DD

Is known as the inverse function of f and it is denoted as f 0.

8.3.2 Obtaining the inverse function:

The following examples will illustrate how to obtain the inverse of a
function.

Example

Given that f (x) O 4x O8.

Find:
a) foix)
b) for1)
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Solution

a) Step 1: letf(x) OyOyDO4x0O8
Step 2: make x the subject
y 08 O 4x

y 08

Ox O
4

Step 3: replace x with f 2¢(x)and y with x. i.e.

fox) g —x H8 This is the inverse function of f (x)
4

(-8
b) fa()00 —, o7

[

Example

Given that g(x) O 2x 017.

Find:
a)  g™(x)
b) g¥(3)
C) g¥(%4)
Solution

a) 9g(x)O02xO17

LetyOg(x)Oy0O2x0O17y
017 02xy 017
OxoO__

2x 0
go(x), y O x
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Ogou(x) O x 017
2

3+17
b) ¢¥(3)0 2 — D10

17 4 13
C) ogm@Ed)O 2 0O20O

6.5

Example

Obtain the inverse of the function f () X", hence find f
o1(8) x 11

Solution

f(x) O —x

I:le

01

Letyl:lf(x)l:ly|:|_x':Il
x 01

y(x01) O (x O1)

yx Oy Ox 01 yx

Ox0Oy0O1

x(y 01) Oy O1 x(y

O1) 010y

Ox O y 01
y 01

Replacing x with f "(x)and y with x
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021l 01 1
fol(xq02) o —00= = =
(xg )|:|D2|:|1|:|D3|:|g
f|:|1(X)|:|X|:|1
x 01
Hence

8.4 Composite Functions

8.4.1 Introduction:

A composite function is a function, which is composed of a sequence
of simple functions.

For example, the function fg(x)where f and g are functions is known
as a composite function. The result is image of X under g first
followed by f .

Example

If f (x) O x%,and,g(x) O x O1, find: a)
i) of (x) ii) gf (x), when x 0 3

b) i) fg(x) ii) fg(x), when
x0O3

Solution
a) i)gf()0glf )0, butf(x)Ox
0 g(x?),and,g(x) O xO1

0 (9,01 1

Ogf (x) O x*0
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i) When x
O 3:

Method 1:
gf (x 0 3) 0 (3)201010

Method 2:
f(x) 0 x?

Of(3)0 (3209
Ogf(3)0g(9),but:g(x)0x0O1

ool
010

b) i) fg(x) O fOg(x)0,but : g(x) O xO1
Of(x0O1),and:f(x) 0O x

O (x O1) O
fg(x) O x*0 2x O1

i) 1fx0O3:

Method 1:

fg(x 0 3) O (3)20 2(3) O1
090601

016
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Method 2:

g(x) O x0O1

Og(3) 03010 4
O fg(3) O f (4),but : f (x) O x2

0 (4),

016

8.5 Composite function linked with matrices

In the above example, we saw that:

gf (x) O x201,and, gf (3) 010,
fg(x) O x20 2x O1,and, fg(3) O16.

We can now conclude that for any two functions fand g :
fg(x) O gf (x)

This is similar to what we saw with matrices. For instance, if A and

B are two matrices, then: AB o BA

Example
The functions fand g are given by:

—_— 8 ,where x O1and g(x) O 2x O1
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f(x) O
x 01

Find:
a) fg
b) ¢
c) (fg
d) (of)™
e) fr()g™(x)

Solution
a) fg(x) 0 f Ogx)0,but : g(x) 0 2x O1
8
Of(x0Ol,and:f(x)0_
x 01
8
(Zx+1r—1
8
|
|
2X
00t %
b) 9?(x) 0 gg(x) O gL but : g(x) O 2x O1
O g(2x O1)
0 2(2x0) 01

O4x0O201
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04x03
4
C) O fg(x)0 g 2but fg(x) O —
X
Lety Ofg(x)Oy
o _%oxo_4
X y

Replacing x with0 fg(x)0and y with x, we obtain:

O fgy0e:0 4

AY4

In this case, the composite function fg and its inverse( fg)=are the
same.

d) (of )= g ?Find gf first.
8

of ) O gOf e, f(x) 0
x 01

0 ¢"ooCa1on.and : g(x) 0 2x 01

0200 8 OOo01
O x 010

16
Ogf(x)0 01
x 01
16
y Ogf(x)dyd____ 01
x O1
Making x the subject,
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16

yO1o_ 0O(y0O1)(x01)016x01
16
OxO10__ vy
a1
16
oxo 01
y 01

Replacing x with (gf )=tand y with x, we obtain:

Oof (0o T 16 01
x 01

for(x)go(x) 0 ? first find f o02(x),and, go*(x)

For foyx)

8
f(x) O.letyBF (x) xO1 8
Oy0O
xgdl —
8
OxO Hly

ofoeeo_ 8o

X
For gmy(x) -

g(x) O 2x O1:let, y O g(x)
Oy0O2x01

y ol
Ox 0O
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2
0gei(x) g X1
2
0 fogeig) 0 fellgepoll
O fmO0O x 0100
o020

0 o1
0 x 010
0 O
o20
802
O O1x0O1

O f pagos(x) O 16 O1

14

AL

@tccm—»u

Now comparelgf Omwith, f 9g, they are the same, aren’t they?

8.6 Conclusion:

If g(x) and f (x) two functions, then:

Ogf Do O f pagm

Example

If g(x) 0 2x,and, f (x) 0 x 03. Find gf (x) and hence, evaluate gf (2)

Solution

gx)02x,f(x)Ox0O3
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of (9 0 gHr (o0

Og(x0O3)
O02(xx03)
O02x06

Hence gf (2)02(2) 060406010

Example

Given that f (x) g x*g 3and g(x) O x O1.
Find the value of a such that:

fg(a) O of ()
Solution

f(x)0Ox20 3, g(x) Ox0O1fgx)Of

g0

O f(x O1)
0 (x01)203
Ox202x 0103

Ofg(x)Ox?02x04
Ofgl@0ad2a0d.... e, 1)

Also: gf (x) 0 gf O

0 g(2x2 03)

O (xO3) 01
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Ogf (x) O x,0 2

Oof ()0 @202, 2

Since fg(a) O gf (a)
Oa202a040a%02
O002a0402
040202a0202a

Oa 01

8.7 Miscellaneous exercise
1.  Given that: f (x) O x203x09,g(x) O x204x02,and,h(x) O 3x?03x05
Find:

i f(2)
. g(v1)
iii. h(w3)

2. i) Iff(x)yox*05x0Oc,and, f(®6) 00, find c.

i) Given that g(x) O x*0Obx, find the value of b if g(3)g"3

iii) g(x)0ax?05x03. Ifg(1) 09, find a.
3. a) Giventhatf(x)Oax0O 7and f (8) 017,find the value of:
i.a
f(4)

b) Given that f (x) O ax20bx, f (1) O5and f (2) O14. Find the values
of aandb.
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4.

5.

Find the unknown value in the arrow diagram below

3

X0 3@(2 n3)

p

b

»
|

r

150

»
»

13

366

»
|

15

510

»
»

1

Given that f (x)g2(3x 05). Find f o%(x) and hence evaluate
f 01(10).

Given that f (x) 0 2x20 9,and, g(x) O x O1.

Find:

a) fg(x)
b) fg("1)
c) of (5
d) fgf(x)

e) gmf(3)

Given the functions f

02x

. Determine the 5

value of x for which fg(x) o

~

G4+ 2448

()0

x 03

and g(x)|:|1_
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%210

8.  Two functions f and g are defined as: f (x) O x?and,g(x) O5x O 4.
Find the value of x for which fg(x) O 5¢f (x). |

9.  For the following functions, find the value of x for which f (x)is

undefined.
a) x 02
2x04
l
b) 1-x*
Sx+6
C) 9—x
d) I— {u i
x20 3x0O 40
e) I )
20x20Ox01
10. Giventhatf(x) 0 2 u] 2| . Express f (x)in the form _quD “xm
3xO09 x0Or

and hence, find the value of x for which f (x)is not defined.
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9 BUSINESS MATHEMATICS 2

Topics dealt with under business mathematics 2 include the following:
Currency

Compound interest formula

Depreciation

Hire purchase

O O O O O

Taxation

9.1 Currency

9.1.1 Introduction:

The medium for business transaction is called currency. Thus, currency of
a country means the particular type of money in use in that country.
Different countries have different types of currencies as shown in the table

below.
Country Currency
Uganda Shilling (Ush)
Kenya Shilling(Ksh)
Tanzania Shilling(Tsh)
Ethiopia Ethiopian Birr
South Africa South African Rand
Nigeria Naira (N)
Britain Sterling Pound (UKE)
Europe Euro (€)
Japan Japanese Yen (¥)
India Indian Rupee
Canada Canadian Dollar (C$)
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9.12

USA US Dollar (US$)
Sweden Swedish Kronor (Kr)
France French Francs (FF)

Currency conversion:

It is often necessary to exchange the currency of one country for those
of other countries. Such exchange is what is known as currency
conversion.

Currency conversion is usually done through the following institutions:
# Central bank of a country
« Commercial Banks
# Foreign Exchange (Forex) Bureaus
# Some big hotels

Conversion between various currencies is usually done using currency
conversion tables. The figures given in the tables are called exchange
rates and they give the equivalent of one currency to units of other
currencies.

For instance, the table below shows the exchange rates that were
produced by the Central Bank of Uganda and published in the daily
monitor in July 2002.

Central Bank Uganda
Exchange Rates

Currency Buying Selling Mean

1US Dollar 2090 3108 2099
1Sterlin Pound 3410 3470 3440
1Euro 2800 3180 2990
1Ksh 26.6 29 27.8
1Tsh 12 1.7 1.45
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1South African 200 280 240
Rand

1Canadian Dollar 1300 1700 1500
1Rwandan Franc 25 3.5 3.0
1Sudanese Pound 500 700 600

Example

Use the mean exchange rates in the table above to convert each of the
following currencies to the stated equivalent.

a) 150 US Dollars (US$) to Ush

b) 85 Euros to Ush

c) 3050 Ush to Ksh

d) Ush 2000 to US$

e) Ush 6500 to sterling pound (UKE)

Solution

a)  150US$ OUsh

1US$ O 2099Ush
0150% O 20990150 O 314850Ush

b)  85Euros OUsh
1Euro O 2990Ush
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085Euros O 2990085 O 254150Ush

c) 3050Ush O Ksh

1Ksh O 27.8Ush
]

01UshO 278 Ksh
I

57 x 03050Ush003050 0109.71Ksh

d)  Ush2000 OUSS$

1$ 0 2099Ush
I

OlUsh O 2099 $
1
02000Ush  Jp9g OO 2000 O 0.953%

€) Ush6500 OUK £

1£ = 3440 Ush
1

1Ush O 2440 pound
1
06500 3440 UD0O6500 01.89pounds

Example

@tccm—»u

Using the exchange rates given in the table above, determine how

many Euros are worth 1UKE.

Solution
First : Euro OUsh
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1Euro 0O 1 2990Ush

O1Ush 2990 OEuro

Next : Pound OUsh

1pound O 3440Ush
1

01Ush O 3440 pound

1 1
ad pound O
3440 2990Euro
|
O1pound gy 003440 01.15Euros
Example

If the exchange rate for French Franc to Sterling pound is 1£ = 9.00
Francs and 1£ = $1.53 (American Dollars). Find how many American
dollars one can get in exchange for 1,000 Francs.

Solution
1£ = 9.00Francs and 1£ = 1.53%
£? = 1,000Francs
1 1
1Franc 0 % £ 01,000Francs O $01,000£
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But 1£ = 9.0Francs = 1.53%

33 1,
O1Franc O$ 9

1.53
01000Francs 5. 0010008 01708

Example

If the exchange rate of a Kenya shilling to Uganda shilling is
1Ksh n24ushand an American dollar to Uganda shilling is 1s

nush1,950, how many American dollars one would get in
exchange for Ksh 9,750?

Solution

1Ksh O 24Ush
$1 01950Ush
9750Ksh O ?$
i o
1Ush O 24 Ksh O 1950$
24
01Ksh O 1950$ 24

Example
A television set costs British pound sterling 220£. Given the exchange
rates:

1US$ = 0.75£ and 1US$ = Ush 1,800. Determine the cost of the
T.V set in Uganda shillings.
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Solution
Cost of T.V set = £220

1$ = 0.75£ and 1$ = Ush 1800

1 Kb}

1 200
0220£ .75 =[220528,000Ush

Example

A musical tape costs pounds Sterling (£) 8.95. Given that $1.56 =
£1.00 and Ush 1045 =1$. Find the equivalent cost of the musical
tape in:

I. US dollars
ii. Uganda shillings

Solution

Cost of musical tape = £8.95
1.56$ = £1.00 and Ush 1045 = 1.0$

i. InUSdollars:

£1=9%1.56

08.95£ = 1.5608.95 013.962%

ii. In Uganda shillings:

1$ 01045Ush
013.962$ 01045013.962 014590.29Ush
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Example

Covert 250 US dollars ($) to pound sterling (£) if;

1 US$ = Ush 980 and 1£ = Ush 1750.

Solution
$2500£="?

1$ = 980Ush and 1£ = 1750Ush
0250$02500980Ush024500Ush
But 1£ = 1750Ush
01Ush O
1750

24500
0 24500Ush O 17500 O140£

0250$ 0140 £

9.2 Compound Interest Formula

In S.2, you learnt how to calculate compound interest using step—by—step
method were the amount at the end of the year is taken to be the
principle for the next year.
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Some times when calculating compound interest the, the time interval
through which the principle is compounded is many and thus the step—
by—step method proves to be tedious. An easier way in this case is to use
the compound interest formula, which is given below.

9.2.1 Compound interest formula:

Amount A of investment of a principal P at a compound interest at a rate
r % per annum (p.a) after n years can be computed using the formula:

I+ —

A=P1+— \] “
© U100

Example

Find the compound interest in 10 years on Shs.1, 050,000 at a rate of 8%
p.a.

Solution

n

Ao P10 P95 p 01,050,000Ush,r 08%,n O10yrs

o 1000

10

nan1050000°g10 8 Fg
0 1000

01050000001.08010
0 2266,871shs

Interest 0 Amount OPrincipal

0 226687101050000
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01,216,871shs

Example

A man invested 900,000shs at 18% compound interest. Find the
amount of investment after 2 years.

Solution

Ao P 1o "9, p 0900,000Ush,r 018%,n O 2yrs

o 1000

2

0 A0 9ooooo0010 18 OO0
o 1000

0 90000001.1800%
01,253,160shs

Example

A certain amount of money was invested at a compound interest rate

10% for 5 years. Given that at the end of the period, the owner received
Shs. 500,000.

Find the amount originally deposited.

Solution
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Amount,A O PD|:|1EI 7r |:||:| , p O ?,r 0100%,n O 5yrs,A O 500,000shs

g 1000

5

0 500,000 0 PYg10

ra
— 0

O
100

0500,000 O PO1.105
0500,000 01.61051p

500,000
oP O 1.61051 —— 0310,461shs

Example

Juma deposited 10 million on his savings account at the bank at a
compound interest rate of 55 per annum. Determine the number of years
the money will take to exceed 15 million.

Solution

n

r

A0 PD|:|1EI - I:||:| , p O 10million,r 0 5%,n 0 ? O

100 O

PO010 — r O0a0O
AO 1000

n

100010 500015
o 1000

1001.0500 15
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15
10

0 O1.050n
0

Taking logio on both sides, nlog1.05

O logl.5

logl.5
nolee1.005

nO 8.3104yrs
since:n0O 8.3104years
On0O 9years

9.3 Hire Purchase

9.3.1 Definition:

This is a system in which a customer purchases (buys) an item but pays
a certain amount first known as deposit and the remaining amount is
then paid in parts known as installments over an agreed period of time.

The Hire Purchase price (H.P) is given by:

H.P = Deposit + Total Installments

9.3.2 Advantages of Hire purchase

O Allows low income earners to enjoy expensive goods.

O The customers enjoy the goods while paying for them.

9.3.3 Disadvantages of Hire purchase

O Hire purchase price is higher than the cash price.
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O The customer is issued with a final receipt after making payment for
the last installment.

O  If the customer fails to pay or fails to complete the last
installment, the goods are confiscated and the customer may be
required to pay a fine.

Example

The cash price of an electric cooker is Shs. 400,000. If one buys the
electric cooker on hire purchase, he has to pay a deposit of Shs.
100,000 and then pay installments of Shs. 15,000 per month for 24
months. Determine:

a) The hire purchase value of the cooker

b) How much more one would pays under hire purchase terms than
cash terms?

Solution

a) Hire purchase price = Deposit + Total amount payable in
installments

0100000 015000024

0100000 o 360000
00 460,000shs

b) H.P price exceeds cash price of the cooker by an amount equal to:

0 460,000 O 400,000
0 60,000shs

Example

The deposit for an office chair in hire purchase term is indicated as Shs.
150,000. The balance for the office chair is payable in 15 equal monthly
installments of shs. 30,000.
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A customer who defaults on an installment is charged a penalty of 10%

of the defaulted installment payable next month together with the
installments due.

Mr. Mwanje bought an office chair on hire purchase and paid the
deposit.

a) If Mr. Mwanje defaulted on the 3 and the 10" months, calculate the
penalty charges he had to pay.

b) If Mr. Mwanje had paid cash for the chair and was given allowed
15% cash discount, how much money would he have saved?

Solution

14)
a) Amount paid in penalty for one month O111030,000 O 3,000shs

Amount paid in penalty for two monthsO 203000 O 6,000shs

b) If there was no defaulting, the total amount that Mr. Mwanje was to
pay for the office chair150,000 030,000015 O 60,000shs

Total amount paid by Mr. Mwanje through hire purchase
0 600,0000 6,000 O 606,000shs

Therefore the amount of money that could have been saved 0O
606,0000510,000 O 96,000shs

Example
The following is an advertisement for executive office furniture set:

EXECUTIVE OFFICE FURNITURE
CASH TERMS: Shs. 1,500,000

HIRE PURCHASE TERMS:

Either: i) Deposit 10% of the value and pay Shs. 130,000 monthly
for 12 months
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Or: ii) Deposit 10% of the value and pay Shs. 40,000 for 40
weeks.

a) Calculate the total amount of money one would pay for the furniture:

i.  Onamonthly hire purchase
ii. On aweekly hire purchase

b) If the cost of the office furniture is 20% below the cash price,
calculate the profit made on:

i. A monthly hire purchase and the percentage profit. ii. A
weekly hire purchase and the percentage profit.

Solution

a) i) Total amount payable on monthly hire purchase:
16h 3 1,500,000
100

130,0000120

ooood
oo

ao

0150,000 01,560,000

01,710,000shs
i) Total amount
payable on weekly hire purchase:
1603 1,500,000
100 00 40,0000400

ooood
oo

0150,000 01,600,000
01,750,000shs
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9.4
94.1

80 L500,000
b) Cost price (C.P) 00 0YpYn01,200,000shs
an
Selling price through weekly hire purchase 01,750,000shs
Selling price through monthly hire purchase 01,710,000shs

i.  Profit on weekly H.P0O1,750,000 01,200,000 O 550,000shs

50,000 = 100
Y%profit 1200.000 0045.8%

ii.  Profit on monthly hire purchase
01,710,000 01,200,000 O 510,000shs

STOUO00 2 T00)

Taxation

Introduction:

Taxation is the means by which the central government of any country
raises fund for running its services such as:

+ Defence
e Health
* Education

Taxes are levied annually on all individuals and companies who earn

income either by employment or through business. This tax collected is
known as revenue.

In Uganda the institution known as Uganda Revenue Authority (URA) is
mandated to collect taxes and review the tax rule if necessary.
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There are two major categories of tax, namely; direct tax and indirect
tax. Two examples of direct tax include:

i) Income tax ii) Pay—as—you
earn (PAYE)

9.4.2 Income Tax:

This is the tax levied on income generated by an individual, companies,
partnership, and sole proprietors.

9.4.3 Common terms:

a. Gross income
This is the total amount of money which an individual or company
earns.

b. Taxable income

Before tax is calculated, some deduction in the form of personal
allowance is made from the gross income. Tax is then calculated
from the remaining amount. This remaining amount is known as
taxable income.

c. Netincome
This is the amount of money left after tax has been deducted.

d. Tax free income

This is any amount of money earned by an individual and is not
taxed, e.g.

O Personal allowance
O Medical allowance
O Children allowance

O Electricity allowance, etc.
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Taxable income is therefore calculated from: Taxable

income = Gross income —Tax-free income.

9.4.4 Tax rates:

Individual taxpayers are assessed using graduated scale rates. For
instance, the table below shows the tax income rates applicable in
Uganda in a certain year.

Taxable income (Ush), p.a

Tax rate

Shs. 1,560,000 and below

No tax

Shs. 1,560,000 to Shs.

10% of the amount by which

(next 2,100,000)

2,820,000 the taxable income exceeds
shs. 1,560,000.

(next 1,260,000)

Shs.2,820,000 to 4,920,000 | 15% of the amount by which

by which the taxable income
exceeds shs. 2,820,000.

Shs. 4,920,001 and above

25% of the amount by which
the taxable

Income exceeds shs.
4,920,000.

Example

In a certain country, the income tax is levied as follows:

A person‘s monthly gross income has certain allowances deducted
from it before it is subjected to taxation. This includes family relief
and insurance value.
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The allowances are as follows:

* Married man Shs. 1,800
* Unmarried man Shs. 1,200
» Each child below 11years Shs. 500
» Each child above 11 but 18 years Shs. 700
* Insurance premium Shs.1,200

Peter earns shs. 64000. He is married with 3 children of ages
between 11 and 18 years and 2 children below eleven years. Given
that, he is insured and has claimed transport allowances of shs.
1,700.

Calculate:
a) His taxable income.

b) The income tax he pays under the income tax rates below:

Taxable income Rate (%)
0 - 10,000 10
10,001 — 20,000 25
20,001 — 30,000 30
30,001 - 40,000 45
40,000 and above 50

Solution

a) Taxable income = Gross income — Tax free income Total
allowances

0 (70003) 01800 01700 O (5000 2) 01200 O 7,800shs
Gross income g 64,000shs
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OTaxable,Income O 64,00007,800 O 56,200shs

b)  Taxable income in the first row = shs 10,000
Therefore income tax o 1°510000 g1,000shs
100
c) Taxable income in the second row O 20000010000 010,000shs
Therefore income tax o % 10000 g 2,5000shs
100
d) Taxable income in the third row o 30000 O 20000 010,000shs
Income tax o —3° 110000 0 3,000shs
100
e) Taxable income in the 4th rown 40000 O 30000 010,000shs
Income taxo_—*° 510000 g 4,500shs
100
f)  Taxable income in the 5th rowa 56200 O 40000 016,2000shs
Income tax o___%° 716200 @ 8,100shs
100
e) Total income tax that he pays
010000 2500030000 450008100 019,100shs
Example

(e
@tcca.hm

The table below shows the tax income on taxable income of citizens in
the working class of a certain country.

Income (Shs) per annum Tax rate
(%)
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1% Shs. 80,000

7.5

400,001 — 480,000

Next Shs. 80,000 (80,001 — 160,000) 12.5
Next Shs. 80,000 (160,001 — 240,000) 20.0
240,001 — 320,000 30.0
320,001 — 400,000 36.5

45.0

A mans gross annual income is Shs. 964,000. The following are the
allowances including insurance accrued to him. Housing Shs. 14,000

per month.

I. Marriage, one tenth of his gross annual income

ii. Medical Shs. 50, 700 per annum
iii.  Transport Shs. 10,000 per month

iv.  He has to pay an insurance premium of shs. 68,900 per annum

V. Family allowances for only four children at the following rates:
Shs 3,400 for each child above the age of 18, Shs 4,200 for each
child above 10 but below 18 years and Shs. 5,400 for each child
below 9 years. Given that he has a family of five children with
three of them below the age of 8, one 16 years and the elder child

20 years.
Determine:

a) His taxable income

b) The income tax he pays annually as a percentage of his gross annual

income.

Solution

a) Taxable income = Gross income — Tax free income.

Allowances:

* Housing 014500012 0174,000/0 p.a
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- Marriage allowance g __* §964000 o 964,000shs
10

* Medical g 50,700shs
« Transport 010000012 0120,000/0 p.a

 Insurance g 68,900shs
« Family allowances will be due to the three children below the age

of 8 and one of 16 years g 5400030 4200 g 20,400shs

Total tax-free income

01740000964000507000120000068900020400 O 530,400shs

Taxable income g 964,000 §530,400 g 433,600shs

b)
Income (Shs) per Tax rate Income tax
annum (%)
15t Shs. 80,000 75 i3
1(H1080,000 O 6,000shs
80,001 — 1 0,000 12.5 12.3
10000160,000
080,00000010,000shs
160,001 — 240,000 20.0 ED
10000240,000
0160,00000016,000shs
240,001 — 320,000 30,0 S
1w100320,000 O 240,000000
24,9005hs
320,001 — 400,000 36.5 363
100 00400,000 0 320,00000
29,200shs
400,001 — 433,600 45.0 A
1m00433,600 O
400,00000015,120shs
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9.5

Total income tax
0 6,000 010,000 016,000 O 29,200 015,120 0100,320shs

The income tax he pays as a percentage of his gross annual income

100,320
0 9640000100
0 10.4%

Miscellaneous exercise

1.

A camera costs pound sterling £9.50 in UK and US dollars $9.80 in
USA. Given that £1.26 = $2. In which country would one prefer to
buy the camera and how much pound sterling would one save?

When the exchange rate was Ush 1,860 to 1 US$, a tourist who was
living in Uganda changed Ush 24,950 at the airport bank. If a
commission of Ush 260 was charged, how many dollars did he get?

A trader imported an item worth 10,000 Yen from Japan. If this
item was subjected to 25% import tax in Uganda, how much was it
worth in Uganda shillings if the exchange rate was Ush 1,449.36 to
100 Japanese yen at that time.

Hudson wants to go for holidays in USA and he needs dollars. The
selling rate is Ush 1,800 for 1dolar. How many dollars will he get
for720, 000 Ush?

The crested Forex Bureau is offering the following rates for pound
sterling:

Buy at Ush 1,600 Sell

at Ush 1,700

a) How many pounds do you get for Ush 10,000
b) How many shillings would you get for £5000

Stella borrows £2,000 for 3 years at a compound interest rate of
5% per annum. How much money does she replay altogether?
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7. Mr. Opio deposited 1.321 million shillings in his bank account at a
compound interest rate of 7.5% per annum. Determine the number
of years his money will take to accumulate to 1.75 million
shillings?

8. Mr. Lwanga and Mr. Okot were each given Uganda shillings
980,000 at the beginning of 1999. Mr. Lwanga exchanged his
money to US dollars and then banked it on his foreign currency
account at a compound interest rate of 2% per annum while Mr.
Okot banked his money without exchanging it at a compound
interest rate of 12% per annum. The exchange rates in 1999 and
2000 were, Ush 1,250 and Ush 1,500 to a US dollar
respectively. If Okot withdrew Shs. 120,000 at the end of 2000:

a) Calculate the amount of money (in Ush) each man had in the
bank at the end of 200

b) Who had more money and by how much?

9. Mr. Omona borrowed Shs. 500,000,000 from stanbic bank at 5%
p.a compound interest. After some years he paid back Shs.
578,813,000 without any additional charge. Find the number of
years for which he borrowed the money.

10.  Mr. Ben borrowed 14.8m to boost his business at a bank rate of
12% compound interest p.a. Mr. Ben has to repay the loan and
interest within two years. He is to repay these bank dues in six
equal installments. Calculate:

a) Total amount Mr. Ben paid to the bank
b) Interest Mr. Ben paid to the bank
c) The amount of money Mr. Ben paid per installment.

11.  The price of a modern mobile phone is marketed at Shs. 60,000. If
one pays cash, he gets a discount of 5%, but if one buys at a hire
purchase terms, he pays a deposit of half the market price and
pays the rest in monthly installments for 15 months Shs.

2,100 each month.
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14.

a) If Mr. Okello opted to pay the phone on cash terms, how much
would he pay?

b) If Jane opted to buy the phone on hire purchase terms, how
much more would she pay than Okello?

12.  The deposit for an office chair in hire purchase shop is indicated
by sh. 1,400. The balance is payable in equal installments of shs.
210. A customer who defaults on an installment is charged a
penalty of 10% of the defaulted installment payable in the next
month together with installment due. Mr. Ojok bought a chair on
hire purchase terms and paid a deposit. If Mr. Ojok defaulted
twice in the 3" and 10" months.

a) i) Calculate the penalty charges that he paid.
i) What was the total cost of the chair?

b) If Mr. Ojok had paid, cash for the chair and was allowed 15% cash
discount. How much money would he have saved?

13.  The following advert appeared in the Sunday Vision.

USED COMPUTERS
Price:  Shs. 500,000
Terms: (1) Cash: 4% discount

(2) Hire purchase: deposit 45% of marked price then equal
monthly installments of 10% of the marked price for 7
months or Shs. 5,500 per week for 6 weeks.

Find how much a customer saves by paying cash other than hire
purchase on:

a)  Monthly basis.

b)  Weekly basis.

In a certain school, a teacher®s salary includes the following tax free
allowances

Type of allowance Amount (shs)
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15.

Legally married teacher 10,000
Each child under 10 years 2,500
PTA 50,000
Head of department/subject 10,000
Class teacher 5,000
Housemaster/mistress 5,000
Unmarried teacher 6,000
Each child above 10 years 2,000

Mr. Birungi and Mr. Serubiri are senor teachers in a certain school.

Mr. Birungi is married with two children under the age of 10 years

and one child above 10 years. He is also a class teacher and head of
commerce department.

Mr. Serubiri is single but has two children under the age of 10 years
and is also a house master and a class teacher.

The gross income at the end of the month are each subjected to a
PAYE (pay — as —you — earn) which has the following rate for the 1°
shs 10,000 taxable income, the tax is 20% while the rest is taxed at
15% at the end of the month.

Mr. Birungi®s gross income was shs. 150,000 and Mr. Serubiri®s
gross income was shs. 130,000.

a) Calculate the taxable income for each teacher

b) Calculate the tax paid as a percentage of the gross income for each
teacher.

James works with a certain NGO. James is paid a monthly salary of Shs
750,000. The NGO gives some allowances to each of her employees
earning Shs. 500,000 and above according to the following schedule.

| Allowance | Rate |

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Medical 5% of the amount by which the employee®s
monthly salary exceeds shs. 500,000

Lunch 3% of the amount by which the employee®s
monthly salary exceeds shs. 500,000

Transport 4% of the amount by which the employee™s
monthly salary exceeds shs. 500,000

Child allowance (per 5% of the amount by which the employee®s

child aged 11 and monthly salary exceeds shs. 500,000

below )

Child allowance (per 4% of the amount by which the employee™s

child aged 12 and monthly salary exceeds shs. 500,000

below 19 years)

Electricity Shs. 20,000

Per spouse/wife Shs. 25.000

James has three wives, 6 children aged below 12 years and 3 children
aged 12 and above but under 19. Determine the total amount James
receives from the NGO before taxation

16.  The table below shows tax rates for employees of a certain firm.
Total monthly income Rate

Below shs. 130,000 2%

20% by which the total monthly
income exceeds shs. 130,000
30% by which the total monthly
income exceeds shs. 130,000
40% by which the total monthly
income exceeds shs. 300,000

Shs. 130,000 — shs.199,000

Shs. 200,000 — shs.299,000

Shs. 300,000 and above

What tax does an employer whose monthly income is shs. 1,200,000
pay?

17.  The table below shows the tax structure on taxable income of employees
in a certain company.

Income per month | Tax rate (%)

0-40,000 | Free
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18.

40,001 - 100,000 | 10-0
100,001 - 200,000 | 165
200,001 - 350,000 | 232
350,001 - 510,000 | 320
Above shs. 510,000 | 40-0

An employee earns shs. 9,000,000 per month. His allowances include:

* Marriage allowance = one—fifteenth of his gross monthly income.

« Water and electricity shs. 180,000 p.a

* Relief and insurance shs. 15,000 per month

* Housing allowance shs. 40,000 per month

» Medical allowance shs. 36,00 per month

 Transport allowance = shs.300,000 p.a

+ Family allowance for four children only, as given below: for children in
the age 0 — 10 years, shs. 12,500 per child, 10 —18 years shs. 8,250 per
child and over 18 years, shs. 5,000 per child.

a) Calculate the mans taxable income and the income tax he pays
given that he has 3 children two of whom are age 0 —10 years and the
other 13 years.

b) Calculate the percentage of his gross income that goes to tax.

In Ghana, tax is levied on Government employees after deducting
allowances as follows:

Amount (Shs) Rate
15150,000 5%

Next 100,000 7.5%
Next 150,000 10%
Next 200,000 15%
Next 200,000 25%
Next 200,000 40%
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10
10.1

45%

Extra amount
The following are the entitled allowances:

Electricity: Shs. 480,000 per annum.

Housing: Shs. 80,000 per annum.

Medical care:  Shs. 840, 000 per annum.

Child care: (only two children below 16 years), shs. 15,000 per child

Given that, an unmarried employee paid shs. 150,000 as monthly income
tax;

Calculate:
a) His monthly taxable income.

b) His gross monthly income.
c) His monthly net income.

PROBABILITY

Introduction:

Probability is used to tell how likely or unlikely a future will occur. The
concept of probability is used to frequently answer some questions in our
daily life. Some of these questions include:

1. Will Uganda Crane qualify for the 2012 Africa cup of nation?
2. Which party will win the 2016 presidential election in Uganda?
3. Will he undergo a successful heart operation?

To be in position to predict correctly how likely or unlikely a future event
will occur, an experiment should be carried out randomly about the event
and the experimental results analyzed and appropriate conclusion made
out of it.
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10.2 Common terms used:

1. OQutcome of an experiment.

What comes out or what results what results when an experiment
has been performed is what is known as outcome.

2. Sample space or probability space.

This is a set of possible outcomes of an experiment. A sample space
is denoted by the letter S. The number of outcome of S is denoted by
n(S). For instance, consider tossing a coin twice. The following are
the possible outcome of an experiment: HH, HT, TH, TT, where H
and T stand for head and tail respectively. Thus the sample space S =
{HH, HT, TH, TT} and n(S) = 4

3. Anevent.

An event is a subset of sample space consisting of sample point of
interest. It is denoted by the symbol E. the number of items of an
event is denoted by n (E)

The probability of an event denoted as P (E) is defined as:

n(E)
n(s)
Consider tossing a coin twice as in the previous case. Here the event

could be getting two heads i.e. {HH}, at least a head i.e. {HH, HT,
and TH}

P(E) =
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10.3 Range of probability measure

a) A sample space is an event with probability 1,i.e.

n(S)

P(S) O 0 1n(S)

b)  Anempty set @ or{ } is an event with probability 0, since n(@)=0

PO)OnHB—- H— 0 n(s)
n(S)

c) Since onn(E)On(S)

OnE)n(S)n(E)O OO, butP(E)O
n(S) n(s) n(s) n(s)

OoOP(E)O1

So the probability of any event lies between zero (0) and One.

Example
Three coins are tossed. State the possibility space and use it to find:
a) P(3 heads)

b) P(2 heads)

c) P(at most one head)
Solution
The sample space S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
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a) 3 heads ={HHH} n(3 heads)
01,n(S) 08

n(3heads) 1
OP(3heads)y0 —HNAS— &

b) 2 heads = {HHT, HTH, THH} n(2
heads) O 3
n(2 heads) 3
OP(2headsy0 —————— 0~
n(S) 8
C) At most one head = {HTT,THT,

TTH, TTT} n(at most one heads) O 4

n(atmost one head)

OP(at most one head) O
n(S)

Example

A fair die is rolled once. Calculate the probability of getting:

a) An even number
b) A prime number
C) A score of 6

d) A score of 10

Solution

(e
@tcca.hm

A die is numbered 1 to 6. If it is rolled once, the possible outcomes are:

Sample space S={1, 2, 3,4,5,6},n(S) =6
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a) An even number = {2, 4, 6}
n(evennumber) O 3 OP(evennumber)
3

oo e

b) A prime or odd number = {1, 2,
3, 5} n(prime or odd number) O 4

OP(prime or odd number) OO 4
[

L | 1

C) A score 6 = {6} n(score 6) 01
1

OP(score 6) O o

d) Score 10 = { } n(score10) 00

OP(score10) OO 0

Example

A bag contains 10 bottle tops of which 3 are of drink A, 5 are of drink B
and 2 are of drink C. If a bottle top is picked from the bag at random, what
is the probability that it is:

a) a drink A?
b) a drink B?
C) a drink C?

Solution

Let A represent drink A
B represent drink B
C represent drink C
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Sample space S O{A, A, A,B,B,B,B,B,C,C}

On(S) O10
a)  Outcome for drink A = {A, A, A}
n(drink A) O 3

3
EIP(drink A) 0 10

b)  Outcome for drink B = {B, B, B, B, B}
n(drink B) O 5 OP(drink B) OO

R
110 2
c)  Outcome for drink C = {C, C} n(drink
c)o2
2 1

OP(rinkC) O 100 =

Example

A number is to be selected at random from numbers 1 to 20 inclusive.
Determine the probability that the numbers selected at random is: a)
prime

b) divisible by 3

C) aneven number

d) divisible by either 2 or 3

e) divisible by 2 but not divisible by 3

Solution

Sample space S ={1, 2, 3, 4, 5,6,7,8,9,10,11,12,13,14,15,16, 17, 18,
19, 20} n(S)

=20
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b)

d)

Prime numbers = {2, 3,5, 7, 11, 13, 17, 19} n(Primes) O

8
H
OP(Primes) 10

Lh| 2

Numbers divisible by 3 = {3, 6, 9, 12, 15, 18} n(numbers

divisible by 3) 0 6
& 3
OP(numbers divisible by3) -5 1p

ano

Even numbers = {2, 4, 6, 8, 10, 12 ,14 ,16, 18, 20} n(even

numbers) 010

10 1
OP(even  numbers) 55 2

ano

Numbers divisible by 2 or 3={2, 3, 4, 6, 8, 9, 10, 12, 14,
15,
16, 18, 20}

n(numbers divisible by 20r3) 013

13
OP(numbers divisible by 2 or 3) 0 5

Numbers divisible by 2 but not 3 ={2, 4, 8, 10, 14, 16,
20} n(numbers divisible by 2butnot 3) O 7 OP(numbers
7

divisible by 2 but not 3) 020
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Example
The table below shows the length of words in certain chapter of physics
textbook.
Number of letters Frequency
1 30
2 80
3 40
4 60
5 70
6 80
7 90
8 50

If a word is selected at random from the words in the chapter, find the
probability that:

a) the word selected has 6 letters

b) aword with 5 or 8 letters is selected

c) aword with less than 8 letters is selected
d) aword with at least 4 letters is selected

e) aword with 9 letters is selected

Solution
n(S) =30+ 80+ 40+ 60+ 70 + 80 + 90 + 50 = 500
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a) n(aword with 6 letters) = 80

&0 4
OP(a word selected has 6 letters) OO S00 0 25
b) n(aword with 5 or 8 letters) = 70 + 50=120
120 5
OP(a word selected has 5 or 8 letters) OO s00 0 25

¢) n(aword with less than 8 letters) = 30 + 80 + 40 + 60 +70 + 80 +
90 =450

£50) O
OP(a word selected has less than 8 letters) OO 300 10

d) n(aword with at least 4 letters) = 60 +70 + 80 + 90 = 350
350 7

OP(a word selected has at least 4 letters ) OO 200 1

e) n(aword with 9 letters) =0
()
500

OP(a word selected has 9 letters ) OO 0

Example

Two dice are simultaneously thrown and the sum of their scores
observed. Find the probability of getting:

a) asum which is an even number
b) asum which exceeds 10

c) asum which is divisible by 2 or 3

Solution
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The possibility space for the two dice tossed and the sum on their
uppermost faces can be summarized in a table as below.

Die 2
1 2 3 |4 5 |6
Die 1
1 2 3 4 |5 6 |7
2 3 4 5 6 7 |8
3 4 5 6 7 8 |9
4 |5 6 |7 |8 9 |10
5 6 7 8 9 10 |11
6 7 8 9 10 11 |12
n(S)=6x6 =36

a) Let E be the event that even sum obtained
Therefore E={2,4,4,4,6,6,6,6,6,8,8,8,8,8,10, 10, 10,

12}.
n(E)=18
ne) 18 1
OP(E) O o—o 2
ns) 36

b) Let T be the event that sum exceeds 10
Therefore T = {11, 11, 12}. n(T) =3 n(T)
3 1
op(MOoO —— 0 —0—
ns) 36 12
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c) Let D be the event that sum is divisible by 2 or 3.
Therefore D ={2,3,3,4,4,4,6,6,6,6,6,8,8,8,8,8,9,9,9,9,
10, 10, 10, 12}. n (D) = 24 n(D)
24 2
opD)0 ——O0—0—
ns) 36 3

Example

A die and a coin are tossed. Find the probability of getting:
a) a tail and even number

b) atail and a number not less than 4

c) ahead and a triangular number

Solution

Die

Coin
1 2 3 4 5 6

H | H1) H2 |(H3 |[H4) |HD5)]|H,B6)

T [(T,1) [(T,2) [(T,2) | (T,3) (T,4) | (T,5)
nS)=2x6=12

Let A be the event of obtaining a tail and even number
A={(T,2), (T, 4), (T, 6)}and n (A) = 3 n(A)
3 1
oPA)O0 —— 00—
nS 12 4

Let B be the event of obtaining a tail and a number not less than 4.
B ={(T, 4), (T, 5), (T, 6)} and n (B) = 3 n(B)
3 1
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OPB)0 ——O0—0O—
ns) 12 4

c) Let C be the event of obtaining a head and a triangular number.

C={(H, 1), (H,3), (H 6)}and n (C) =3n(C)
3 1

OP(C) O 0 O
n(s) 12 4
10.4 Tree Diagram

A tree diagram can be used to generate a sample space of an experiment

10.4.1 Independent event

Events A and B are said to be independent events if their joint
occurrence is equal to the product of their individual probabilities i.e.

P(ANB)=P(A)e P(B3)

Note:

If two or more events are independent, then the occurrence of one is not
affected by the occurrence of the other.

Example

Given that, a coin and a fair die are tossed once.

a) Use atree diagram to generate a sample space.

b) What is the probability of obtaining a head and an even number?

Solution

a) Let Hand T represent head and tail of a coin respectively. For a
coin, a head and a tail are equally likely events.
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OP(H) o P(T) o 12/léor a die, all the six faces are equally likely to

/

show up. OP(1) O P(2) O P(3) O P(4) O P(5) O P(6) O 16

1 P %x:—'. W,

Is!’m’l: 1 % W,
aP(H4)=1xi=},
SP(H.5)=3x¢= )
6 P(H.6)= ' xi=Wu,

b) Let E stand for even number.
P(H OE) O P(H,2)0P(4)0P(6)

HaoHa0M2
Y%

o
o

Example
A bag contains 4 red and 5 blue beads. Two beads are taken out of it.

What is the probability that they are both blue?

a) if the first bead is put back
b) if the first bead is not replaced
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Solution
a) Let R stands for red bead and B for blue bead

RP(RAR)=4x4=16

BPIRMB)= _:x;i:!g{l
RI"{HF“.F‘E}:%}(%:L‘I.‘H

BP(B~B)= %x%: 3}§|

From the tree diagram, P(B g B) g i35 g %4

b) When the bead is not replaced, the number of beads in the second
group of branches will drop to 8. If the first bead removed was blue,
then there will be 4 blue and 4 red beads left. However, if the first
removed was red, there will be 3 red and 5 blue beads left.

The probabilities in the second group of branches will therefore be
different. The tree diagram will look like the one below.

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

RP(RAR)=4x2=1y,

BP(RAB)=41xi=2y

o

RP{H"WR}:L‘K?I:'%:

9

BP(E~ B)= :‘;xizzl%:

oP(BnoB)osns o™ 0%
Example

A basket contains 6 mangoes and 4 oranges. Three fruits are removed
from it without replacement. Use tree diagram to work out the
following probabilities

a) P(three mangoes are removed)
b) P(a mango and two oranges are removed)

Solution
Let M stands for mangoes and O for oranges
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MPMAMAM)=fxixd

OPMAMAO)=Exixd

MP(M ~ O~ M)=2xinl

OP(MnOr0)=Ltudxl

MMM M)=2txixs

il ]

OP(OAMAO)=4xbx?

L]

MP(ORO~AM)y=1txixt

OO 0)=txdnl
a) From the diagram three mangoes is M, M, M

6 5 4 120 1
OPMOMOMOOOOD 74 o =

T2 L&t

b) A mango and two oranges is (MnOnO), (OnMnO) and (OnOnM)

0 P(a mango and two oranges)d PLIM 00 oolo pOo o M oolo pOo oo o mO

06 4 3004 6 3004 3 60
oo OoOooo Oo0oo OO0
010 9 80010 9 800109 80

[ 0o_—

10.5 Venn diagram

Venn diagrams can be used to solve probability problems.

Example

In a class, 30 pupils like English and 17 like science. All 46 students say
they like at least one of these subjects. What is the probability that a
pupil chosen at random like exactly one subject?
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Solution
Let E and S stand for English and Science respectively

mey=46

300 x0Ox0O17 0 x O 46
Ox O 460 45 O1

Therefore, the number of pupil who like science only = 16, both =1 and
English only =29

n(exactly one subject) 0 29 016 O 45

45
OP(exactly one subject) O AG

Example

A group of 60 tourists visited three tourist sites in Uganda. The tourist sites
visited were Bujagali falls (B), Mount Elgon (E), and Bwindi forest
reserve (R). each of the 60 tourists visited at least one of the sites as
follows. 38 visited Bujagali falls, 35 visited mount Elgon, 31 visited
Bwindi forest reserve, 19 visited both mount Elgon and Bwindi forest, 21
visited both Bujagali and Bwindi forest, and 20 visited both Bujagali falls
and mount Elgon. Using a Venn diagram, determine;

a) the number of tourist who visited all the three sites
b) the number of tourist who visited only mount Elgon

c) the probability that a tourist picked at random from the group will
have visited only one site



Ecolebooks.com

@lccl-l—xﬂ;

Solution
n(0) O 60, n(B) O 38, n(E) O 35, (R) O 31 n(BO
E) 020, n(E O R) 019, n(BO R) O 21

Letn(EOBOR)Ox  andy,w and z be the number of tourist who visited only
Elgon, Bujagali and Bwindi forest respectively

miey=160
niE =335 mily=238

For Elgon alone

y0D200x0Ox0190x0O35
y 0350200190 x

For Bujagali alone

wd200x0x0210x0 38

wid380200 210 x
OwOx0O3

For Bwindi forest alone

z0190x0Ox0210x0 31
z 0310190 210 x
O0zOx0O9

But wOzOxO0200x0210x0190x 060
OxO30x090x0406002x060
O03xO2x0O60044
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0x016
a) n(BOEOR)O16

b) OnlymtElgonOx 0O 4 0160 4 012

c) Number who visited only one site g wg y O x

0120 (1603) O (1609)
032

P(visited exactly __ondsite )OO 32
15

0
60

10.6  Miscellaneous exercise

1. Aninteger between 10 and 30 (inclusive) is chosen at random. What
is the probability that the chosen integer is:

I. prime ii. divisible by 2, 3, or 5. iii. a triangle
number

iv. a factor of 240

A box contains 4 red and 6 blue pens. A pen is picked at random from

the box and not replaced. Another pen is then picked from the box.
What is the probability that:

I. the first pen was red? ii.
both pens were red? iii. the

pens were of different colors?

3. Two dice are tossed and positive difference between the numbers on

both of their upper most faces recorded. Find the probability of getting
a positive difference which:

i is one

ii. is divisible by 2
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iii. is at least 2

(e
@tcca.hm

4. Faces of regular octahedron are marked with integers 1 to 8
respectively and those of an unbiased die are marked 1, 2, 3, 4, 5, and
6. The octahedron and a die are simultaneously tossed and the scores
for the experiment are recorded as shown in the table below.

Octahedron
1 2 3 4 5 6 7 8
1111 (12 |13 |14 |5 (@6) |17 |18
Die

2

3

4 (4, 5)

5

6 (6,3) (6,8)

a) Copy and complete the table above.

b) Determine the probability of getting:

i. an even number on the topmost face of the die and a prime
number on top most face of the octahedron.

ii. more than five on the top most face of the octahedron but
less than 3 on the top most face of a die. iii.
five on the top most face of octahedron but at most a four
on the top most face of the die.

at least a

iv. aneven number appearing on the top most face of the die

and the octahedron.
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11 TRIGONOMETRY (SINE, COSINE, AND
TANGENT)

11.1 Introduction:

Trigonometry is the branch of mathematics concerned with the
relationships between the lengths of the sides of triangles and their angles.
Under this topic, we shall look at what sine, cosine, and tangent stand for.

11.2 Right-angled Triangles:

These are triangles whose one of the angles is 90°. Now consider the
right-angled triangle ABC shown below. Angle A is an acute angle.

[
Hypotenuse Oppasite

_Iql'n'
|
A Adjacent B

»  The longest side AC of the triangle is called the hypotenuse.

Y

The side BC opposite to angle Ao is called the opposite.
»  The side AB adjacent to angle Ao is called the adjacent.

11.3  Definition of sine, cosine, and tangent:

a) The ratio side BC js called the sine of angle A
side AC
b) The ratio side AB s called the cosine of angle

A side AC
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c) The ratio _ sieBCiscalled the tangent of angle
A side AB

Sine, cosine, and tangent are abbreviated as sin, cos, and tan respectively.
Therefore, sine, cosine, and tangent of angle A° are denoted as sinA°,
cosA°, and tanA®° respectively and are defined respectively as:

°BC opposite SinAO 0O
AC hypotenuse

° AB adjacent
CosAD 0 ~AC Nypotentise

TanAog BC g opposite
AC  adjacent

11.4 Relationship between sine, cosine, and tangent:

Consider a right-angled triangle below with opposite side S units,
adjacent C units and hypotenuse r, units.

By definition:

— S sindO

O s 0O rsing
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cosUO0 _Oc0OrcosO
r
S
tanOO _ but s O rsin0and ¢ O rcosO
c
0 Sinp  rsin
0 @po rcos O cos
O O
tan @ = sin &
cos ()

This is the relationship that connects sine, cosine, and tangent.

Example

Consider a right-angled triangle below whose adjacent is 3cm and

opposite 2cm.

~ Zcm

Jemn g



Find:

a) tan6
Ecolebooks.g)om Sind @tectntonn
C) Cosf
a) tanflg
Solution 0 0.67 AB 3
BC 2
b) sindpg __BC but AC O
unknown AC

Using Pythagoras theorem,
AC 20 BC 20 AB?

naco2x’ ,  D3a130361cm

C) cosOn ™~ g~ g 0.83-AC-3.61

Example
Find the length indicated as X in the figure below

dcm

359

Solution

The two indicated sides, 4cm and x are the opposite and adjacent
respectively. Therefore from:

° 4
tan350 —, by crossO multiplication
X
4 4
tan35" 7002 O x oo,
where tan35°0 0.7002 from your calculator
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0.
Ox O05.71cm(3.s.f)

Example

Find the values of x and y in the figure below correct to two significant
figures.

Solution:

X'is adjacent to angle 33.2° and y is opposite angle 33.2°. 8cm is the
longest side i.e. hypotenuse.

From:

sind0__ opposite 0O5sin33.200 _y
hypotenuse 8

0y 0 80sin33.2°0 800.5476

O 4.4cm(2s.f )

Also from:

adjacent

costlp 0 c0s33.2°0 _x

hypotenuse 8

Ox O 80 cos 33.2°0 80 0.8368
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06.7cm(2.s. )

Example
3
Given thatsinggp 3 and tangn —3  Find cosOwithout using a
4
calculator.
Solution
Method 1:
tan00 sin0 O cosO0O sinO cos tand
U3 4
OcosOO OOE 5 3 45 Z
4
Method 2:
3 oppossite sin0d0O O 3 opposite
5 hypotenuse tanOO0 — 0
4 adjacent
opposite O 3
O hypotenuse O 5 adjacent O 4
5
3
i 0
4
0 COSD 0 %
Example
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Find sin6 and tanf given that cosO0O 1

Solution:

First sketch the right angled triangle as below

cosp O & g% g ¢ pgl2.bl3,a gunknown

By Pythagoras theorem,
b>0 a2 0c2
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DaOWOco 131202 v

Oa O5

Hence;

sindO ab/éSlji
/

tan0O ac O 512

Example

Given thatsinO0O 3/ where O is an acute angle. Find;

a) cost

by  sinOOcosO

Solution
sin O D%
5 3
i)
C
By Pythagoras theorem;
52 DCZ |:|32 0 C2 |:|25|:|9 |:|16

a) cosDD%D%DQé

b)  singpcosg p¥kp% /% ola
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11.5 Inverse Trigonometry

11.5.1 Introduction:
Consider the angle 30°.

O sin30°0 0.5. In other words, the angle whose sine is 0.5 is 30°
i.e. 30° is the arcsine of 0.5 abbreviated as sin® 0.5i.e. 30° =
sin’(0.5).

Similarly:
O cos30°0 0.866025403.
030° = cos(0.866025403)

g tan30°0 0.577350269

U300 = tan(0.577350269)

Generally therefore if;
sin A°0 a, then A0 sin™ a
cosB°0 b, then B0 cos™*b
tanC°O c, then C°0 tan™tc

Arcsine, arccosine, and arctangent are what are known as inverse
trigonometry.

Example
Find the angles whose cosines are given below;

i. 05
ii. -05
. 1
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iv. 0.2588
Solution
I. LettheanglebeAi.e.
CosA=0.5

O A O cos™(0.5)
A 0 600

O

ii. Letthe angle be B i.e.
CosB =-0.5

O B O cos™(00.5)
0B 0120°

iii. Letthe angle be 0 i.e.
Cost =1
000 cos™(1)
00O 90°

iv. Let the angle be Q i.e.
cos€2 = 0.2588

000 cos™(0.2588)
000 75°

@lcc‘ll—xvu
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Example

Obtain the angles whose tangents are given below
i. 0.5051
ii. 0.48

Solution
I. Let the angle be D i.e. tanD = 0.5051
0 D O tan®(0.5051)
0D 0O 26.8°

ii. Letthe angle be Ci.e.
tanC = 0.48
0 C Otan™0.48
OC O 25.64°

Example
Calculate angle A of the triangle below

10

Gom

Solution

m
tan AO & 01.667
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pAD tanmi(1.667)
OAO 59°

11.6  Application of trigonometry in real life situations

11.6.1 Angle of elevation and depression:

Consider two children A and B, with child A standing on the ground
and child B standing on the pillar.

8,
B
A

S 77777 77 7777777777/

e« Pillar

As child A looks up at child B, her line of sight is elevated at an angle

0, above the horizontal. This angle is what is called angle of elevation.
Similarly as child, B looks down at child A, his line of sight is depressed

at an angle O, below the horizontal. This angle is what is known as

angle of depression. From the property of alternate angles, 0O:00,.
Therefore, angle of depression is always equal to the angle of elevation.

Example

If the angle of elevation of A from B is 37°, what is the angle of
depression of B from A?

Solution

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

Angle of depression of B from A is Op 37° by the property of alternate

angles.

Example
From the figure below,

an®

10m

i R Find:

i The value of O
ii. The distance PR

iii.  The distance PF

Solution

i.  From the property of alternate angles opg 30°

10 -16—F/—10

ii. From:tanOg__"" gPRQO ol 0l7.3m
PR tan30 0.5774
ii. From: Or, from:

170PR sinOOcosOQ
PFPF

17.3205
O PF O sin103000100.5 O PF O cosPR300 0 (1.8
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O PF O 20mOPF O 20m

Example
From the figure below

» 415
L 22cm N M

Find;
a) thelength KN

b)  the angle marked ¢
c) thelength LK

Solution
a. From triangle KNM

tan41.500_ “Ng kN O 33tan 41.5°
33

oKN O 330 0.8847
0 29.2cm

b) From triangle KNL

KN 29.2 01.327
tan0d0O 22 O /22

000 tant2(1.327)
0 00 53°
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c) From triangle KLN
22 22

cosOO LK OLKO €0s53
OLK 22  [§oo36.6em
602 0.
Example

A ladder makes an angle of 22° with the wall when it reaches a
window 6.7m up.

a) How far is the foot of the ladder away from the building?
b) Calculate the length of the ladder.

Solution

6.7m

Foot of the ladder

o
///B//x’/f’////ff// s
+ X >

)

a) Let x be the distance of the foot of the ladder from the building
From:

tan22°0 ___* Ox0 AB tan22°
AB

Ox 06.700.404 0 2.7m

OR: using angle a;
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o900 22068°

AB 6.7 tan0 O
__Ox0O
X tan68°

f.

b) Let the length of the ladder be AC =y

coslO
AT
X 2.7
O AC O cosO O cos 6800 7.2m

O yB-72m—

Example

From the roof of a house, a boy can see a coconut tree, which is 20m away
from the house. He measures the angle of elevation of the top of the tree

as 21° and the angle of depression of the bottom of the tree as 13°. Find
the height of the coconut tree.

Solution
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- 20m >

The height of the tree = h1 + h2

For hs: For hy:
0 — h%anl3® O h? —
tan21 O
2020

O h: O 20tan21o O h20 20tan13o
Oh.0O 7.68m0Oh, 0 4.62m

Therefore the height of the tree O 7.680 4.62 012.3m

Example
Given the diagram below.

B C ]

Using the diagram above, calculate the distance BC.
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Solution

BC O BD OCD

From triangle ABD: From triangle ACD:

tan650 — BD tan550 0 __CD
1212

o BD o 12tan650 0 CD 0O 12tan550
OBD 0O 25.73mOCD 0O 17.14m

O0BC O 25.73017.14 O 8.59m

Example

@tccu.z—»u

The angle of depression of the ship from the vertical cliff 200m high is

20.3°

a) How far is the ship from the base of the cliff?

b) If there is a rock in between the ship and the vertical cliff, 70m from
the ship, calculate the angle of depression of the rock from the ship.
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Solution
a) Let y be the distance of the ship from the cliff

100 100
tan 20.3° o —— P
07y 090 G030

Oy O 270.34m

b)

SF Oy 0O270.34m

RF O SF O SR O 270.34 0 70 O 200.34m

100 100

OtanOO 0 0 0.4992
RF 200.34

000 tan?(0.4992)
000 26.5°
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Therefore, the angle of depression of the rock from O is 26.5°

Example
The diagram below shows two houses of the same height. The
distance between them is 50m.

Elrrr e &

If from P the angle of elevation of one house is 45° and that of the
other is 52°, calculate the height of the two buildings.

Solution
Let the height of the buildings be h.

FETFTT T TS FTF LTI
U 5 -x = Fé— X —»

- 50m >

From triangle PVW:
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tan38o O PV
h

OPV O h tan38°, but PV O x
OXOhtan38%.....ccooeeeeeee e 0:0

From triangle PUT:

N PU tan45,

h

OPU 0O htan45°, but PU O 50 O x
O500XOhtan38%....ovveeee e, 020

Solving equations (1) and equation (2) simultaneously

50 O htan38°0 htan45°0 50 O htan38° 0 htan45°

50 O h(tan38°0 tan45°) O h(0.781301)
50 O h(1.7813)

oh0O 59{7813 0 28.07m

Exercise

1. Given that tanO0%:dnd thatOis an acute angle; find without using
table or calculator:

a) sin0 b) cosO

2. If 5sin A O 3cos A;find tan Awithout evaluating the angle.

3. Without using table or calculator, find cosQUOsinQ, given that tanQ
0% /
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4.

Calculate angle B of the triangle below.

15cm 20w

A woman 1.55m tall is standing on the top of a cliff 30m high
looking down at a boat that is on a lake. If the boat is 80m from the
base of the cliff, find the angle of depression of the boat from the
woman. (Ans:21.5°)

A girl is looking up at the top of a building. She measures the angle
of elevation of the top of the building as 40°. She walks 20m
towards the building and finds that the angle of elevation of the top
of the building is now 55°. The girl is 1.5m tall.

a) How far was she from the building when she started? (Ans:
48.5m)

b) How tall is the building? (Ans: 42.2m)

A flag mast 6m long stands on top of a church tower. From a point
on level ground, the angles of elevation of the top and bottom of
the flag mast are 40° and 30° respectively.

Find:

a) the distance of the observer from the church tower (Ans:
22.93m)

b) the height of the church tower (Ans: 13.24m)

c) the shortest distance between the observer and the top of the
flag mast (Ans: 29.93m)

11.7 General Angles
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In this chapter, we shall consider trigonometric ration for any angle.
Angles are generally measured in anti-clockwise direction beginning
from positive x-axis. Before we go further, let us first understand the
following terms:

a)

b)

Clockwise direction (movement)
This is a direction or movement that follows that of the hand of
the clock

Anti-clockwise direction (movement)
This is movement in the direction opposite to that of the hand of
the clock.

Acute angles
These are angles, which are greater than 0° but less than 90°.

Obtuse angles
These are angles greater than 90° but les 180°

Reflect angles
These are angles greater than 180° but less than 360°.
Now consider a circle of radius r, center (0, 0) as shown below

¥ — axls
k

I

dh
The cycle above is divided up into four equal parts by the x — axis
and y —axis known as quadrants. These four quadrants are
numbered 1 to 4 starting from the positive x-axis going to the anti-

clockwise direction and are known as 1%, 2", 3 and 4" quadrant
respectively.

» X — axis
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Anti - clockwise

{positive)
2™ ®
- X —oxis
t 4"
4:#-&2

(negative]

Conventionally, we consider anti-clockwise to be positive and
clockwise to be negative. Therefore, angles measured from the xaxis
to the anti-clockwise direction are positive. i.e.

e

I
L S
B

Whereas angles measured from the positive x-axis to the clockwise
direction are negative. le

Let us now look at which trigonometrical ratios are positive and
negative in each of the quadrant. Consider a circle of radius r, centre
(0, 0) and let the point P(x, y) be any point on the cycle.

11.7.1 For 1st quadrant:

For an angle 01 in the first quadrant, x and y are positive.
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L » X —oxis

-
\J

sing, D%,cosul |:|§,tan|:|1 EI%

In the first quadrant therefore, all the three trigonometrical rations are
positive.

11.7.2 For 2nd quadrant:
For an angle 02 in the second quadrant, x is negative and y is positive

Y —axis
F 3

Pl-xy

i}
2 = X —axis

In this quadrant, it is only sinf2, which is positive; cos2 and tan02 are
negative.

11.7.3 For 3rd quadrant:

For an angle 03 in the third quadrant, x and y are both negative but r is
always positive.



Ecolebooks.com @tecietoon

Y -axis
&

C;‘jﬂs/ o X -axis

P-u, -y

: oy ox oy ¥y
sin , COS ,tan
OO0, Os 0 uzunxnx

Here, only tan®s is positive, cos03 and sinf3 are negative.

11.7.4 From the 4th quadrant:

For any angle 04 in this quadrant x is positive, y is negative and r is
always positive.

FAR: > X —caxis

N
N
P (x -yl

oy

sinm DD—y,COSD4 |:|§,tan|:|4 0
r X

Here, only cosbs is positive, sinf4 and tan64 are negative.
From the above results:

Sine Cosine Tangent
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Generally, these results can be summarized by writing which rations are
positive in each quadrant.

These results explain why angles, which are equally inclined to the

positive or negative x-axis, have trigonometrical ratios of the same
magnitude.

Example

Express the following trigonometrical ratios in terms of their respective
acute or obtuse angles.

1.a) Sinl20° 2.a) sin200° 3.a) sin330°
b) Cos120° b) cos 200° b) c0s330°

C) tan120° C) tan200° C) tan330°

Solution

1) 120°is in the second quadrant, where sine is positive and tangent
and cosine are negative

a),sin120°0 sin60°
b),c0s120°0 Ocos60°
¢),tan120°0 Otan60°
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2) 200°is in the third quadrant, where sine and cosine is negative and
only tangent, which is positive.

a),sin 200°00sin 20°

b),cos 200° O0cos 20°
¢),tan200° 0 tan20°

3) 330°is in the fourth quadrant where cosine is positive and sine and
tangent are negative.

a),sin330°0 Osin30°
b),c0s330°0 cos30°
¢),tan330°0 Otan30°

Generally therefore, any angle 6 such that 90°< 0 < 360°
a. For 90° < 6 < 180°: sinO0 sin(180°00) cosOO Ocos(180°00)
tanO0O O tan(180°00)
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b.  For 180° < 6 <270°: sinO00sin(00180°)
cosOOOcos(0180° tanOO tan(00O180°)

C. For 270° <0 < 360°;

sindO  Osin(360° O0O)
cosOO cos(360°00) tanOO
O tan(360°00)

Example

Express the following sines interm of sines of acute angles.
a) Sinl115°
b) Sin205°
c) Sin340°

Solution

a) 115° lies in between 90°nd 180°
Osin115°0 sin(180°0115°)

0 sin115°0 sin65°

b) 205° lies between 180° and 270°
Osin 205°0 Osin(205°0180°)

0 sin 205°0 Osin 25°

c) 340° lies between 270° and 360°
Osin340°00sin(180°0 340°)

0O sin340°00sin 20°

Example
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| tad

Given that sin00 5 and 90° < 6 < 180°.
Find:

a) Cosb

b) Sin6 + cosO

Solution
a) 0 is an obtuse angle and is in the second quadrant

Using Pythagoras theorem:

520 b20 32

0 bo0 2509 016
Ob O 160 4

But b is negative because it is in the negative x-axis. Therefore
b=-4

b
O cos g Dgﬂﬁ
_ 3n4
b) stDCOSDD%DD%U%D%
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11.8 Trigonometrical Ratios of 300, 450 and450

For trigonometrical ratios of 30 and 60, consider an equilateral
triangle with sides given as 2units as shown below.

11.8.1 For 60°:

From triangle ATB:

T
sin 60 " =
2
P 1
cos 60 =
2
tan 60 " = /3

11.8.2 For 300:
From triangle BTA:

Using Pythagoras theorem;

AB® = AT* +TB*
=2 ="+ 7B’
~TB =43

Using Pythagoras theorem;
PR* = PQ* < OR"

PR =1"+1°
= PR =2

cos 30 " =

sin 30 " =

tan 30 " = ——
V4
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11.8.3 For 450:
Consider a right-angled triangle shown below. PQ and QR are of equal

length, say 1unit. The length PR is obtained from Pythagoras theorem.

|
cos 45 Y = —

2
. 1
sin 45 " = —=

2
tan 45 " =1

119 Graphs of sine and cosine

11.9.1 Graph of sin®:
Consider the unit circle below

Y —axis
&

. F (% v]
-
¥
\) » X —axis
Point P is any point on the unit circle with coordinates (x, y) where y
= sin0 and x = cos0 i.e. cosO is the x-coordinate and sinf is the

ycoordinate, i.e. P (cosb, sinf).

If we are to draw the graph of y = sin6, then;
i.  Sin6 should take the vertical axis and 0 should take the

horizontal axis.

ii. Select the range of values of 6 from 0° to 360°. iii. Obtain

values of sinf from table of values of 0.
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iv. Plot values of sinf against those of the corresponding values of 0
and join the points plotted using a smooth curve (free hand)

The curve of y = sin0 is called the sine curve because the curve is in
the form of a wave. It is also known as sine wave.

Example

a) Draw a graph of y=sin6 for 0° < 0 < 360° taking 0 at the interval of
30°

b) By using the graph you have drawn;

i. Find sin280°
ii.  Solve for 0 in the equation 4sin6 = 3.

Solution
a) Table of values of y = sin6
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L o |3

60" | 20" 1200 150" | 130" | 210" 240" | 270" 300" | 330" | 3807
Sing 00 (050 |027 |10 057 0S50 |00 |05 0357 |40 -057 |-0S50 |Q0
Siné
10 astat
075
05 .:Eﬁ
0 i i3 4
-0
-1 FHTEHT
b) 1) Sin280°="0.98
i) 4Sinf=3 = sn8=0.75
Therefore the angles whose sine is 0.75 are: 6= 50" or 130°

11.9.2 Graph of cos0: Make a table of values of 6 and cos6 for the equation

y = cosb similar to that of y = sin0.

Plot values of cosf against those of corresponding values of 6. The graph
obtained is called cosine graph or cosine curve.

Example

Draw a graph of y = cosf. Using the graph, you have drawn:
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i) Find cos130° ii)
Solve 5¢co0s0 =2

Solution

Coz 8
M+
oE
e
h S
¢
b4 >l
. g
o - .t -4 i . 4 >4
5 -t b 4 4 4 P& ' 4 S>88
H
-
»e
05
-05
1 &
1 4
1
10 :
o _- =
a} Cos130°=70.65
b) 5Cos6=2 = cosf=04
Therefore the ongles whose cosine ls 0.4 wre: 5=68 and297
...........................................................................
RN R T R R e R R R R R s
BN AR AARR AR RANAPRA TN INERARANARARAREARAAARARABALIADEAARARARRRALARARAYARIA I
ruse e reh neate: S T S e e S e e e eenee:

From the two graphs of sinf and cos6, one might have noticed that:
a) All values of sinf and cosb lie between "1 and *1.
b) The sine curve and the cosine curve have the same shape. The

cosine curve can be obtained by translating the sine curve through
90° to the right.
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c) The curves have peaks (high points) and troughs (low points)

Remarks:

When recording the values of sinf or cos6, record them to two decimal
places and approximate them to one decimal place when graphing.

Example

On the same axes, draw the graph of y = sinx and y = 3sinx for x such
that 0° < x < 360°. Use your graph to answer the following questions:

a) State the value of x at which each graph has reached highest and
lowest point.

b) At what values of x do the two graphs coincide? What do these
values represent?

Solution
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| 8o o | o | 120" | 150° 10 | 210° 20° 2w a0 ax° | 2s¢®
Y-smx 00 |05 0& 10 |08 |05 08 |45 -087 -10 48 45 |00
¥=3siix 00 |15 26 |15 oo [45 28 -0 26 45 |00

Y i eediaaataNanA ReRe1ARA0 INAREREESEAIRARARE]
T R R R R P

Honzonml sale: 2mmrepresents 4°

a8
vy
1.0+
> .Iﬁ.-
T
I o T
it
T
L 1
T T
- - _— x
H H Tr3s sev
ﬁ - H -hbﬂ--n 1 *
. 3 -1
111 1 $
e T T
JAlld )
s 1
]
-1, . *
vy psisatananines
YRR = ¢
V=3mx g
H-H b be
-2 11T
1t
4l
H

a) Fory=sinx:
For highest point; the value of x = 90°
For lowest point; the value of x = 270°

For y = 3sinx:
For highest point; the value of x = 90°
For lowest point; the value of x = 270°.

b) At x=0° x=180°and x = 360°

These values represent roots of the equation sinx = 3sinx.

Example
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a) Draw the table showing the values of cos3x for 0°< x < 150° using
the values of x at intervals of 15°.

b) Use the table in a) above to draw a graph of cos3x with a horizontal
scale of 1cm for 15°and vertical scale of 2cm for 0.5units.

c) From the graph you have drawn, determined the values of x if

4cos3x+3=0
Solution
= @£ 1x
Cos3X -4 4M W9 w7 19 0Tt | ve 3§
H 3
e
Cos.
|43
18
E
1
i
0.5+ ¥
= ::I::F:: : T i X
05
neew
H
-1
R g
T
SIZZIIIIEIIiIIIICLY =
A 3 -3l = 20z 32 e -3
c)
SI0E 3X e /- =07
Therefore, the ongles whose cosingis-0.75 ore x = 48° ond x = 727
SSI3REHIENERINAIEI 0RePs 1SRS 8RN Y AR IR ERNNIRNI SRS DRSONSReRHIERTIARTNRAT]
!HL.H{:H55!5115!311!3:5!55555555!5!{.'{!5!!i!5!13‘.!:155555:5!5!3!!3!35!!H:HHEE
Exercise:

1. Use the graph y = sin6 for 0° <0 < 360° to;

a) Find the following;
(i) Sin25°

DOWNLOAD MORE RESOURCES LIKE THIS oN ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

(if) Sin118°
(iii) Sin350°

b) Solve the following:
() 6sinb=5

(if) 25sinO =4
(1i1)8sin@ —7 =0

2. Use the graph of y = cos x for 0° < x < 360° to;

a) Find the following:
(i) Coslh°
(i) Cos245°
(iii)Cos300

b) Solve the following:
(i) 3cosx=-1
(i) 13cos(=x)Od300

12 THE SINE AND COSINE RULE
12.1 Introduction:

Consider the triangle below:

The vertices of a triangle are always labeled with capital letters, for
instance A, B, and C, and the same symbols are used to represent the sizes
of the angles at the vertices. The corresponding lower case letters, a, b, ¢
are then used to represent the length of the sides opposite the vertices, i.e.
the letter ,,“a’’ is used to represent the length of the side BC, ,,“b"™* to

ece _eeee
C

represent the length AC and ,,
in the triangle above.

12.2 The sine rule:

to represent the length AB as you can
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Consider the triangle below with vertices A, B, C.

In the figure above, CP is perpendicular to AB. Now considering triangle
APC:

CP
__bOsinA

CPODBSIN A i Q)

Also considering triangle BPC:

CP
__a0OsinB

CPOASIN Bt 2

From equation (1) and (2;
asin B O bsin A

b
O O
sin A sin B

Applying the same argument to the line from A perpendicular to BC,
we could obtain;

— 0O csinB-sinC

Putting these expressions together, we obtain:
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a b c

sind  sinB  sinC

This expression is what is known as the sine rule or the sine formula.

Use of the sine rule:

We use the sine rule when given:
i. two sides and an angle opposite to one of the given sides, or
ii. two sides and any two angle, or
iii. two angles and a side

Example

Solve triangle PQR in which QR =5.12cm, angle Q = 43° and angle
R = 74° and hence calculate its area.

P

74° 43°
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Solution

a) To solve a triangle means to find the sides and angles of the triangle,
which are not known.

Angle P =?, QR =? PR =? Angle Q =43° angle R =74° QR =
5.12cm.

For the angle P:

From sum of interior angles of a triangle = 180°
QOPORDOL80

43°0 74°0 P 0180°

O P 0O1800117°
OP O 63°

For the length PR:

Using sine rule i.e. Pg@R
sinR sinP

QP 5.12
Osin74.0sin63%
5.120sin 74°
oQPO sin 63, OQP O

5.52em——

For the length PR:
PR QR
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sin Q sin P
—PR — 512

o0 sin 63°
.

O PR O 5.12sind-sin63er4e—

0 PR O 3.92cm

b) Area of the triangle

i h 4
€---- 512em----> Q

Area O *bh, h 0 2,b 0 5.12cm
From triangle RPT:

h
_ [Osin74°
3.92

O h O 3.92sin 74°
Oh O 3.77¢cm

Area of triangle QPR O :05.1203.77
0 9.65cm?

Example
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In triangle ABC, a = 4.73cm, ¢ = 3.58cm, and C = 42.2°, Calculate the
size of angle A and length b.

Solution

By the sin rule;

a c%c O 3.58cm
O  ,butaO4.73cm,C0O42.2
sin A sinC
4.733.58

O sin A O sin 42.2

Osin A Qg 4.730sin 42.2°0 0.8875
3.58
0 A O sin?4(0.8875)
O0A0O62.6°
From:

A0 B OC 0180°
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62.6 0 42.2 0 B 0180°0
B 0180°0104.8°

OB 0O 75.2°

sin B sinC
b 3.58

0sin75.200 sin 42.20

3.580sin75.2°
ObO sin 42.20

Ob O 5.15cm

12.3 The cosine rule:

Consider triangle ABC below in which angle C is acute angle.

AD is perpendicular to BC. Considering triangle ABC and by
Pythagoras theorem;

AD?0O AB20 BD?

0 AD?0 G20 (8 0 X)eroeeeeeereremrrrrreereereeeeeeeeeeesssesen @)

Considering triangle ACD:
AD?20 AC?0ODC?

OADZOB2OX ..o eeeeseesseesesseeeeeennes @)
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From equation (1) and (2)
c20(a O x)20 b20 x2
c20(a202ax0 x2) O b2 0 x2¢? Oa?
0 2ax0 x20 b20 X2

O0c20 a20b2028X.......cciieiieeiecreeereeeee e 3)

From triangle ACD:

X
_b0OcosC

Ox O bcosC

Substituting for x in equation (3)
c20 a*0Ob? 02bccosC

It can similarly be shown that:

a?0 b?0 ¢?0 2bccos A
b20 a20 ¢20 2accos B

The expression;

a~ = b+ ¢° = 2bc cos A
b~ = a  + ¢ - 2ac cos B
¢ = a“ + b = 2bc cos (

is known as the cosine rule or formula
12.4  Use of the cosine formula

The cosine formula is used when given;
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i) two sides and the included angle, or ii)
all the three sides

To find the angle of a triangle given the lengths of the three sides, we
need to re-arrange the cosine rule. Thus from:

a - =b +c¢” —2bccos A

We obtain the expression below

h: 4 .2 _ 2

cos A = < “
2bc

Similarly,

cos B = a_tc -b
2ac

cos ¢ = A tb —c
2ab

Example

In triangle PQR, p = 14.3cm, r = 17.5cm and Q = 255.6°. Calculate
the length of side PR.

Solution

@ O r2 0 p> O 2rpcosQ ¢ 017.5° 014.3° O
2017.5014.3c0s25.6°0 59.373

q059.373

OgO7.71lcm

Example
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In triangle XYZ, XY =3.5cm, YZ = 4.7cm and ZX = 6.5cm. Calculate
the size of angle Y.

Solution

3.5cm 4.7cm

From: y?0 z20 x*02zxcosY, y O 6.5cm,x O 4.7cm and z O 3.5cm
6.520 3.520 4.720 203.50 4.7cosY

42.25 0 34.34 O 32.9cosY

34.34 4225
O cosY O 329 0 00.2404
Oy O cos™(00.2404) 0Y[0103.9°
Example

Find the angles of a triangle with sides of lengths 3cm, 5¢cm, and 7cm.

Solution
Let the vertices of the triangle be ABC

3cm

A=?a=5cm,B=?b=7cm, C=?c=3cm
CosAOb20c20az
—p—
i. 7:0 3:0 52
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Ocos A O
20703
O A O cost(0.7857)

O0AD38.2°

a20c0b2
CosB O
2ac

ii. 520 320 72

OcosBO
20503
O B O cos®3(00.5)

OB 012Q°

CosC O a0 b20c2
2ab

iii. 520 720 32

OcosC O
20507
O C O cos™(0.9286)

OcO21.8°

0 0.7857

0oo.5

0 0.9286

You can now check if the sum of these angles is 180° i.e.

A0 BOC O 38.2°0 21.8°0120°0180°

12.5 Application of the sine and cosine formula

The concept of sine and cosine formula shall highly be applied in solving

problems under bearing.
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Exercise
1. Solve the triangles below, giving your answers correct to 3.s.f.
a) a=3cm,b=8cm,c=7cm
b) x=6cm,y=14.5cm, Z = 95°
c) p=4.1cm,Q=115.2°, R =38.9°
d) a=3.49cm, b =4.2cm, c =6.93cm.
2. Given the diagram below

A
3cm X
56°
B D
130°
2.1cm 2.3cm
C

Use it to find x.
3. Inthe figure below, AB = 4cm, BC =5cm, AC =8cm and CD = 5cm

A

dcm Bcmi

B 5cm C S5cm

Find the length AD.
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13 BEARING
13.1 Introduction:

Directions are described using north(N), south(S),east(E), and west(W)
and north-east(NE), south-east(SE), south-west(SW) and north-
west(NW).

N
AN

S SE
5

13.2 Ways of giving bearing:

There are two ways of giving bearing. These include the following; true
bearing and campus bearing.

13.2.1 True bearing

Here bearing is given as the amount of angle turned clockwise from
facing true north. For instance, suppose that you are required to give
the bearing of point B from A below.

B

In this case, you will stand at A while facing north, and then you turn
clockwise until you are facing point B directly. You then measure the
angle you have turned. This gives you the bearing of B from A. Suppose
the angle measured is 120° as shown.
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A azo!

The bearing of point B from point A is therefore 120°

Similarly, the bearing of point A from point B can be obtained in the
same manner.

B\ |/ 300"
The bearing of point A from point B is therefore 300°

Note:

For precision, three-figure bearing is normally used. E.g. 060°, 075°,
090°, 180°, 270°, etc.

Example
a) State the bearing of P from Q and
b) Also, state the bearing of Q from P in each of these diagrams.

155" P
9 ii) i) P

Nag®

Solution
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a) i) The bearing of P from Q = 155%ii) The bearing of P
from Q = 360° — 65° = 295° iii) The bearing of P from Q
= 040°

b)

180" — 55"

=]
Il

125"

Therefore, the bearing of Q from P = 360° — 125° = 235°
i)

é = 180" — 65"

= 115"

Q

The bearing of Q from P = ¢p = 115°
i)

Therefore the bearing of Q from P = g = 220°

13.2.2 Compass bearing

Bearing can be given by measuring the angle east or west from north
or south. Consider the diagram below.
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Therefore, the bearing of B from A is S60° E. this bearing is known as
compass bearing.

Example

By use of compass bearing, state the bearing of B from A from the
following figures.

N

a) b) B c) B
A
gﬂ” N 750
B 5 " =
Solution
a) S30°W
b) N20°W
c) N75°E
Example

Mr. Okello walked 10km north from his home and then 12km west to the
market.

a) What is the distance between Okello*s house and the market?
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b) What is the bearing of the market from Okello*s house?

Solution

a)  First, sketch the diagram. Let H and M stand for Okello’s house
and Market respectively.

12 km

10 km |

H

This is a right-angled triangle. The distance between the market
and Okello’s house is WH.

OHW O 10211122 015.6km

b)  The bearing of M from H is equal t0360° 00

ButOO ?
12 a

From: tan00O 1005

ooano tanﬂl|:|65ﬁ 0 50.2°

Therefore the bearing of M from H 0360°050.2°0309.8°

Example

Two boats, A and B leave a port at 07:00h. Boat A travels at 25km/h
on a bearing of 037°, boat B travels at 15km/h on a bearing of 140°.
After 3 hours, how far is A from B?

Solution Sketch:
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gdo140°00 37°0103°

For boat A:

The distance A has travelled in 3 hours is equal to PA
From:Distance O speed Otime, Speed O 25km/ h,and time O 3hrs

OPA O 25030 75km

For boat B:
The distance B has travelled in 3 hours is equal to PB

Speed 015km/ h,and time O 3hrs
OpPB 0O 1503
0 45km

The distance of A from B after 3 hours is equal to AB. Using the
cosine rule:

AB?0OPB20PA?0 20PAOPBOcosO

AB?0 45%0 7520 20750 45c0s103°0 9168.42
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OABO 9168.42 O 95.75km

Example

An aeroplane flies 120km in the direction 113°, then turns and flies
160km in the direction 156°. Find its distance from the starting point.

Solution
Sketch
Let O be the starting point and B the ending point.

Required to find distance OB.
00180°0113°0 67°
And0O156° 000 360°

noo 3600015600 6701370
Using the cosine rule:

OB2012020160?0 2012001600c0s137°
OB?0 68083.98

aoB O 6é083.98 0 260.9 km

Example
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Two planes start from an airport at the same time. One plane flies west at
400km per hour while the other flies at 500km per hour on a bearing of
040°. What is the distance between the two planes after 15minnutes?

Solution
Let: A be the air port
P1 be position of plane to the west and Uy its speed.
P2 be position of plane on a bearing of 040° and U its speed. Sketch

P;

N

Py A

Here the speed is given in km/h and time is given in minutes. This implies
that, we have to convert 15minutes into hours

60 minutes 01 hour
Iminute O lhour
1
O15minutes O 60015 O 14hour. So time T O 0.25hour

Distance AP, OU,OT O 50000.25 0125km

Distance AP, 0OU.OT O 40000.25 O0100km

The distance between the two planes after 15 minutes is P1P2
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P;

125 km
130°

P 100 km A

Using cosine rule:
P,P,2[ 1002012520 2010001250¢05130° PyP,2 [
41694.69

apP.P, 0O 41‘é94.69 0 204.2 km

Example

A boat sails from a port A in the direction 050° a distance of 5km to
B. from B it sailed on a bearing of 330° a distance of 3km to C.

Draw a sketch of the boat™s route and use it to calculate:
a) the eastward distance of B from A
b) the westward distance of C from B

Solution
Sketch




Ecolebooks.com ({tcctntoon

a) Using triangle ABE, AE represents the eastward distance of B from

A.
0O BAE 0O 40°
© — AE, OAEDO 5cos 40°0 3.83
Cos40 0O
5

OEastward distance of B from AO 3.83km

b) Using triangle BCW, CW represents the Westward distance of C

from W.
0 CBW O 30°
0 CW 0
Sin300 ___, OCW 0O 3cos 4001.5

3
OWestward distance of C from B O01.5km

13.2.3 Obtaining the bearing and distance of a point by use of scale drawing

To obtain the bearing or distance of one point from another, you can
follow the steps below.
O First, make a rough sketch of the interpreted information.

O Choose a scale for yourself in case the scale to use is not given.

0 Convert all the distances given in kilometers to centimeters using
your scale.

U Draw the diagram of the sketch to scale using the distances in
centimeters.

0 Measure the distance of a point you have been asked to obtain
using your ruler and then convert the distance you have obtain in
centimeters to kilometers using your scale.

O Use your protractor to obtain the bearing of certain point.
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Example

An aeroplane flew from Entebbe to Gulu a distance of 250km and then
to Tororo a distance of 346km. the bearing of Gulu from Entebbe was
048° and the bearing of Tororo from Gulu was 140°.

By scale drawing, and sing a scale of 1cm to represent 50km, find the
distance and direction of Tororo from Entebbe.

Solution
Sketch

Fdhkm

Scale :

1cm O 50km
1
O1km ﬁ Okm

From Entebbe to Gulu :

l
250km0 500250 O 5.0cm
Gulu to Tororo:

|
50 346km0O0346 O 6.9cm

Steps to follow:

» Beginning E, measure 48° clockwise using a protractor and draw a
line along this direction from E. Measure a length of 5.0cm using a
ruler along this line from E to G and do the same from G to T.
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* Measure the length ET using a ruler.
ET O 8.3cm

O ET O 8.3050 O 415km

Therefore, the distance from Tororo to Entebbe is 415km.

» Also, measure angle 0 using a protractor.
oo 57°

Othe bearing of Tororo from Entebbe O 48°057°0105°

Example

Four towns XYZW are situated such that X is 20km in a direction N65°E
from Y, Z is 24km in the direction S48°E from X while W is 27km in a
direction S39°W from Z.

a) By mean of scale drawing, find the respective locations of the towns.
b) Using your drawing, find the distance and bearing of W from Y.

Solution

a) Inthis case, the scale is not given; more so, the distances between
these towns are not so large. This therefore implies that you have to
choose the scale to use by yourself. Let 1cm = 5km

Sketch
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Scale :

XY 0O 20 km O 205 El/dcm
XZ 0 24km 0O 245 [¥4.8cm

ZW O 27km 0O 275 EI/5.4cm

Scale drawing

b)  Thedistance of W fromY O 6.8cm O 6.805 O 34km

Thebearing of W fromY 0147°0OR S33°E

Example
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Tree points A, B, and C are 10km, 15km and 25km from an
observation point O, on bearings 100°, 240°, 240°, and 000° from O
respectively. a) Find by scale drawing, the:

I. bearing of C from A
i. bearing of C from B
iii.  distances AB and BC.

b) If a cyclist is to steadily ride his bicycle from O to C via B at a speed
of 12.5km/h. determine how long he would take to travel to C.

Solution
a) Sketch
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I. The bearing of C from A is 340° ii.
The bearing of C from B is 022°

iii. Distance AB O 7.8cm O 7.803 O 23.4km Distance BC
011.7cm 011.7030 35.1km

b) Total distance 0OBO BC O15km0O 35.1kmO 50.1km

totaldis tance

TimetakendO |
speed
0.1
0 12.504.008

a 4hrs

Speed 012.5km
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13.3 Miscellaneous exercise

1. A, B and C are points on the same level. Points B and C are 100km
and 150km respectively from point A. the bearing of B from A is 225°
and that of C from A is 140°.

a) Represent this information on a sketch diagram.

b) From the sketch, find:
I. the distance of B from
C.ii.  the bearing of B from C

2. Four boats P, Q R, and S are anchored on a bay such that boat Q is
180meters on a bearing of 075° from P, boat R is 240 meters on a
bearing of 165° from Q, boat S is 185 meters to the south of P and due
west of R.

a) Draw a sketch diagram to show the positions of P, Q, R, and
S.

b) Without using a scale diagram, calculate:
I.  the distance PR to 3 significant figures. ii.

the bearing of P from R

3. A helicopter flies 540km from station A to station B on bearing 060°.
From station B, it travels 465km to C on a bearing of 150°. From C it
heads for station D 360km away on a bearing 265°.

a) Draw to scale a diagram showing the route of the helicopter.
(Use the scale: 1cm to represent 50km)

b) From your diagram, determine the distance and bearing of
station A from station D.
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4.

c) Determine how long it would take the helicopter travelling at
a speed of 400km/h to travel direct from station A to station
C.

In a sports field, four points A, B, C and D are such that B is due south
of A and due west of D. AB =10.8m, BD =18.8m, CD = 16.6m, <BAD
=60° <CDB = 40° and <BCD = 80°.

A vertical pole erected at D has at D has a height of 4.8cm.
a) Draw a sketch of the relative positions of the points on the
sports field.

b) Using a scale of 1cm to represent 2cm, draw an accurate
diagram to show the relative position of the points and the
pole and hence, find:

I. distances BC and AD ii.
bearing of B from C
iii.  angle of elevation of the top of the pole from B.

c) If an athlete runs from point A through points B, C and D and
back to A in 16 second, find the athlete*s average speed.

Three points A, B, and ¢ are on the same horizontal level and are such
that B is 150km from A on a bearing of 060°. The bearing of C from
A is 125° and the bearing of C from B is 60°.

a) By scale drawing using 1cm to represent 25km,find the
distance of C from:
i. A
ii. B

b) An aeroplane flies from A on a bearing of 340° at 300km/h.
After 40minutes of flying; the pilot changes the course at point
D and flies directly to C at the same speed. Include in your
diagram in (a) above the route of the plane. Hence find:

i.  The time (in hours), the plane takes to travel from A to
reach C.
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ii. The bearing of D from C

6. A helicopter flies from Moroto due south for 300km. It then flies on a
bearing of 255° for 350km. from there; it flies on a bearing of 020° for
400km.

a) Draw an accurate diagram showing the journey of the
helicopter using a scale of 1cm to represent 50km.

b) From your diagram, find the distance and bearing of Moroto
from the final position of the helicopter.

c¢) Given that the helicopter flies at a steady speed of 200km/h,
find how long the whole journey took.

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

14 MATRICES OF TRANSFORMATIONS
14.1  Definition:

Transformation means a change of position or size or shape or all.
14.2  Common terms used:

Below are some of the most frequently used terms under transformation:

1. Object
This is the initial figure (shape) formed before transformation has
taken place.

2. Image

This is the figure (shape) obtained when an object has undergone
transformation.

3. Congruent (identical)

This is when two figures have the same size and shape. Therefore, if
the shape and size of an object is the same as that of its image, we
then say that the object and the image are congruent or identical.

4. Invariant

This term is used to describe a situation when there is no change in
position, size, and shape after transformation. Therefore, if the
position, size, and shape of an object are not changed when it has
been subjected to transformation, then the position, size, and shape
of the image is the same as that of the object. In this case, we say
that the object and the image are invariant.

5.  Mirror line

This is a line of symmetry from where reflection of object takes
place.

6. Scale factor

This is a scalar quantity which when operated on an object, can
either increase or decrease its size.



Ecolebooks.com tcntoon

Ways by which an object can be transformed
An object can undergo transformation by the following ways:
O Translation
O Transformation by matrix multiplication
O Reflection
O Rotation
O Enlargement

O Combined transformation 14.3
Translation

14.3.1 Definition:

Translation is the displacement of an object in a specified direction
without turning. In other words, it is a movement, which has length and
direction. It is described using coordinates or a column matrix.

Example

Suppose point P (1, 4) has been displaced (translated) to its image point
P! (7, 1). To describe the translation, we need to compare the
coordinates of P and PZ.

NB:

Movement to the right and movement upwards are defined as
positive while movement to the left and movement downwards are
defined as negative.

Now let us consider the displacement of P along the x —and y —
axis;

Along the x —axis, P has moved 7 — 1 = 6 spaces (units)
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Along the y —axis, P has moved 1 — 4 = -3 spaces (units).

This can shortly be written as oeg which is a 2gimatrix
Oooosona

(column matrix) and it is known as matrix of translation denoted by
T.

POPOT

Ovo 010 0 e0

l.e. 000100p000Q400g O00gQ 3000

Generally therefore, the Image point (1), Object point (O) and the
matrix of Translation (T) are related by the expression below.

Image point OTranslation matrix O Object point

I=T+0

This formula can be used to obtain image point given the object point
and matrix of translation.

Example

Given translationT ¢ DDDDD5ZDDDD. Find the image of triangle ABC

with vertices A (0, 2), B (-3, 4) and C (2, 6) under T.

Solution
Let the image of ABC be A!BC!

From:Image OTranslation O Object
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A 00000052000000000020000000000720000

B: 000000520000000000430000000000950000

C.000005200000000062000000000110 0000

O

O A(0, 2) OO0 AYO2, 7) B(O3, 4)
OooBY(TS, 9)
C (2, 6) DOOCY(0,11)

Example
Given two matrices of translations as

020 0o 40

T OOp30pooand KOOpo5000.A0(0,0),BO(0,3)and C O (3, 3)

0

Find the image of triangle ABC under;
a) T
b) 2T
¢ K
d K+T

Solution
a) Let the image of ABC be A!BC!
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From: 10 T0OO,T0OOOQ2000
03d

1 020 0od dz0

A 00030000000o0000
0ooo3o0o O

B:
0000230000000000300
00 oO0oO00e20000

O

C:
0000230000000003300
00 0oooosedooao

O
O A0 OO0 AY23) B(0:3)

OOOBY(2,6)
C (3,3) 0OOC(5,6)

b) 2T 0 2000230000 00000640000

O

A, 000006400000000002000000000640000

B:000006400000000003000000000940000
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1040 O30 O70
C 000060000000300000009000

0 A(0, 0) OO0 A'(4, 6) B (0, 3) 00D B(4, 9)
C (3, 3) OO0 CY(7, 9)

C) k 000000540000

A.0000054000000000000000 000000540000
0

B.0000054000000000030000 000000840000
o

C.00000054000000000330000 000000810000

0 A(0,0) OO0 AY(04,5)
B (0,3) OOOBY(04,8)
C (3,3) OOOC(O1,8)

d) K O T 00pgO0054000000000230000000pg0o0820000

A:00000082000000000020000000000820000

B.000000820000000000300000000001120000
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C.0000008200000000033000000000111 0000

0 A(0, 0) OO0 AYD2, 8)
B(0, 3) 00O BY(02,11)
C (3, 3) OOOCY(1,11)

Example

The image of PQR is P* (0, 0), Q* (-2, 4) and R* (3, 4). Find the
coordinates of PQR and hence sketch PQR and P! Q! R! on the same
diagram. Take the translation vectors asopnn410nan -

a
Solution

040
From:10TOO,00010T,and TOpOOQglOon

OopPOPOT

00O O 40 OO 40

0 P OOOOOOOODOOOO1000
0ooo 1000 0

0Q 0O Q:0T,Q:000000420000

00 20 0 40 OO0 60

0 Q OOO
4000000001000000
05000 O

0O R OR:0OT,R:O00000340000

030 0 40 0010
0 R OO00040000000010000000 5000
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OP(04,1) OOOP(0,0)

Q(06,5) 0OOQYT2,4)
R(O1,5) OOORY(3,4)

"=

14.4 Matrix of Transformation

Consider point P (x, y). Its position vector is I:||:||:| XyDuuu . Let it be pre-

O

multiplied i.e. multiplied from the left by the matrix
Oa bO

M O O0c d OO, i.e

0
Oa bOOxO Oax ObyO
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MP O0000cd 000000 yOOO O00Ocx O dydonO

We say that the matrix M has transformed the point P (x, y) to a new
point Pt (xt, yh).
O x*0 axOby y* O cx

Ody

The matrix M |:|D|:||:||:|acdbn|:||:||:|is known as the matrix of transformation.

Generally therefore given the object point (P) and the matrix of
transformation (M), the image point (PY) is calculated from the relation
given below.

Image point O Martrix of transformation OObject point

o= MpP

NB:

# In order to obtain the image point, the object point must be
multiplied from the left by the matrix of transformation.

# |f the matrix of transformation M is an identity matrix, i.e. 01 00 ,

then the new point is left unchanged i.e. Mo I o ooo 1000

O
invariant.

Example

The point P (4, 5) is transformed by matrix M |:|D|:||:|13 24|:||:||:||:|. Find the

image

of P.
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Solution
Let the image of P be P!
P10 MP
01 20040 040100 0140

0003 40000005000 O
00012 0 20000 O 00032000 O

OP.0 00Q0O14320000

0P (4,5)0P (14, 32)

Example
a) P =(6,12) is the image of the point K under the transformation
02 40
T 0O 001
3
O0oo

Find the coordinates of K.

b) Find the matrix of transformation which transformed W (1, 1) onto
W (1, 1) and Y (3, 2) onto Y! (4, 3).

Solution
a) P=TK

Let K O Oa b
060 02 400a0 O2a O 4b0O
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0 0012000 0 00013000000b0O0O0 O 000 a 0 3b OO0

O
06028040 (1)
12080 3D )

Egn(2) O egn(1)
a0 3b0O12

1a02b03 bO9andab1203bda 012027
0015
0 K O (015, 9)

b) Let M O0O0OQgOac dbOOQgpObe the matrix that transformed W and Y

to W and Y? respectively.

WLO MW, Wi(1,1), W (1,1)
010 Oa bOO10 Oad bd
0 0001000 0 000cd 0000001000 O 000c O d 000

Also YOMY, Yi(4,3), Y(@3,2)
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040 Oa bOO30 O3a O 2bO
000030000000cd000000200000003c O 2d00O0O

040380 2Dcccmeeeeriireseseeeneen 3)
30 3CH 20ueroreeeeeeeeeeeeeeeeeeereeeen (4)

Solving eqn(1) and eqgn(3)Also solving eqn(2) and eqn(4)

20a0b01020c O d 010 3a02b 0O
43c02d03

2al2b0d22cO2dO?2
03a02b04°3c02d0O3
OaO020a0 20c O0010cO1

bOl0DaObOO1 dO10cOdO?2
02 010
OM ooOo O
01 200

145 Reflection:

For an object to be reflected, there must be a mirror line. A mirror line as
stated earlier is a line from where reflection of object takes place.

If point A is to reflected along the mirror line M, then its image A! will be
formed to the left of the mirror line and A and A are of equal distance from
the mirror line M.

Aw-=---- H====== I ————— AF-----s Al
o »

Below are the general properties of reflection:
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®  Points, which are on the mirror line, are their own images i.e. they
are invariant.

&  The distance of the image from the mirror line is equal to the
distance of the object from the mirror line.

& The mirror line M bisects the angle between the object and its
image.

® Inreflection, an object and its image are oppositely congruent i.e.
lengths and angle remain same but direction is reversed.

a) Finding the image of an object by scale drawing

Here we shall use the properties of reflection to find the image of an
object.

Example

Find the image of square OABC with O (0, 0), A (1, 0), B (1, 1) and C (0,
1) after reflection along the x —axis.

Solution
X-axis is the mirror line

Mirror line

* Points O (0, 0) and
A (1, 0) which are on the mirror line are their own images i.e. they
are invariant.

# Points B (1, 1) and C (0, 1) which are not on the mirror line are
displaced 1 unit below the x —axis (mirror line).
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0Do'0(,0) AWO(,0)
B'O (1,1) C'O (0, O1)
OABC D¥O0oes00OABIC!

Example

a) Find the image of triangle OAB with O (0, 0), A (1,0)and B (1, 1)
after reflection along the liney O x .

b) Find the image A B C after a reflection along the line y O0x

Solution
a)

| ¢ e Mirror line

A0 (0,1)

B0 (1,1)
00 (0, 0)

b)

T ’
AN
N B e Mirror line
1 T .
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A0 (01, 0)

B0 (O1, O1)
o0 (0, 0)

Example

Find the image of triangle PQR with P (-1, -1), Q (0, -2) and R (-2, -3)
after a reflection along the y —axis.

Solution

>
o~

% Mirrorline

General case:
If point P (X, y) has been reflected along the following mirror lines;

i y gaxis
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ii. xOaxis
.  y0Ox

iv. y O0x

Then, point P (X, y) would have its image as follows:

i. P (x, y) OD">O00PY(OX, y)

el pey

i.  P(x,y) D0"™sOOPXx, OY)

"'T ] Pix.v)
X

[]
[]
(]
¥Yrl(x, - ¥l

iii. P (x,y) O0vO™0OP(y, x)
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iv. P (x,y)ODv"O™OPY(0Oy, Ox)

/ Y
x

Example

a. Find the image of triangle PQR with P (2, 3), Q (3,5) and R (4,
4) after a reflection along the line y O Ox

b. Also find the image of P* Q' R! when reflected along the y —axis.

a) Graphical solution
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b)  Graphical solution

1L

L

- |

4

P(=3-2)—i==2 4 p¥(3 2

0 (-5.-3)—=22 5 0%(5.-3)

l.lllﬂw!!ﬂﬂﬂ -m

R~ ——==r R4 -4

I
=
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b) Finding the image of an object by use of calculation

Here we need to know the matrix of reflection along the given mirror
line. Thereafter, we multiply the object from the left by the matrix of
reflection to obtain the image.

14.6  Matrix of reflection along x —axis
Consider two points P (1, 0) and Q (0, 1) being reflected along x —axis.
Fom : P(x, y) O*OsO0P*(x,Oy) O
P(1, 0) D*0%=00PL (1, 0)
Q(0,1) 0*0°>=00Q* (0, O1)

Oa bO

Let M O0OpOc dOpQ be the matrix of reflection

OP:0O MP also Q0 MQ

Pt Q! P Q
01 00 Oa bOO1 oo
oooo 00 oo0c ooooo
0 mg O 01000 ppgod
01 oo Oa dOO oo1
oooo 0O 000c pg a1l
0 0 O
100 dO0o OcO 0
o1 od

OM O 0000 gl 00g

Therefore the matrix of reflection along the x —axis is Onnoo n®2000n

Activity:
Show that the matrix of reflection along;

I y Daxis is 00gO001 100000



Ecolebooks.com ({tectntoon

il yOxis 0O0OpO10 100000

iii. y 00 010

O OxisO0001 0 Opgd

Example

Find the image of OABC with O (0, 0), A (1,0),B (1,1)and C (0, 1)
being reflected along the x —axis.

Solution
Method 1:
] . .. o_ 1
The matrix of reflection along the x —axisis Mg 00O 0
1% "0
oo
1 O A B C ol At B: C:
0 O:A:B:.C:000pgo 0000 11 oQO oo 1 1 on
o |:|1|:||:||:||:||:||:|0 ! 1 oo P 0 m oo
0o:o (0, 0) At 0
0 01p
0,0 oooan
BlO (1, O1)
cio (o, O1)
Method 2:
From : P (x, y) O*08sOOpi(x, O y)

0(0, 0) 0¥0°&=000* (0, 0)
A(1, 0) D¥022¢00 AL (1, 0)
B(1, 1) DX08=s0OBY (1, O1)
C (0, 1) I¥O22=00C (0, O1)
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Example

a) Find A and B the images of A and B respectively under the reflection
in the x —axis with A (1, 3) and B (3, 7).

b) Find:
i) The equation of AB ii)
The equation of Al B!

Solution

a)  The matrix of reflection along x —axis M

O 1 0.0
0 ood'o 01 OO0

A'DMAandB'OMB. AO(1,3),B0O(3,7)

A:00001000100000000130000 000000130000
O
DA(L, 3) OO0 AL(1, 0 3)

B: 00001000100000000730000 000000370000
0
0B(3, 7) OOOBY(3, 0 7)

b) i) For AB: A0 (1,3),B0(3,7)

T—3
Gradient of AB 3

ooo 2

P | =

Fromy O mx Oc, m0O 2 and using point A(1,3), x 01,y 03

03021)0cOcOl
Oy O2x0O1
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14.7

i) For AlB!:

A0 (1,03),B*O0(3,07)
o
Gradient of A1B: 0 O 72381 482
301 2

Fromy O mx O ¢, m 002 and using point A(1,0 3), x 01, y 003
003002(1)0c0OcO01
OyO2x0100

Rotation

This involves change in position of points when they are turned about a
fixed point known as centre of rotation. Centre of rotation is a single fixed
point under rotation. Nevertheless, every other point under rotation moves
along an arc of a circle with this centre.

When a point changes when it is turned about the centre of rotation, the line
from the point through the centre of rotation turns through an angle known
as angle of rotation. Angle of rotation therefore is the angle through which
a given point has been shifted from its initial position when turned about
the centre of rotation.

14.7.1 General properties of rotation:

# The image is directly congruent to the object

# The distance of an image point from the centre of rotation is equal to
the distance of the corresponding object point from the centre of
rotation.

# Each line on the object through the centre of rotation turns through an
angle equal to the angle of rotation.
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# The centre of rotation is the intersection of the perpendicular bisectors
of any two lines from the object to the corresponding image. For
instance, given triangle ABC and its image Al B! C!, the centre of

rotation is the intersection of the perpendicular bisectors of any two of
the line segments AA!, BB?, and CCL.

a) Obtaining the centre and angle of rotation

When given an object and its image, the centre and angle of
rotation can be obtained. The following example will illustrate this
concept. Consider triangle ABC with vertices A (-4, 1), B (-3, 3)
and C (-1, 1) being rotated on triangle A'B*C* with vertices A® (1, -
1), B! (3, -2) and C* (1, -4). Determine the centre and angle of
rotation.

In finding the centre and angle of rotation, the following steps
should be followed:

# Plot the image A'B!C! and the object ABC on the same graph
paper.

# Join BB! and then construct its perpendicular bisector.
# Join CC! and also construct its perpendicular bisector.

# The point P where the perpendicular bisectors meet gives the
centre of rotation.

# The angle of rotation is <BPB! or <CPC!. It is measured using a
protractor.
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b) Finding the image of an object by scale drawing given the angle and
centre of rotation

We can find the image of an object if we know the object point, angle
of and centre of rotation.

NB:

» Rotation is defined as positive when it is anti-clockwise and
negative when it is clockwise.

* A positive rotation through an angle 0 is the same as
negative rotation of through an angle of (360° — 6) about the
same centre.

Example
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Use graph paper to obtain the image of rectangle ABCD with vertices A
(1,1),B (4,1),C (4, 3) and D (1, 3) when rotated through 90° anti
clockwise with O (0, 0) as the centre of rotation.

8
F
o8
-
z - 3 3 %
<Af0A =9af
<508 = 90°
«0c=90
<000 = %0°

: . . -
L==15 C'=(34)

VB =(-14) Di=(AD

Lrs

nnnnnn B
IGRRRAERENANEEREIAENNARERERS)

c) Finding the image of an object by calculation

Here we need to know the matrix of rotation. The object is then
multiplied from the left by the matrix of rotation and the result obtained
gives the image point. That is to say, if M is the matrix of rotation and
point P is the object point, then the image point P! is calculate from the
expression below.

P' = MP

Generally, the matrix of rotation M is given the expression
below:
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(cos@ —sin@)

\sin@ cosf@ |

Where @ is the angle of rotation

14.7.2 Common terms associated with rotation

Consider a unit circle i.e. a circle of radius 1 and centre (0, 0) as

shown below.
ag”
o, 1)
Anticlockwise 180° 75 A Clockwise
[positive) ' ' (negative)
0, -1)
7

Clockwise rotation is negative and anticlockwise rotation is positive.
Below are some common terms associated with rotation.

1 Quarter turn:
This is the same as turning through 90° anticlockwise. I.e. quarter
turn = 90°.

2 Halfturn:
This is the same as turning through180° anticlockwise. I.e. Half
turn = 180°.

3 Three quarter turn:

This is the same as turning through 270° anticlockwise. l.e. three —
quarter turn = 270°,
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4

Negative quarter turn:
This is the same as positive three —quarter turn. I.e. negative—
quarter turn = -90°,

Example

Find the matrix of rotation through:

a) Quarter turn

b) Half turn

c) Three quarter turn

d) Negative quarter turn
e) 30°
Solution

b)

d)

OcosO O sinOO Matrices of
rotationM O 00 0O

gsing cosg OO

Quarter turn: 8 =900
Ocos90° DO sin90°0 0o oi0
oM O 00 O

Osin900 co0s90000 O O0O010 OO0

Half turn: 6 =1800
Ocos180°0 sin180°0 O0O1 oo
OM 00o0 0

Osin1800 c0s1800 000000 0 01000

Three—quarter turn = negative quarter turn: 0 = 2700
Ocos270° 0Osin270°0 OO0 1O
oM O oo O

Osin 2700 cos 270000 O OOO0O10000

Negative Quarter turn: @ = -900
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Ocosd 90° OsinO090°0 OO0 10O
oM O0o |

Osin0 900 cosO 90000 OOOOO10000

e) For 30°:
OM O 000sin300  Ocossin3030000Q0,  but sin300 0 ' afd cos30
O 2305300
O
oo 00.866 00.50
Lot oooooo O
¥3
00 » .00 Oo0.5
0.86600
Example

Find the image of A (3, 4) after a rotation through an angle of 30°.

Solution
The matrix of rotation for 30° is

Ocos30° Osin30°0 00.866 00.50

M O00sin 300 cos300000 O OO0 0.5 0.866000
]

A0 MAOOOZO0.0866.500.8660.5 OgpO0pgpO043gg00 O000gQ40..9645980040

0Ar00o0.598, 4.9640
Example

Find the image of P (3, 00, Q (4, 2) and R (-3, 0) after being rotated about
the origin through 3 turp./Hence, sketch the object and its
4

image.
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Solution
Atumn is the same as turning through 270°. The matrix of rotation is:
4

Ocos 270° [Osin270°000 1000
OM O00sin 2700 0 00001
0 0g
a c0s270° o O
P Q R
0 1003 4 03000 2 o0
04
O P1Q1R1EIEIEIEIEI10DD|:|DDD 2 0 00%%a00 0
o 0 30 30pg
P (3,0) 000 P10, 3)
Q (4,2) 000 Q2,0 4)
R (03, 0) OO0 RY(0, 3)
| 84 E:.
 faeaTes
- “‘ﬁ
8% 4ua #l H s
Ay

Example
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A triangle with vertices A (1, 3), B (2, 1) and C (3, 1) is mapped onto
another triangle with vertices A! (-3, 1), B (-1, 2) and C (-1, 3). Describe
this transformation and find its matrix.

Solution
swari
3 -+
Description:
The transformation is o rototion through 80 obout the origin.
Oa bO
Let the matrix of transformation M OOQOcdOnn
From: P10 MP
A B C AL B1 C1 At B C

Oa bOO1 2 300a03b 2a0b 3adbO0OO301010

0 O0OcdOoOOOOO 2 1 10000000c03d2c0d3cOdOnooononol 2
3 ooa
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O aOd3b OO3............ (1) 2aO0b OO1.............. (3) 3aOb OOL1............. (5) cO3d
N (2)2cOd O 2................ (4)3cOdO 3. (6)
Equation(5) Oegn(3)Equation(6)0eqn(4)
3alb0013cOd O3
n2a0b 001 n2cOd o2 ado0,c0O1,
3alOb0O0O1 Ob0O 013cddO3 0OdOo
0
oM oOoodl
O
01E||:||:||:|

17.3 Enlargement:

We say that an object has been enlarged when its size has been

increased. An enlargement is a transformation, which results in an
image, such that:

O All its lengths and the corresponding lengths on the object bear a
constant ration known as scale factor.

O Its angles are equal to the corresponding angles on the object. In
order words the object its image are similar.

To describe an enlargement, we need to know its centre of
enlargement and its scale factor. A scale factor is a factor by which
the size of a given object changes.

17.3.1 General properties of enlargement

# An object and point, its image and centre of enlargement are
collinear.

® For any point A on an object, OA*g k OA-, where Kk is a scale
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_factor. For
instance if k = 3, then this mean that OAt is 3 times

OA i.e. OA'O 30A-.

# The centre of enlargement is the only point that remains fixed
irrespective of the scale factor.

# If the linear scale factor is k, the area scale factor is k? and if the
enlargement results in the formation of solid object, then the
volume scale factor is k®.

17.3.2 Obtaining the matrix of enlargement

Consider triangle TUV with vertices T (1, 1), U (2, 1) and V (2, 2) being
enlarged with scale factor 2 and centre of enlargement O (0, 0). This means
that every point on the triangle increases by a factor of 2, i.e.

T.0 200011000000000220000, u.d
2000012000000000240000, v.0
2000022000000000440000 4

The size of triangles TUV and T*U*V?! can be compared by drawing
them on the same graph.
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17.3.3 Matrix of enlargement:

Let the matrix of enlargement v 0000O0acdobO00n

From PO MP
Ta U V. T U V

02 4 400a bOO1 2 2(g
ooag 2 2 40000000cdDOOOOO1 1 2000

0
02 4 40 OaOb 2a0b 2a02bO

0O02 2 4000 0000cO0d 2cO0d 2cO2d EID|:|

aOb0O2..... ) cOdO2...... (4)
2a0b04..... ) 2cO0dO2.... (5)
2a02bO4... 3) 2cO02d04.... (6)
02 od
OThe matrix ofEquation(2)0egn(1) Equation(5)0eqn(4) enlargement M,scale factor 2
centre (0, 0) is 2allbO4 2c0d0 2 M OpOo 2000
Dalb O 2 .
cddOd2cO0O,
al2b 402
oo
(k 0)
J‘lf =
0 k)

Where k is the scale factor

Generally, the matrix of enlargement is given by:
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Note:

a) If k>0, then the object and its image lie on the same side of the
centre of enlargement.

b) If k <0, then the object and its image are on opposite sides of the
centre of enlargement.

c) If koo, then the object and its image are congruent

d) If 0 <k <1, then the image is smaller than the object.

Example

The vertices of quadrilateral ABCD have coordinates A (2, 3), B (-3,
4), C (-5,-1) and D (4, -5).

Find the images of the vertices of the quadrilateral under enlargement
with centre (0, ) and :

a)  With the matrices:

I 000oo2 020000

ii. 00QO00.5 00.50000

b)  With matrix 0000002 0020000

In both a) and b) show the images and the object on the same
graph paper.

Solution
a) Image O matrix of enlargement Oobject
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b)

A B C D Al B C D

2 00020305 40 ng0 U0 em
8 m2 oo
|
J0o02000000 3 40105000 00006 0100
|
A(2,3) 0ono A4, 6)
B(0O3, 4) 000 BY(06,8)
C (05, 01) OO0 CYO10, 0 2) D(4, O
5) 00O DY(8, O10)
A B C D A Bu Cu Du
1 0.5
oOo2 O3 0O5 410
O ne o, pnoos o g
ao oo 2 005 oo
0 0500000
050 150
0 3 O 0250
A2, 3) 0oo A%(1,1.5)
B(O3, 4) 0oo B*(O1.5, 2)
C (05, 01) OO0 C'Y(O2.5, 00.5) D(4, O5)
ooo D2, 02.5)
A B C D Air Buz Cui D
oOoaz2 Dj a5 40 004 6 10
peopoooo ¢ P 00 e me 2 O8O
oo2 3 05 g 0 O
ooo 10
| | oo

A(2, 3) OO0 A4, O 6)
B(O3,4) OO0 Bu (6, O8)
C (05, 01) OO0 C4(10, 2)
D(4, O 5) OO0 D1(18,10)
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i For: a) i) and i)

*..z'

xxxxx
--------
........
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17.3.4 Centre of enlargement (C.E)
The centre of enlargement can be calculated from the expression below
“E- " (ko -
C.E = _l(ko 1)

Where :k — scale factor
O — object  position
I — image position

Example

The image of point A (5, 2) under an enlargement scale factor -3 is
Al (1, 6). Determine the coordinates of the centre of enlargement.
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Solution
From: C.EO__ ki1 10komid, k003, 0 0 Aon°o°200 g, 1 0 Atooon® Yeon o
0 0
0 110°050 ?ﬂ 10515010
0,00 005 16
1,200 00340000

OC.E 000 3002000000060000000 04 I:|I:II:I 606 OO0O0 4

0000120000000 12 40000
300 O
a0
oc.eols, 3
17.4 Inverse transformation:

If M is the matrix of transformation that maps an object P onto an
image point P, then the transformation which maps P* back onto P is
called inverse of M written as M7, i.e.

If PO MP,then :

=M

This expression is useful in obtaining the object point given the image
point and the transformation matrix.

Example

Under the enlargement':'uuo2 02D|:||:||:| the image of triangle ABC has
vertices

O
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Al(4, 2), BY(4, 4) and C%(8, 4). Find the coordinates of the vertices of the
object triangle ABC.

Solution
02 oo

Let M 00002000

O
O2 od
det M O 4, adjoin of M OOQO o
o 200
O
oM ©o O _ 4 0oooo2
02D|:||:||:||:||:||:||:|D012012D|:||:||:|
1
From POMBMPIA,
Bl Cl A B C
0% ooo4 4 80O o2 2 40

0000000000024 400000001 2 2000

Therefore, the coordinates of the vertices of triangle ABC are A (2, 1), B
(2,2),and C (4, 2).

17.5 Combined transformation:

This is when the object is performed with more than one matrices of
translation. Here, you will be required to be in position to:

i.  Obtain the image of an object under combined transformation.

ii.  State a single transformation that would map the object onto the
image obtained after combined transformation.

iii. Obtain a single matrix, which is equivalent to the combined
matrices of transformation.
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Example

Triangle ABC with vertices A (1, 1), B (1, 4), and C (3, 4) is given a
positive quarter turn about the origin to give triangle A'BC. This is then
followed by a reflection along the x —axis giving the image of A1B1C1 as
A11B11C11.

a) State the coordinates of triangles:
i. A!B(C!

ii. AuBuCu

b) i) What single transformation maps triangle ABC onto triangle
A11B11C11?

i) What is the matrix of this transformation?

Solution
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b)

A=111
B:{.Y,‘)f
£=34j
B ]
" T
AlD (@11) AO (01, O1)

B'O (04,1) and  B%0 (04, 01)
C'O (04, 3) cii0 (04, O3)
i) A single transformation that would maps triangle ABC
directly onto triangle A'B!!C™ is the reflection along the
line y pox
i) Method 1
Let Q be the matrix for quarter turn and X be the matrix
for reflection along x —axis.
For Q:

OcosO OsinOO
From Q O O0OOsin0  cosO OO0 OO 900 for positive quarter turn

Ocos90° Osin90°0 00 010

O EIDEIsinQOO COSQO°EID|:|EIEIEIEI10 ooa
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For X :

For the reflection along xOaxis :
goO10

X O 00010 00g

The matrix of this transformation M g XQ but not M gQX .

This is because Q was performed first on triangle ABC
followed by X, i.e.

A11B11C11 0 XQABC

01 000o 010 oodin
oMoogo Olooooooi O O
0 0 OgOM
oo
ooool

Which is the same as the matrix of reflection along the line y O Ox

Method 2

Let this matrix M O OOOOacdbOOOO

O A1:B1:C1: 0 MABC
A B C Au  Bu Cu
Oa bOO1 1 30 001 04040

OOcd OODOOO 1 4 4000000001 0103000
o
OaOb abO4b 3a04bO 00104040
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OO0OcOdcO4d3cO4d 000 00000101 03000a0
bOOL..... (1)cOdO0OL...... @)

Dald4b0 O4......(2) cO04d001L.......(5)
3a04b 0 04......(3) 3c04d 0 O3.........(6)

Equation(2)Oeqgn(1)Equation(5)deqn(4) aOd 4b O004cO 4d 001
o alb0O01cOd 001

3b 003, 0 b O013d O 0, odoo
aObO010a00 cd 0010 c0O0O1

oM EIEIEIEID10 0oi000g

General case:

s If X and Q represent transformations, then XQ means perform Q
first followed by X.

% Similarly if X, Q and R are transformations, then QRX means X is
performed first then R and finally Q in that order.

NB:
Make sure the order mention above is always followed.

% M2 is the same as MM, i.e. M followed by M.
N (QM)-l - M-lQ-l
s Remember that: XQ 0 QX

X/

RS
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17.6  Relationship between the area of an object and its image Area scale
factor:

This is defined as the ratio of the area of the image to the area of its
object, i.e.

Area of image

Area scale factor 0O
Area of object

17.7  Area of an image:

b

Under any transformation with matrix M g I:||:||:||:|aco| I:||:||:||:|

Area of image O magitude of det M O Area of the object
le.

Area of image O ‘ad EIbc‘EIarea of the object. Where, ad Obc O det M

O Area sacle factor O det M O Area of
object O det M Area of object

O Area scale factor is the same as determinant of the operator.

NB:

If the det M is negative, then we have to ignore the negative sign.

Example
Triangle ABC with coordinates A (1, 1), B (1, 5) and C (6, 1)

undergoes a transformation represented by matrix®gan%s 2%an0.
Find the area of the image.
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Solution

Area of triangle ABC O bh, b O 6 010 5units, h O 5 010 4units
0 3050 4 010squnits

Mo 03312 0gg detM O 302 0 3010 3

0
OArea of triangle A'B*C* O det M O Area of triangle ABC
O 3010 O
30 squnits

Summary:

1. Under the transformation of translation, reflection, and rotation, the size is
always preserved meaning that the object and its image are identical

(congruent). The three transformations above are therefore known as
isometrics.

2. Non —isometric transformations on the other hand are transformation for
which the object changes position, the size, and sometimes the shape.
Enlargement is an example of this transformation.

17.8 Miscellaneous exercise

1. Triangle ABC has vertices A (-4, 1), B (-1, 1) and C (-3, 4). T is the

0

transformation with matrix T g I:'|:||:|22 3D|:||:||:|

O
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a) Find the image of ABC under T.

b) Sketch triangle ABC and its image A! B! C! after this
transformation.

2. Point P (a, b) has been transformed by the transformation with matrix

noooi4 os0000. The image of P (a, b) is P! (2, 9).

Find the value of a and b.

3. Atriangle with coordinates A (2, 3), B (6, 3) and C (4, 6) is given a
transformation represented by matrices M 0000001 0230000 and N
0o0oO0o12  030000to

0
form A! B! C! and A B CH respectively.

a) Find the coordinates of Al B! C! and Al B! C1%,

b) Find a single matrix that maps ABC onto Al B! C%,

¢) Find asingle matrix that maps A'* B! C!! back to ABC.
d) Find the area of triangle At B C,

4. Find the image of triangle A (1, 1) B (5, 1) and C (5, 3) after being
reflected in the;

i. X -axis
ii. Y —axis.

5. Under a rotation X = (5, 3) is mapped onto X! = (-2, 5) and Y = (4, 6)
is mapped onto Y* = (-5, 4). Find by a diagram the centre and angle
of rotation as accurately as possible.
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6. After a rotation, the image of P (3,0) and Q (4, 2) are P}(-3, 0) and
Q(-5, 1) respectively. Find the centre and angle of rotation.

7. ABC has vertices A (-5, 2), B (-1, 2) and C (3, 4). The image of
triangle ABC under a rotation is the triangle A'BC! with Al (2, 9),
B! (2, 5) and C! (4, 1). Find the centre and angle of rotation.

8. a) Find the image of B (-4, 5) under a rotation about the origin of:
I. -270°
i, 45°
iii. 37.4°

b) Find the transformation matrix for a rotation of:
I o70° about the origin

il. 38° clockwise

9. Thepoints A(-2,1),B(-2,4),C(1,4),and D (1, 1) are vertices of
a square ABCD. The images of A, B, C and D under a reflection

in the line xgy o 0 are Al, B!, C* and D* are then mapped onto the

points A, B, C!t and D! respectively by a positive quarter turn
about the origin.

a) Draw square ABCD and its images A'B'C'D! and A11B11C11Das.

b) State the coordinates of the vertices of:

i. ABICID?
ii. A11B11C11Du

10. Atriangle XYZ has vertices X (1,0), Y (3,0) and Z (3, 4). The
triangle is given a positive quarter turn about O (0, 0) to be
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11.

12.

mapped onto triangle X1Y?Z!. The image X'Y!Z! is then reflected
along the line xg y o 0 to be mapped onto triangle Xyt z11,

a) Plot and draw on a graph triangle X Y Z and its images
Xy1zt and Xyt Z1 respectively.

b) Using your graph, state the coordinates of the vertices of
triangle X*Y1Z! and X!ty1zH,

a) PQRS is a square which has been transformed into image
ABCD with vertices A (0, 0), B (6, 0), C (6, 6) and D (0, 6) by an

enlargement centre (0, 0) and matrix M g ':'|:||:|o2 02D|:||:||:|

i. Find the coordinates of PQRS
ii. Sketch PQRS and its image on the same diagram.
b) PQRS is transformed by an enlargement centre (0, 0) and

O

matrix T g |:||:||:|Do3|:|03':'|:||:||:|. Sketch the image of PQRS on

the same diagram as in 11 a) ii) above.

Unit square OABC, withO =(0,0),A=(1,0),B=(1,1) and
C = (0, 1) is transformed by a positive quarter turn about the
origin onto OXYZ.

a) Find the coordinates of the vertices of OXYZ

b) OXYZ is enlarged with matrix I:'|:||:||:|1o'5 10_5D|:||:||:|centre (0, 0).

Find the area of the image of OXYZ.
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13. The points P (0, 2), Q (1, 4), and R (2, 2) are vertices of triangle
PQR. The images of P, Q, and R under a reflection in the line xgy

oo are P, Q' and P! respectively. The points P!, Q! and R* are then

mapped onto the points P Q! and R respectively under an
enlargement with scale factor -2 and centre of enlargement O (0, 0).

a) Write down the matrix for the:
I.  Reflection
ii. Enlargement.

b) Determine the coordinates of the points:
i. P!QlandR!
ii. P1QandRM

¢) Find a single matrix of transformation that would map triangle
PQR onto P 11Q11R11.

18 THE CIRCLE
18.1 Definition

A circle is a set of points, which are at the same distance from a fixed
point.

The fixed point O is known as the centre of the circle while the constant
distance, r is known as the radius. The line AB from one point of the
circle to the other point of the circle through the centre of the circle is
known as the diameter and it is twice the radius, i.e.

Diameter .d = 2r
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18.2 Circumference of a circle
This is the total distance round the circle

\

The distance A to B to C to D and back to A is equal to the
circumference of the circle of radius r above. The circumference, C of
the circle is given by:

o

e

"—l

B

-e-t

C=2nr
where r is radius of the circle
Or :

C=nrnd

where d is diameter of the circle = 2r

Example

Calculate the circumference of the circle whose radius is 7cm.

Solution
co20r, rO7cm00 =
22
oco2o 7070
044 cm
Example

What is the diameter of a circle whose circumference is 300cm?
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Solution
codd O0o%

OdOo , C 0O 300cm,

d
22

03000 7
0 95.45cm

18.3 Areaofacircle
Consider the circle below of radius r.

The area of a circle is the same as the area of the shaded part and is
given by:

Area . A=nr-

Or

Area = 2 where ¥ =4,

Example
Calculate the area of the circle with diameter 0.5m.

Solution

Od:

Areaofacircle 0____
4
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2,010(0.5)?
O
4

0 0.196m?

18.4 Chord, arc, and sector

18.4.1 Chord:

A chord is any straight line joining any two points on the
circumference of the circle. Consider a circle of radius r and centre O
as shown below.

* The length CD is known as the chord

* The shaded part is known as the minor segment O The length AB is
known as an arc.

* The part OAB is known as the sector.

* 0 1is the angle subtended at the centre of the circle by an arc AB.

18.4.2 Length of an arc:

Consider a circle of radius r, and entre O and that an arc PQ subtends
an angle 0 at the centre of the circle.
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The circumference of the circle subtends an angle of 360° at the centre of
the circle, Hence:

Thelength of arc PQ O
0 —*—— but circumferance of circle O 20r

Circumferance of the circle 360
tengthofarcPQ —0—
O O 0
20r 360

- Length of an arc PO =

18.4.3 Area of the sector:
The area of the sector of a circle can be obtained in a similar way to the
length of an arc of a circle.
Q

The sector OPQ subtends an angle 6 at O and the area of the circle

Area of the circle
360

Area of sector OPQ

Area of sector OPQ g O
d o

subtends an angle 360° at O, thus:
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O O 0 3600

but area of circle O0r?

0 )
. Area of sector OPQ = xmr’
360

Example

In a circle of radius 5¢cm, calculate the length of the chord, which is 3cm
from the centre.

Solution
Let x be the length of the chord

Extracting triangle OMB

(4]

.
M

b |

By using Pythagoras theorm
OB20 OM 20 MB?
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520 32|:|D%/2/D2

0 x4 uésn 9016

Ox 0160 4 O 8cm

So, thelength of the chord is 8cm

Example
TA is a tangent to the circle, centre O, and radius 6¢cm.

/ \
\ L////////f/fm

Given that, OT = 12cm. Calculate:

a) Length AT

b) Angle AOT

c) Area of the shaded part
Solution

a) Extracting triangle OAT

[ 12em

By using Pythagoras theorm
OAz0 AT 20 OT?
620 AT 201220 AT 2
0144 036 0108
O AT M08 010.39cm
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b) Let angle AOT be 6

CosOD 6220 1/

/
o00 cos™(%,) O 60°
00 AOT O 60°

C) Area of the shaded part O Area of triangle AOT O Area of monor sector AOB

Area of triangle AOT O 50 AT O AO 05010.390 6 O 31.18cm?
60,

. O
Area of minor sector AOB O _____360 o00r20 360003.410 62018.85¢cm?

OArea of the shaded part O 31.18 018.85 012.33cm?

Example

The diagram below shows a circle with an arc, which subtends an angle
of 60° at the centre of the circle of radius 7cm.

=
\-

a) Find the area of the circle.

b) Find the area of the minor sector AOB.
c) Find the area of the major sector AOB.
d) Find the length of the minor arc AB.

e) Find the length of the major arc AB.

f)  Calculate the area of the shaded segment.
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Solution

a) Areaofacircle 00r? rd7cm
22 2
o_707
0154cm?
b)  Area of minor sector AOB O _DO 0O0r?, OO 60°
60 22
a7
3
360 -
ooo
0 25.67cm?
30 22
C) Area of major sector AOB 0 3&01°0 7 g72, sincegno 360° g 60° g 300°
0128.33cm?
O
d) LegthofthearcO 360 ,020r
For minor arc, OO 60°
all 22
Othe length of minor arc AB 360 > DO200707.33cm
e) For major arc,000 300°
300 22
Othe length of major arc AB 54, 7 002007 0 36.67cm
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f) Area of the shaded segment O Area of minor sector AOBO Area of triangle OAB

02567 O 5pgineoe
INE]
O 25.67 g 20720 2
O 4.45cm?

Example

In the figure below, C is a centre of a circle of radius 20m, PQ is a
tangent to the circle and angle CPQ = 40°,

Calculate:
i. the length QP
ii. the perimeter of the shaded region
iii. the area of the shaded region

Solution
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i. Extracting triangle QCP

P

]

Q¢

20m

C—Putan 40°
QP

CQ 20
OQP O tan40o O tan400 0 23.84m-H-—TFhelength

of the minor arcQS 0 2r, O oad
360°

il 22

0oQSto g 200 17.46m 360 7

o o o o QP
ThelengthPS  PC CS, butPC

0o 90°0 40°0 50°

0 0 0 cos 400

on 23.84

ops oo cos40 200 11.12m

o o u}

OPerimeteroftheshadedregion O PQO QSO PS O 23.84 017.46 011.2 O 52.4m

iii. Area of the shaded part = Area of triangle QCP — Area of
minor sector QSC

But area of minor sector QSC 0O
S 22
20m - ==
E140h] 7

360Do 0O0r2, OO 50°andr O

000 2020 174.6om

| 1
Area of triangle PQC Obh 2 OO0 2 200 23.840 2 38.4m2
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OArea of shaded part O 238.4 0174.6 0 63.8m

Example

In the diagram below, PQ and PR are tangents to a circle of radius
15cm and centre C.

If AC = 20cm, calculate:

I. the angle marked a
ii.  thelength AB

iii.  the area of the shaded part

Solution

i.  Extracting triangle ABC

15cm

A

20cm c

Since AB is the tangent to the circle and BC is the radius,
0 ABC O 90°

BC 15
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O _ OcosdO __0OcosO
AC 20

000 cosmOO15 — O0O0O
41.400 200

ii. _ ABpotanO0ABDBC tand1.4°DAB 01500.88 013.2cm
BC

iii.  Area of shaded part = Area of ABCD — Area of minor sector BCD

1 1
Area of triangle ABC O 2zbh O 20150013.2 O 99cm?
OTotal area of quadrilateral O 2099 0198cm?

And area of minor sector BDC O 7D O0rz, butdO 200 20 41.4°082.8°

360
B2H 22

00015%0 162.6¢cm? 360 7

OAreaof shaded part 0 198.0 0162.6 O 35.4cm?

Example

In the figure below, O is a centre of two arcs AB and CD with a central
angle of 30°.

Calculate:
a) the perimeter of the shaded part and
b) the area of the shaded part
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Solution

a) Thelength of moinor arc AB O 20rQ 7D , 00 30% r0O7cm 360

22 30
020 7 070360, 0 3.67cm
3
The length of moinor arc CD O 20r O 3401, ,rd2lcm
22 30
020 70210360 ,0 11cm

OPerimeter of shaded region O length of arc AB Olength of arc CD 0 ACO BD
0 3.67 0110 (210 7) O (210 7)

042.7cm
b) Area of shaded region O area of sector CDODarea of sector ABO
2 30 2 30
O0n0O  O0r.0 ,r.0O21cm, r207cm
360 360 ] 021.0 30 0 22 O7.0 30

22
E 360 T 360

0 102.6cm?

Example

The figure below shows a square PQRS inscribed in a circle of radius
21cm.

Calculate:
a) the length of the side of the square
b) the area of the shaded region
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Solution
a)

2icm -’

c_
2lcm, wlcm

#
-
El
L

SN R

SQ O 2021 O042cm

Let X be the length of the side of the square. Extracting triangle SQR:
Q

d42cm

5 I R-
Using Pythagoras theorem:
4220 x20 x21764 O 2x2

OxO +—— 029.7cm

2

b) Area of shaded part O areaof minor sector CSR Oareaof triangle CSR O Or20
90 O 1 OCRoooO oSCax
360 2

9021021
0021 000

.|
P | —
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18.5 Angle properties of a circle

1. The angle subtended by the arc of a circle at the centre is twice the
angle it subtends at the circumference. The following diagrams
illustrate this property.

1 I |
< PAQ = = PO < PR = =< PO < OO0 = obiuse < PO

In cases a) and b), minor arc PQ subtends angles x and a
respectively on the circumference. Therefore the angles
subtended by the respective arcs at the centre are 2xand2a.

In case c), the major arc PQ subtends angle y on the circumference
and hence the corresponding angle subtended at the centre by the
same arc PQ is2y .

2. The angle subtended by the diameter at the circumference of the

circle is 90°.
gpo \
A k'ﬁ B

AB is the diameter

3. Equal chords subtend equal angles at the circumference.
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i.e.CD=AB

4. An arc of a circle subtends equal angles at the circumference.

In figure a) above, the minor arc AB subtends <AQB, <ARB, and
<ASB at the circumference and <AOB at the centre of the circle.

Therefored AQB 00 ARB OO0 ASB O x andd AOB O 2x

In figure b) above, the major arc AB subtends <ACB and <ADB at
the circumference and <AOB at the centre of the circle. Therefore,

0 ACB oo ADB g yand obtusep AOB [ 2y

18.6 Cyclic Quadrilaterals

This is a quadrilateral whose all of its four vertices lie on the
circumference of a cycle, figure below.
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Angle x is opposited zand O yis oppositeOw.
18.7  Angle properties of a cyclic quadrilateral Consider cyclic
quadrilateral shown below.

The cyclic quadrilateral has the following angle properties.

1. Opposite angles are supplementary i.e. add up to 180°
wl y 0180°
Also : x 0 z 0180°
d wOyOx0OzO180°

Proof:

Consider two angles x and y subtended at the circumference by the
minor arc AB and major arc AB respectively.

2. The exterior angle of a cyclic quadrilateral is equal to the interior
opposite angle.
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Ow0Oa

Furthermore, sum of exterior angles add up to 180°

Oy O a0180°

Example
In the diagram below, O is the centre of the circle.

Find the following:

a) <POR
b) The reflect angle POR
c) <PSR

Solution
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a) OPORUOxO20570114°
b) The reflect angle POR Oy 0360°0x 0360°0114°0 246°

¢) 0O PSR O:Oreflect O POR 030246 0123°

Example

In the figure above, ¢ = 20° and A = 40°.

Find:
. 0O
ii. 0Oz
iii. Oy
iv. 0o
V. Ox
Solution

I.  Considering triangle SRT
0000001800, butdo 200,00 40°
000 40°0 20°0180°0 00180°0 60°
01200
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18.8

From sum of interior angle and exterior angle = 180°.
0z 000180°
0 z 0180°0 40°0140°

From the property of the cyclic quadrilateral i.e. sum of
opposite angles are supplementary.
Oy0Oz0O180°

Oy 0180°0140°0 40°

ForoO
0o0o180°

000180°0120°0160°

For Ox
x 000180°

0 x 0180°0160°012Q°

Angle at the centre of a circle

Consider the angle x being subtended by an arc PQ on the circumference
of the circle. The angle therefore subtended at the centre of the circle by
an arc PQ is 2xas shown. See figure below.

'
1

/ f_ﬂh\ |
(W 'ME%,.'

Kh e

|'II-/)/r \\ \

If RO is joined and extended to C as shown below
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oooo x

OR is the radius of the circle and similarly OP. therefore, OR = PO
implying that triangle PRO is an isosceles triangle. Now consider
triangle PRO.

OO OPROOORPOO

Also 0O POC OO OPRO O ORP O OO00O 20

In the same way, 0 QOC 0O 200
O POCO O QOC O 200 200 2(000) O 2x
l.e. 0POQ O20PRQ

Example

In the figure below, O is the centre of the circle. Angle ABO = 26°
and angle OCA = 30°.
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Calculate the size of angle marked X.

Solution

0 BAC 0O 26°0 30°0 56°

O Angle y O 2056°0112°
0 OAC 00 OCA O x

Ox0Ox0Oy0180°
0 2x 0180°0112°

680 0
OxO0 —— 034
2

Example
Find the angle marked d of the circle below, given that O is the centre of

the circle.
<N
4
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Solution

Since AO = OB = radius of the circle, <OAB = <OBA =d

0dOdOy0180e, buty O 2032°0 64°0d [us:f] 586
0 2d 0180°0 64°0116°

Example
Consider the diagram below; O is the centre of the circle.

A

Calculate the size of angles marked:
i e
i, f

Solution

“"%—- >
\

I. Angle x is vertically opposite 70°, therefore x g 70°
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Angle y 0 2x 0 2070°0140ed y O 3600

e 0 360°0140°0 220°

ii. Also angle e O 2f

e 220
OfO0008022—

18.9 Tangent to the circle Definition:

A tangent is a line, which just touches the circle at only one point and
makes an angle of 90° with the radius of the circle.

R P T
RT is a tangent to the circle at point P.

For any given point, we can draw two tangents to the circle. The diagram
below shows two tangents PX and PY drawn from P to the circle centre

The lengths of tangents to the circle from the same external point are
equal.

oao aoo
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aoPX OPY
Example
In the diagram below TP is a tangent to the circle with centre C and <PQC
= 40°,
P ; T
) i
A‘ -
</
Find h and n.
Solution

Since QC = CP = radius, this implies that, <Q = <P = 40°

Since P is a tangent to the circle, <CPT = 90°

O hO400090°
O hO90°0O 4000 50°

Extracting triangle PQC:
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x 0 40°0 40°0180° Ox
0180°080°0100°
0O PCT 0180°0100°080°

Considering triangle PCT:

Oangle on a straight

lineO

a0"
C

n 080°0 90°0180°

0O nO0180°0170°010Q°

Example

In the diagram below, AB is the diameter of the circle and DA and
DC are tangents to the circle at A and C respectively.

Given that angle CAB = 54°, find the values of x and y.
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Solution
Since AB is a diameter, the angle ACB is right angle.
So x0O54°090°0180°
0 x 0180°0146°0 36°___

Since DA is a tangent and AB the diameter, angle DAB is right angle.

O O0DACO54°090°0 O DAC
090°0 54°0 36°

Since DA and DC are tangents from the same point to the circle, the
<DAC and <DCA are equal.

0 0 DAC OODCADO36°
Considering triangle ADC

A

So yDO36°036°0180°
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18.10 Alternate _ segment theorem

X

If XY is a tangent to the circle at A, the angle between the tangent and the
chord is equal to the angle the chord subtends in the alternate segment i.e.

O BAY OO BPA
Also :

0 PAX OO PBA

Example

In the diagram below, O is the centre of the circle and PT is a tangent to
the circle at T. the angle TPB = 27°.

Find angles marked:
L X

.y

Solution
Since AB is the diameter of the circle, <ATB = 90°
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Considering triangle ABT:
x0 y 09°0180°

RV K (1)

By the alternate segment theorem,0 PTB OOTAB O x.
Considering triangle BTO:

x0180°0 y O 27°0180°

OXO Y OO27% oo eeeseesseeneens ()

Solving (1) and (2) simultaneously:
Eqn(2) Oegn(1) x
Oy 0900

Ox 0OyQOg27°
2x 0 63°0x O 63, A 31.5°

Andy 0 90°0 x 0y 0 90°0 31.5°0 58.5°
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18.11 Intersection of circles

When two circles intersect, they share a chord known as common
chord. If we know at least one of the angles subtended at the centre of
one of the circles by the chord and the radius of the same circle, we can
find the length o f the chord.

Consider two circles centre O and Oz intersecting at A and B.

The length AB is therefore a common chord to the two circles. The
following examples will illustrate how to calculate the length of the
common chord.

Example

Two circles, centre A and B intersect at P and Q. circle center AA has a
radius 6.5cm, and the angle subtended by PQ at A is 100°. Calculate the
length of PQ.

Solution
Let PM O x O MQ

0 PAQ 0100°0 0 PAM O°5'050°
Considering triangle APM:
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P
6.5cm
p
500
A M
PM X
sin50° —— q—
U'ap Uss

O x 0 6.50sin50° 0 4.98cm
OPQ O 20 4.98 O 9.96cm

Example
Two equal circles of radius 5¢cm intersect at right angles.
I. Find the distance between the two centers of the circles.
ii. Calculate the area of the common region of the circles.
Solution
I.

Taking triangle ABP
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Sem Scm

AB? g5° g5°

g ABpgv25025 5v2 [ 7.07cm

ii. Area of the common region of the circle is the
shaded part.

Area of triangle APQ O s0505 012.5¢m
Areaof sector APQ 0303.14052 019.625¢cm?

Area of half shaded region 019.625 012.5 0O 7.125¢cm?
O Area of common region of the circle O 207.125 014.25cm?

18.12 Miscellaneous Exercise

1. Inthe diagram below, O is the centre of the circle ABC. Angle
AOC = 140°.

Write down the values of a, b, and d.
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2. Inthe diagram below, ABC is an isosceles right-angled triangle.

A

|
B ' C

The shaded area is bounded by two circular arcs. The outer arc is a
semi — circle with AC as diameter and the inner arc is a quarter of a
circle with centre B. Find the area of the shaded region.

3. Inthe diagram below, DAE is a tangent to the circle centre O at A.
angle CAD = 40°.

I. angle OCA
ii. angle ABC.

4.  Inthe figure below, C is the centre of the circle of radius 21m.
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Calculate:
I. length PQ

i. the perimeter and area of the shaded part

5. Inthe figure below, PQRS is a square of side 21m, PQS and RQS

are quadrants.

ID i
=

J

Taking m as

._-.|

, calculate the area of the shaded part.

6. Inthe diagram below, ABC is an isosceles triangle in which

DACPE 1 BABPE 7 8cmand PBCP g10cm” The circle PQR with centre O

touches the sides of the triangle at points, P Q and R.
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Given that, the points C, O and P are in the same straight line such
that pomag 30Cm,

Calculate:
I.  the radius of the circle
ii.  the area of triangle ABC
iii. the area of the circle
iv. the area of the shaded portion

7. Inthe figure below, AB and AC are tangents to the circle at points
B and C respectively. O is the centre of the circle. Given

that .ABwO:BCooO12cm.

Determine:
i.  the obtuse angle BOD
ii. the radius of the circle

iii. the area of minor sector BOC and hence the area of the
shaded region

8. Inthe figure below, AB is a chord of the circle whose centre is O.
angle AOB is 120° and AB = 69.8mm of the circle.
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Find the radius of the circle.

(Give your answer correct to 3 significant figures)

9. Inthe figure below

ooo ooo ooo ooo

oL O 4.5cm, PM O 3cm, NM O 4cm and LN O 7.5¢cm.

L

0~—___—p N

Find:
i. lengths ON and OP
ii.  the radius of the circle
iii. area of OLMP

10. In the figure below, O is the centre of the circle. PR is the tangent
and OR intersects the circle at Q.

S

ooo ooo ooo

Given that RQ O 8cm, PR O 5cm, and OP O xcm.
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a) 1. Expressthe length OR in terms of x.
ii. Findx.
b) Calculate:

i. the area of the shaded region
ii. Angle subtended by arc PQ at the centre.

11. Inthe figure below, C is the centre of the circle.

Calculate the length of the chord AB and the angle marked

12. In the figure below, OACB is a sector of a circle centre O and
radius 10.5cm. Angle AOB = 110°.

-~

0
.5¢ II
|
¢ C

alculate:

a) the length of CM
b) the length of arc BC

c) area of the minor segment cut off by the chord.
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d) the perimeter of the minor segment ACB

13. In the diagram below OXYZ is a square drawn inside a circle of
radius 16cm as shown in the diagram.

Calculate the perimeter and area of the shaded part.

19 AREAS AND VOLUMES OF SOLIDS

The solids under consideration include the following:
% Prisms

% Pyramid

% Cone

% Sphere

»  Pipe

19.1 Surface Area of Solids
Definition:

Surface area of a solid is the sum of the areas of all the surfaces of the
solid.

19.2  Surface area of a prism:
A prism is a solid, which has uniform cross-section. This includes:
O Rectangular prism i.e. cubes and cuboids.
O  Triangular prism

O Circular prisms e.g. cylinders, etc.
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The surface area of a prism is found as follows:
i)  Find the area of cross —section and multiply it by 2.

i)  Find the area of each rectangular side face and add up these areas.
For the case of a cylinder, find the area of the curved surface.

iii)  Add up the results to get the surface area of the prism.

19.3 Surface area of a cuboid

A cuboid is a solid with six faces. Pairs of opposite faces are identical
and equal in size.

E F
AS B
L . P
r I
.I'“) fb
D =
----- R >

Faces ABCD and EFGH, AEHD and BFGC, AEFB and DHGC are pairs
of identical faces.

. Area of face ABCD 0O area of face EFGH O |h
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O Area of faces ABCD and EFGH O Ih O |h O 2lh

. Area of face AEHD 0O area of face BFGC O bh
O Area of faces AEHD and BFGC O bh O bh O 2bh

. Area of face AEFB O area of face DHGC O Ib
O Area of faces AEFBand DHGC O IbO Ib O 2Ib

. Total surface area of the cuboid = 2lh + 2bh + 21b
= 2(lh + bh + Ib)

A cuboid is also referred to as rectangular block or simply a box.

19.4 Surface area of a cube

A cube is a solid with six identical square faces.

[

To find the surface area of the cube, we find the area of one face and
multiply it by 6, i.e.

Total surface area O 60101

Surface area of a cube = 61"

where | is the lengh of side

Example
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Calculate the surface area of a cuboid measuring 12 cm x 5cm x 4cm.

Solution

decm

12 cm

Surface area of the cuboid O 201h ObhOIb

0 2001204 0504 012050
0 256¢cm?

19.5  Surface area of a cylinder
A cylinder has three surfaces: Two are circular and one is curved.

Circular face

Curved face

Circular face

The figure below shows the shape obtained when a hollow cylinder,
radius r, height h is opened up and laid out flat.

Q To i

h

Q Bottom

The curve surface becomes a rectangle measuring 20r by hunts.

There for : Area of top O0r?
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Area of bottom O0r?
Area of curved surface(rectan gle) O 20rh

Thus:

Total surfaceareaof aclosedcylinder=nr® +xr° +2xrh=2xrr+h)

Note:

1. If the cylinder is hollow and has one open end, then there are
only two surfaces, i.e. the curved surface and the bottom surface.

In this case, Total surface area of the cylinder O 20rhO0r?

2. However, if the cylinder is open ended, then there is only one
surface. In this case, Surface area of the cylinder O 20rh

Example

A closed cylindrical container has a diameter of 3.2cm and height 4.9cm.
Find the area of the material used to make the cylinder. Express your

answer to 4sf. (Takenas 3.142).

Solution

Surface area a closed cylinder O 20rh0 20r2, r 0O 3.22 O01.6cm

0203.1301.601.6 0 4.90
0 65.35cm?(4.s.f)

Example
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A very thin sheet of metal is used to make a cylinder of radius 5cm

and height 14cm. Usingnp3.142, find the total area of the sheet that is
needed to make:

a) A closed cylinder
b) A cylinder that is open on one end.

Solution

a) r 05cm, hO14cm,003.142

For a closed cylinder; surface area O 20r(r O h)
0 203.14205(5 014)

0 596.98cm?
b) For a cylinder open on one end:
Surface area O 20rh OOr?
0 203.14205014 O 3.14205?
051843cm*
19.6  Surface area of a pyramid

Below is the structure of the pyramid.
Vertex
Slant face
Base

The surface area of a pyramid is obtained as the sum of the areas of
the slant faces and the base. Each slanting face is an isosceles triangle.
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The following examples illustrate how to obtain the surface areas of a
pyramid.

Example
Find the surface area of the pyramid shown below.

Solution
Area of the based505 O 25cm?

Each slanting face is an isosceles triangle of height h

2.5cm 2.5cm
— S —»

From Pythagoras theorem:
5200 h20 2.52
Oh20 49 0 6.25 0 42.75

Oh0O 4&1‘.75 0 6.538cm

So now area of each slanting face Osbh 050506.538 016.345¢cm? But
there are four slanting faces.

OTotal area of the slantig faces O 4016.345 O 65.38cm? OTotal
surface area of the pyramid O 250065.38
0 90.4cm?
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19.7  Surface area of a cone
A closed cone has two surfaces; the curved surface and a circular face

Vertex

Curve face

Circular face

If r is the radius of the circular face and | is the length of the slant
edge, the:

Area of a curved surface O0rl
Area of circular face 00r?

OTotal surface area of a closed cone OOr?0O0rl

Surface area of a closed cone = wr(r+1)

The height h of the cone can be obtained by applying Pythagoras
theorem. Considering the figure above:

o0 h20 r20 h2O 120 12

OhO + LkOr

19.8 Formation of a cone

A cone can be formed from any section of a circle. Consider a circle
of radius L shown below.
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A" =B
( :it L:’:v)

If a section AB is cut out of the circle and folded in the direction of the
arrow, then a cone whose circumference of the base equal to the length
of arc AB is formed. Its slanting edge is equal to the radius of the circle.
Note:

If the cone is open, then it has only one surface, which is the curved
surface. In this case, its area is simply given by:

Surface area of a open cone O0Orl

Example

A section of a circle of radius 10cm having an angle of 100° is bent to
form a cone.

a) Find the length of the arc of the section
b) Determine the surface area of the cone.

Solution
. O
a) Length of the arc subtending an angleQat the centre O 2010

360 ButdO100°, | O radius O010cm
JELL

O Length of the arc O 203.140 360 — 017.45cm

b)  Surface area of a cone OOr(l O r) where | Olength of the slanting edge
and r Oradius of the base

Slanting edge of the cone O radius of the circle from which it is formed. Length of
thesector O circumferance of the base of the cone
O 20r 017.45
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17.45
OrQd 2x3.14 0278cm and |1 010cm
OSurface area of the cone OOr(1 O r) O 3.1402.78(2.78010) 0111.5cm?

Example

A cone of base radius 6cm and height 8cm is slit and laid out flat into a
section of circle. What angle does the section subtend at the centre?

Solution

By Pythagoras theorm ,
L gV6° g8% g+100 g10cm
The slanting edge L of the cone O radius of the sector of the circle
Oradius of the sector 010cm
The circumferance of the base of the cone 0 20r  and r O 6¢cm
0 203.1406
0 37.68cm

LetObethe angle of the sector,then the circumfereance of the sector is givenby

20L0 3607
0
037.68020L0 , L O10cm
360
37.68 x 360
0002x3.14x100 —— 216°
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19.9 The Frustum

A frustum is obtained by chopping part of a cone. It is a figure in the
shape of a bucket or a lampshade as depicted below.

a) b)
The shaded part of figure b) shows portion of the cone, which has
been cut off.

To find the area of the frustum, we apply properties of enlargement to
the cone by considering VAB as VCD.

We could also consider VCD as the image of VAB under
enlargement. The linear scale factor, which maps VAB onto VCD, is:

he0O ra, buth:OhOhOh20h:0h
h: r2ht r h1r2EI rl(h1|:|

h)

OO O hy O h
P
rih
Oh:O

r.dr;
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19.10 Surface area of a sphere

The figure below represents a solid sphere of radius r units.

The surface area of a sphere is given by below.

Surface area of a sphere =4rxr-

NB:
The proof for this formula is beyond the scope of this course.

19.11 Surface area of a hemisphere
A hemisphere is half of a sphere.

Flat surface

Half a sphere

Area of a hemisphere O area of the flat surface Oarea of half of the sphere

2 4_0r?
O0r 0

2
O0r20 20r20 30r2
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Surface area of hemisphere =3rr-

19.12 Area of aring

A ring is a circular object with a hole at its centre. Below is a structure
of aring.

If R is the radius of the larger circle and r is the radius of the smaller
circle, then area of the ring is given by:

Area of the ring O area of the larger circle O area of the smaller circle
OOR200r?

OO(R20r?), butR?Or?’O0(ROr(ROTY)

= Area of the ring =x(R+r)R-r)

19.13 Surface area of a pipe

Consider a pipe of length L with outer radius R and internal radius as
shown below.
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The hollow pipe has a uniform cross section, which is a ring.

Total surface area O area of two rings O curved surface area of the pipe at
both ends of the pipe

Area of the ring at one end 0 O(R20r?)

OArea of the ring at both ends

2 2
Area of the curved surface O 20(R*0r?)

0 20RI

. Surface area of the pipe=2m(R* —=r’)+ 27 RI

Example

The figure below shows a cylindrical water main, which is 10cm long.
The pipe has an inner radius of 30cm and outer radius of 37cm.

Calculate the total surface area of the pipe.

Solution 0 0O(rR20Or?), R O37cm, rO30cm
Area of the ring at one end 0+ (3720302) O1474cm?
0 201474 O 2948cm?
OArea of the ring at both ends 0O 2[RI, R O 37cm, | O10cm

Area of the curved surface 0 20%037010 O 2325.7cm?
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So total surface area of the pipe O 29480 2325.7 O 5273.7cm?

19.14 VOLUME OF SOLIDS

19.14.1 Definition:

Volume is the amount of space occupied by an object.

A unit cube is used as the basic unit of volume. The SI unit of volume is
the cubic meter (m®). Consider a unit cube below i.e. a cube of side 1m.

1m= 100cm

’ 1m = 100cm

1m= 100 cm

The volumeof the cube O1mO1mO1m 0100cmO100cmO100cm
O 1m301,000,000cm?3

Since 1m? is large for ordinary use, volumes are often measured using
3
cme,

Im* =1,000,000cm* =1.0x10%cm’

. | 6 3
Slem o = =1.0x10 "m

1,000,000

19.14.2 VVolume of a cuboid

Consider a cuboid of length I, breadth b, and height h, as shown below.
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h

Volume of a cuboid =1xbx h

19.14.3 Volume of a cuboid
A cube is just a special cuboid with length = breadth = height

Volume of a cube =1xIx[ = I’

Example

A rectangular tank has 70cm? of water. If the tank is 5cm long and
the height of water is 4cm, what is the width of the tank?

Solution

The volumeof water O I0ObOh butvVO70m3 105m, h04m,b0O?
0 70 O 5040b

Ob 0 7020 0 3.5m

19.14.4 Uniform cross — section

Consider the cuboid shown below, the shaded part is known as the
end face.
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P P End face

: o
' b
! '

- T
--—

If the cuboid is sliced along the dotted lines, each slice will be
parallel and identical to the end face. Such faces are known as cross
section of the solid.

A cuboid has a uniform cross section of area O bh. But volumeO Ibh
OVolume O I0area of cross section

There are many solids, which have uniform cross sections that are
not rectangular; their volumes are calculated in the same way.

19.14.5 Volume of a cylinder

A cylinder is a solid whose uniform cross section is a circular
surface.

Circular
face

/

/h

Area of cross section O0Or2. where r is the radius of the circular face Volume of

the cylinder O area of circular faceOheight

~Volume of a cylinder = r-h

19.14.6 Volume of a pyramid
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20 Volume of a pyramid O :0area of base Oheight
But area of the base A 0 adlb

~ Volume of a pyraid = +abh

20.1.1 Volume of a cone

A cone may be considered as a pyramid with a circular base.

Volume of acone  + DOOarea of baseOheight

But area of the base A O0r?

~Volume of acone=+xrh

20.1.2 Volume of a pipe

If R is the outer radius and r is the internal radius of the pipe of length L.

Volume of a the pipe O area of cross sectionOlength of the pipe
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But area of cross section OO(R?0r?)

. Volume of a pipe = n(R* —r*)l

20.1.3 Volume of a sphere

Let A represents a small square area on the surface of a sphere of radius
r, centre O.

If A'is very small, then it is almost flat. Therefore, the solid formed by
joining the vertices of A to the centre O is a small pyramid of height
equal tor.

Volume of a small pyraid O3 Ar

If there are n, such small pyramids in the sphere with base areas, A,
Az, Az ... An.

Their volumesare; 33 Air, L3 Aor, L3 Aar....... L Anr

O
Total volumesO L3 Aur O 33 Aor O L3 Aor......0 13 A O5r0A: O A0 AsO....0 As

For the whole surface of the sphere, the sum of all their base area is
40r2i.e.

A.0A,0A;O.....0A, O 40r2

Hence total volumeV of a sphere O3r040r?

1

- Volume of a sphere =3+xr
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20.1.4 Volume of a hemisphere

Since a hemisphere is half of a sphere, its volume is equal to half of
the volume of a sphere, i.e.

Volume of a hemisphere =+ r’

Example

A solid hemisphere of radius 5.8cm has density of 10.5g/cm?.
Calculate:

a)  Volume of the solid

b)  Mass in kg of the solid

Solution
a) For volume of solid:

Volume of a hemisphere O 30r%,  r O 5.8cm
0 $03.14205.8°
0 408.7cm3(4sf)

b) For mass of solid:

Mass
From : Density O

Volume
O Mass O Density OVolume
010.50408.7g
4191.33
O 10400

04 291kg(4sf)

Example
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A hollow sphere has an internal diameter of 18cm and thickness 0.5cm.
Find the volume of the material used in making the sphere.

Solution

Sphere

Internal diameter O018cm.O Internal radius 0%, 0 9cm
External diameter 0180 0.50 0.5 019cm.O External diameter £1%°, 0 9.5¢cm

Volume of the shaded part O volumeof material used to makethe sphere
OVolume of the whole spheredVolume of unshaded part

4 5 4 ,

3 DorO_Or

4
[0303.142(9.5°09%)

0 537 _.81cm?®
Example

The figure below shows a right circular cone AVB. The radius of the
base is 5cm and the slanting edge 13cm.

Calculate:

a) Angle VAB
b)  Volume of the cone

c) Total surface area of the cone. (Take Op 3.142)

Solution
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Let h be the height of the cone and 6 be angle OVB.
Considering triangle VOB:

¥

13em

1] i

Scm

SinD 0 %3 O0oo sin Dl(%3) 0 22.6°

Butangle AVB 0 200 2022.6 045.2°0

a) Using Pythagoras theorem;

he 520132
Oh O 169 0 25 O 144 O12¢m

3 2h, rO5cm

Volume of the cone OOr

0 +03.142052012
O 3145.2cm 2

b)  Total surface area of cone O Area of curved surfacell Area of circular base

Areaofcircularface O00r20 3.1420520 78.55cm?

Area of curved surface O0rl O 3.14205013 O 204.23cm?
OTotal surface area of cone O 204.230 78.55 O 282.78cm?

Example

The figure below shows a pyramid with a rectangular base PQRS. Given
that PQ =12m, QR = 9m and VO = 10m.
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Calculate:

a) The length:
i. PR
ii. VR
b)  The surface area of the pyramid
C) The volume of the pyramid
Solution
a)  i)PROPOOQReO 1220 99015m
i) VO is perpendicular to the base PQRS
VR Q/VO?0QR?,  butORO 3 PRO 7.5m
04020 7.52
012.5m
b) The figure below shows a net obtained by opening the pyramid

at the vertex V. M1, M2, M3 and Mg are the midpoints of PQ,
QR, SR, and SP respectively.

But VS OVR OVQ OVP O M2V 0 MaV and MV 0 MaV

By Pythagoras theorem :

MV gV(VQ® gM,Q?) gV125% g6° pl0.97m [ M,V g10.97m
Also:

M,V gV(VQ® oM,Q?) gV125° j45° g1166mp M.,V gl1.66m
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Surface area of the pyramid O PQ O M,VO7QRO M,VO= SRO M,vO7 SPO M,VO PQ
OQR O:012010.97 0 9011.66 012010.97 O

9m11.66001209
0 344.31m?

C) Volume of the pyramid O4Darea of the basedh But area of the
base O alb, a 012m, b 0 9m

L 3

OVolume of the pyramid = —
0012090010 O 360m

Example

The figure below shows a bucket with a top diameter 28cma and bottom
diameter 14cm. the bucket is 10cm deep.

o oo b ---
g
3

<= = 14cm = =~
Calculate:
a) The capacity of the bucket in liters

b) The area of the plastic sheet required to make 200 such buckets,
taking 5% extra for overlapping and wastage.
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Solution

v

a) The linear scale factor of the enlargement mapping the cone VAB
to VCD is given by

100h 14
— O0— 020100h02h0Onh010cm
h 7
OVolume of coneVCD O30r?H, but HO10 O h O 20cm
000142020
0 4106.7cm?®

100h 14
—— 0 020100h02h0Oh0O10cm
h 7

OVolume of coneVCD O=0r2H, but H 010 O h O 20cm
0-0+0142020
0 4106.7cm?

b) Area of curvesurface of coneVCD O0Orl, r O14cm, | O 20cm
070140 20 O 880cm?
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Area of curvesurface of coneVAB O0rl, r O 7cm, | 010cm

00 7010 O 220cm?
OArea of curvesurface of the bucket 0880 O 220 O 660cm?

OTotal area of the bucket 0 660 050 720814cm?
Total area of the plastic material required

105
to makean open bucket O Ton 81400 854.7cm?

20.1.5 Miscellaneous exercise:

1. Asolid cylinder has a radius of 18cm and height 15cm. a conical
hole of radius r is drilled in the cylinder on one of the end faces.
The conical hole is 12cm deep. If the material removed from the
hole is 9% of the volume of the cylinder.

Find:
a) The surface area of the hole
b) The radius of the spherical ball made out of the material.

2. The diagram below shows solid which comprises of a cube
surmounted with a pyramid.

15cim

! Bem

Calculate:
a) The surface area of the resulting solid.
b) The volume of the solid formed.
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The figure below shows a right circular cone ABC of vertical height
h and slant side AB =BC = 17cm, and base diameter AB = 16¢cm.

Ii.  The capacity of the cone. UselO 3.142

The diagram below represents a tank for storing water consisting of
a frustum of a cone fastened to a hemisphere centre. AB = 2.8m and
CD = 3.6m. The perpendicular height between AB and CD is
2.1cm.

A = 28cm —\g

a) Calculate the volume of water in the tank when it is full, giving
your answer to the nearest m®.

b) The cost of running water includes a fixed charge of shs. 150
plus shs. 50 per thousand liters used per month. If a family uses
one full such tank of water per month, calculate the bill for this
family in a month.

The diagram below shows a swimming pool 20m wide and 32m
long. The pool is 3.5m deep at the shallow end and 5m deep at the
deeper end.
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Calculate:
a) Volume and

b) Surface area of the swimming pool.

6. The diagram below shows a shed with uniform cross section.
ABCD consists of a rectangle ABCE and a quadrant of a circle
ECD with E as the centre.

som - T : ‘“‘;&\

-
r/r’*/ M

L3
& =
s “~ L
e F l,.—*
]

Calculate:

a) The area of cross section ABCD
b) The volume of the shed

c) Areaof BCDQPN.

7. The figure below shows a hollow pipe of external diameter 16mm,
internal diameter 10mm and length 50cm.
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a) Calculate the surface area (in cm?) of the pipe correct to two
decimal places.

b) What would be the surface area of a similar pipe of length 150
cm, external diameter 48mm and internal diameter 30mm?

8. The figure below shows a right circular cone whose original height
was 20cm, below part of it was cut-off. The radius of the base is
12cm and that of the top is 8cm. a circular hole of 8cm was drilled
through the centre of the solid as shown in the diagram below.

'
T -

i
T —
— —

1
— IZcer —

Calculate the volume of the remaining solid. (Useqp 3.142).

21 LINES AND PLANES IN 3-DIMENSIONS

21.1 Introduction:

Some objects have dimensions of length, width, and height, which are all
at right angle to one another. Measurement on such objects can therefore

be taken in three dimensions and such objects are known as three —
dimensional objects.

Example of such objects includes the following:
% Abox
s Acone
s Acylinder
s A pyramid

21.2  Some common term used:
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21.2.1 Lines

A line is a set of points, which is straight and extends indefinitely in two
directions, i.e.

&

>

A line segment on the other hand is part of a line with two definite ends,
ie.

21.2.2 Collinear points

21.3

These are points lying on a single straight line. Non—collinear points on
the other hand are any three or more points that do not lie on a straight
line.

A plane

A plane is a set of points in a flat surface and extends indefinitely in all
directions. However, when bounded by straight lines or curves it is

called a region.

Plane

21.3.1 Determination of a plane

A plane is uniquely determined by:

a) Any three non — collinear points i.e.

v

R #

*

The plane RUV is formed by points R, U, and V.

b) Two parallel lines, e.g.
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=n
C n

The plane ABCD is determined by the lines AB and CD.

21.4 Projection of the point and the line

21.4.1 Projection of the point onto the plane or line

The projection of a point onto a plane or a line is the foot of the
perpendicular from the point to the plane or line, i.e.

-
3

ol Y
=
-

From the diagram above, P is the projection of point X onto the plane
ABCD or to line AC.

21.4.2 Projection of a line onto the plane Consider the line AX below.

B (1]

The projection of the line AX onto the plane ABCD is the line AP.

21.4.3 Angle between two lines
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Angle between two lines is defined as the acute angle formed at their
point of intersection. Consider lines CD and AB below.

B

C / D

/

A
The acute angle between these lines is 6.

21.4.4 Angle between a line and a plane

Angle between a line and a plane is defined as the angle between the
line and its projection onto the plane. Consider the line AX and its
projection AP onto the plane ABCD below.

The angle between the line AX and the plane ABCD is equal to 0.

21.4.5 Angle between two planes

The angle between two planes is the angle between any two lines, one in
each plane, which meet on and at right angles to the line of intersection

of the planes. Consider planes ABC and ABD intersecting at AB as
shown below.
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215

The angle between the planes ABC and ABD is the same as the angle
between the line BC and BD, which is equal to 6.

Calculating distances and angles

In three-dimensional geometry, unknown lengths and angles can in most
cases be determined by solving right —angled triangle. It is therefore
advisable to sketch the triangle separately from the solid.

Example

A rectangular—based pyramid with vertex V is such that each of the edges
VA, VB, VC, VD is 26cm long. The dimensions of the base are AB =CD
=16¢cm and AD =BC =12cm.

Calculate:

a) The height of the pyramid

b) The angle between the edges AD and VC

c) The angle between the base and the face VBC
d) The angle between the base and slant edge.

Solution
a)
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In triangle ABC:
AC?0 AB20 BC?, by Pythagoras theorm

016201220 400

=

OAC O 400 O 20cm OCO

1
2

21
AC O 2 010cm
Considering triangle VOC

v

Ziim

]
0 1tem C

By Pythagoras theorem, the height VO is calculated as follows :
VO?20OVvVC?00C?0 26201020 576

ovo El\é76 O 24cm

Therefore, the height VO of the pyramid is 24cm.

b) AD and VC are skew lines (lines which are not parallel and do not
meet). We therefore translate AD to BC to form the required angle
VCB.

o |
B 6cm M 6cm C
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M is the midpoint of BC. From triangle VMC:
f
cos OVCB 024 0 0.2308 OOVCB O
c0s™(0.2308) 0 76.66°

c) BC isthe line of intersection between the two planes and M is the
midpoint of BC. VM and OM are lines in the plane, which are both
perpendicular to BC. Thus angle VMO is the angle between the
base and face VBC.

Considering triangle VMO:

Y

24em

0 Bcm M
tan

24
OVMO O %0 3
OOVMO O tan®(3) O 71.57°

d) Since VO is perpendicular to the base, VCO is one of the angles
between the base and a slant edge. Considering triangle VCO:

v

2hom
2dem

a 10am C
VO 24
tanOvCOOCODO1I0O24

DOVCO O tan(2.4) O 67.89°
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Example
ABCDEFGH is a cuboid with dimensions as shown in the figure
below
H G
E i F 3cm
['.!;-—————————---- bee-din
dcm
-”" 12cm
Calculate:

a)  The length of AG
b)  The angle that AG makes with plane BCGF
c)  The shortest distance between line BF and plane ACG

Solution
H G
i _,.-"’f
E i ..-'-'#-‘ F Jem
DJ-----__;.---""------ t--Ed
. ;«-":_,_..-r-'""" Acm
i =
A 12em 3

a) The length AG can be calculated by considering triangle AGC. But
we need the length AC first. This can be calculated from triangle
ABC as follows:

AC?0 AB20 BC?, by Pythagoras theorem

01220 420 160
0 AC O 160 cm
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Now considering triangle AGC:
G

Acm

A Viaiem c

o
AG?D A&ELEFCGZEID 160J20 320169

OAG O 169 013cm

b)  The angle that AG makes with plane BCGF is <AGB since BG is
the projection of AG onto plane BCGF.

H [
E : F Iem
e
i dcm
2 '
A 12Zem

From triangle ABG:
AB 12

tan0 ABGO OO 24 GB
5

OO0 ABG O tan™(2.4) O 67.38°

c)  The shortest distance between a line and a plane is the distance
between a point on the line and its projection onto the plane. For

the above case, consider the diagram below:

H G
1
E/ | AP
o TR
_,“ -"'J:f—-q-" - P _q,cm
L H
A 12cm

BP is the shortest distance between line BF and plane ACG.
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PB
___AB OsinO

OPBOABsinO, ABO12cm

From triangle ABC:

BC 4 1!

tanO0 AB O 12 EI7

noo tanﬂlmgn 0 18.43°

OPB 0120sin18.43°03.79cm

21.6 Miscellaneous Exercise

1. The figure below shows a right pyramid standing on a horizontal
rectangular base PQRS. Given that PQ =12cm, QR = 16cm and V
is 24cm vertically above the horizontal base PQRS

Fine:
I. The length of VQ
ii. The angle between VQ and the horizontal base
iii.  The angle between the planes VPQ and VSR.

2. The diagram below shows a cuboid 40cm by 24cm by 18cm.
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. B PITET———— e c

'l' T - n., .=, . 24(““

A 40cm B

Calculate:
I. The length of the diagonal HB
ii. The angle between this diagonal and the base ABCD
iii.  The angle between planes EBCH and ABCD

VEFGH is a right pyramid with a rectangular base EFGH and
vertex V. O is the centre of the base and M is the point on OV

_such thatoM g0V . It is given that EF = 8cm, FG =
6cm,VE = VG = 15cm.

a) Find;
i Length EO
ii.  The vertical height OV of the pyramid

b) Find the angle between the opposite slant faces;
I VEH and VFG ii. VEF and VHG

The figure below shows a cage in which base ABCD and roof
PQRS are both rectangular. AP, BQ, CR, and DS are perpendicular
to the base.
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Calculate:

a) The length QR

b) The angle QRC

c) The angle between planes ABCD and PQRS
d) The inclination of PR to the horizontal.

5. The figure below shows a right pyramid on a rectangular base
PORS.

M is the midpoint of PQ. O is the centre of PQRS. Given that PQ =
12cm, QR =18cm and VO = 15cm.

Calculate:
a) The length of VM and VQ
b) The angle between VP and the base
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c) The angle between VPQ and the base.



