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FOREWORD

Following the outbreak of the COVID-19 pandemic, government of Uganda closed all
schools and other educational institutions to minimize the spread of the
coronavirus. This has affected more than 36,314 primary schools, 3129 secondary
schools, 430,778 teachers and 12,777,390 learners.

The COVID-19 outbreak and subsequent closure of all has had drastically impacted
on learning especially curriculum coverage, loss of interest in education and learner
readiness in case schools open. This could result in massive rates of learner
dropouts due to unwanted pregnancies and lack of school fees among others.

To mitigate the impact of the pandemic on the education system in

Uganda, the Ministry of Education and Sports (MoES) constituted a Sector Response
Taskforce (SRT) to strengthen the sector’s preparedness and response measures.
The SRT and National Curriculum Development Centre developed print home-study
materials, radio and television scripts for some selected subjects for all learners
from Pre-Primary to Advanced Level. The materials will enhance continued learning
and learning for progression during this period of the lockdown, and will still be
relevant when schools resume.

The materials focused on critical competences in all subjects in the curricula to
enable the learners to achieve without the teachers’ guidance. Therefore effort
should be made for all learners to access and use these materials during the
lockdown. Similarly, teachers are advised to get these materials in order to plan
appropriately for further learning when schools resume, while parents/guardians
need to ensure that their children access copies of these materials and use them
appropriately. | recognise the effort of National Curriculum Development Centre in
responding to this emergency through appropriate guidance and the timely
development of these home study materials. | recommend them for use by all
learners during the lockdown.
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ABOUT THIS BOOKLET

Dear learner, you are welcome to this home-study package. This content focuses on
critical competences in the syllabus.

The content is organised into lesson units. Each unit has lesson activities, summary

notes and assessment activities. Some lessons have projects that you need to carry
out at home during this period. You are free to use other reference materials to get
more information for specific topics.

Seek guidance from people at home who are knowledgeable to clarify in case of a
challenge. The knowledge you can acquire from this content can be supplemented
with other learning options that may be offered on radio, television, newspaper
learning programmes. More learning materials can also be accessed by visiting our
website at www.ncdc.go.ug or ncdc-go-ug.digital/. You can access the website using
an internet enabled computer or mobile phone.

We encourage you to present your work to your class teacher when schools resume
so that your teacher is able to know what you learned during the time you have
been away from school. This will form part of your assessment. Your teacher will
also assess the assignments you will have done and do corrections where you might
not have done it right.

The content has been developed with full awareness of the home learning
environment without direct supervision of the teacher. The methods, examples and
activities used in the materials have been carefully selected to facilitate continuity of
learning.

You are therefore in charge of your own learning. You need to give yourself
favourable time for learning. This material can as well be used beyond the home-
study situation. Keep it for reference anytime.

Develop your learning timetable to ca ter for continuity of learning and other

responsibilities given to you at home. Enjoy learning
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Class: S6 Pure Mathematics: Term 1

Topic 12: Trigonometry (Calculus)

Learning Outcomes

The learner should be able to:
i) convert degrees to radians and vice versa. ii) find the value
of the length of an arc and the area of a sector.

Sub-topic 1: Radians

Lesson: Radians
If an arc AB of a circle is drawn so that it is equal in length to the radius of the circle, then the angle is
called one radian (1 rad)

s o

The number of radians in one revolution is therefore given by the ratio of
2NMANTANT

CCcccecececcecceccecccccccccecceccecccceccecceccecceccecceccccccecee = = 27MANT

cccerrrrrrrrccccrrrrcecerrrr; 2nnnm = 360 rrrrccceddddccccececceccecrrrr
TTTTTTT

—A—
m
T
T
» it = 180 rrrrececeddddccccccecececeerrrr; cccerrrrrrrrccccrrrrcecerrrr =1
rrrrccceddddcccceccccece
180

Example 1
(a)Express the following in radians (Exercise 18b Qn. 1 & 2)

1) 300 = 30 X mnn = nnnn

T80 [
i) 450= 45 x mowr= mwon
180 4

iii) 120030'= (120 + 30/60) X mmn = 120.5 X __mmnn

180 180

iV) 12" = 17X nwmm = OTmnn =wnnn
60 180 90 900
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Swran SrrAT 180 0

(b)Express the following in degrees; = X =150

6 6 T

Example 2.

An arc AB of a circle, centre O subtends an angle x° at O. find the expression in terms of X and
the radius for the

a) For the length of the arc AB

b) The area of the sector OAB

a) The length of an arc of a given circle is proportional to the angle it subtends at the
centre. But an angle of is subtended by an arc of length2rrnrrcccc, therefore an
angle of x° is subtended by an arc of length.

0

XXXX TTTTTTT

The length of Arc= = __3600 X 2nmmccce = 180 X cccc
T
~ TTTThcccc llllccececececcececllllh oooocccec llllhcece rrrrececrrrriiiloooocccc 000000000000
CCCCTTTT = ___XXXXCCCC
180

b) 0000ccccccccO000 oooocccc rrrrccccrrrriliiioooocccc 000000000000 = 360

—xxxx00 X TTTCTTTT X CCCC2 = 121g8onmmm XXXXCCCC2

TTTTTTT

Thus in both the length of an arc and the area of a sector, there appears a factor of__, which is due

180

to the unit of measurement of the angle OAB. This suggests a new unit for measuring angles, which

e is called a
radian, such that an angle in radius = (angle in degrees) 180

If we let 66006 radians equals rrrrcccccccccectrecceccerrrr , then10 = mme ccccOO0O0TTTT; XXXX° =

__mnn xxxx ccccO000rrrrccccO000cccerrrr = 0060 ccccOO00rrrrccccO000Occccrrrr

180 180
_MITIT

~ TTTThccecce llllccecececceccececllllh oooocccec llllhcece rrrrececrrrrlliiloooocccc 000000000000
CCCerrrr = xxxxcccc = 0000cccc = ccccH000;
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180

«~ 0000cccccccc0000 oovocrree rrrreecerrrrilliooooccee

000000000000 = 1 nrrr xxxxcccc?=10000cccc? = 1_cccc20660
2180 2 2

Exercise 1

1.(a) What is the length of an arc which subtends an angle 0.8 rad at rad at the centre of circle of
radius 10 cm?
(b) What is the area of a sector containing an angle of 1.5 rad in a circle radius 2cm?

2. Two equal circles of radius 5cm are situated with their centres 6cm apart. Calculate what area lies
within both circles. Area of shaded part = 2 (Area of sector OAB - Area of triangle OAB) = 22.36
cmz

3. A circle of radius r is drawn with its centre on the circumference of another circle of radius r.

iT 1.."§

o E
show that the area common to both circles is ar (3 4

Sub-topic 2: Derivatives of Trigonometrical Functions

Learning Outcomes

The learner should be able to:
i) find a relationship between rrrrrrrrrrrr®, ccccoooorrrrf, tan 0066and
B(rads)for Bis a small angle. ii) differentiate the trigonometrical ratios from first
principles.
iii) differentiate the inverse trigonometrical functions.

Lesson: Derivatives of Trigonometrical Functions

Small angles
For very small acute angles tan 8006 = sin 8006 ~ 0060 , i.e.

Angles in degrees 50 10
0000 ccccrrrrrrrTTTTYTTTY YT Y”T”T 0.087266462 0.017453292
tan 6666 0.087488663 0.017455064
sin 6666 0.087155742 0.017452406
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Consider this geometrically; Chord AB subtends an angle 8868 at the centre of a circle of radius r
and the tangent at B meet OA at D. consider the three areas of triangle AOB sector AOB and triangle
DOB

1
Zrrrrrrrrrrrr 66066 Area of A
WlcccerrrrrrrrrrrrllULLILILLI
000000000000 = cccc

2

1206000;
000O0ccccllllrrrr oooocccc
SSSSlliccceclllloooocccc

000000000000 = cccc
2

12Ullrrrrrrrr
060660 Area of A
WllccecerrrrrrrrrrrrllILILILIL
DDDDO0O000000 = cccc
2
It can be seen that 0000ccccllllrrrr oooocccc 000000000000 < rrrriliicccclllloooocccc
0ooocccc 000000000000 < rrrrceccllllrrrr oooocccc ADDDDO0O0O0O0O00O

-1 2s5in 80600 < 1cccc?206060 < 1cccc?tan 6066
cccc

2 sin 06066

Divide through by cccc
2

Sin@ [ sind
< = ; sin®

sinf066 cosHHHOsin6HH6O
1

d
1 = —— = —— 1=
rrrrrrrr 6666 — 0, cos 6666 - 1,
— 1 sing666 cosf6606 cosH6606
6066 6006

1%5me = Vs “1rrrrrrrr 0066 — 0

;rrrr. llll sin 6000 =~ 0600 rrrrrrrr

0666 - 0

Find the approximate value of Cos 86660 when 86686 is very small.
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cos 000 =1 — 2 sin20606 7 =73 =1———=1— ;sin0ee 6006; cos GOHH 6696_2
22

Derivative of sin x and cos x
1) yyyy = SSSSSSSSSSSS XXXX

yyyy + §866yyyy = sin(xxxx + §666xxxx); §668yyyy = sin(xxxx + §665xxxx) —yyyy =
sin(xxxx + §685xxxx) — sin xxxx

XxxX+6886xxxx+xxXXXXXX+ 656 6xxXXx—XXXX 566X XXX FEESNXXAX
6688yyyy =72 cos sin = 2 cos xxxx + sin

2 2 2 2
88858866 56666856

88888568 _cosxxxx+ 2 sin 2

Dividing by 6886xxxx;  6688xxxx =126556xxxx

58666665dddd58585858xxxx8585xxxX 58688xxxx ddddss568
The limit as 0,— - —, sin (—) ~ 0000xxxx— cos (x + —) ~ COSX; — = COS —
dx dx 2 2 dx
TTTThccceccececeecceccecececcecececcecce XXXX
2
dddd
& — (sin xxxx) = cos xxxx
ddddxxxx

2) Differentiate cos x
Let yyyy = cos xxxx

yyyy + §866yyyy = cos(xxxx + §686xxxx); §860yyyy = costxxxx + §560xxxx) — COS XxXXX = —2

Sin xxxx+8886xxxx+xxxx gin xxxx+8886xxxx—xx3%

8666+66666666+66666666+886686666—8888
886

56 56

The limitas §6 - 0; — - —
—2sin sin 2
2

88668866
56866666  ddddssss , SIAS656xxxx 5556 xxxx dddd55868
—sinxxxx.2 = — SIN XXXX ; 8888xxxx ddddxxxx?2

2 Soddddxxxx = 126686xxxx
dddd
~ — (cos xxxx) = — sin xxxx
ddddxxxx

3) Differentiate tan x
sin (xxxx+8686xxxx)sinxxxx

Lety=tan x; yyyy + §668yyyy = tan(xxxx + §866xxxx) ; 6666yyyy = tan(xxxx +

6668xxxx) — tan xxxx = — cos (xxxx+0685xxxx) cosxxxx Sin (xxxx
+ 6680xxxx) cos xxxx — sin xxxx cos (xxxx + §665xxex—  sim{xxxx
+ 6680xxxx —XXXX) sin 866 xxxx
6806yyyy=—"= = TOS XXXX COS (XXXX + 0000XXXX) ~— COSXXXXCOS
(xxxx + 6886xxxx)  cos xxxx cos (xxxx + §886xxxx) 566565565 Sin6&5Sxxxx 56666686
— T dadasoss -
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= + §680xxxx , limitas = 0, = ; sin §686xxxx = §686xxxx, cos(xxxx + §665xxxx) =

COS XXxXXx
6886xxxxCc0osxxXxC0S (XXXX+EFFSxXXX) 6886xxxxddddxxxx
dddaﬁ&&&ﬁLL = 12 = s@XXXX ;
ddddxxxxcosxxxxcos xxxx 6865xxxx COS XXXX
dddd 2xxXXX
(tan xxxx) = sec
ddddxxxx

In summary

dddd dddd dddd 2xxxx

i (rrrrrrrrrrrrxxxx) = cCcccccerrrrxxxx; ii. (cccececececerrrrxxxx) = —rrrrrrrrrrrrxxxx;
iii. (UUrrrrxxxx) = rrrrccececcece

dddaxxxx dddaxxxx dddaxxxx
iv. dddd (TTrrcccccccexxxx) = rrrrcccccece xxxx UWrrrr xxxx —, dddd
(ccecececccerrrrececcccccexxxx) = —cccccccerrrrcccccccce xxxx ccccccecllll xxxx — vi, dddd
(ccceccecllllxxxx) =

ddddxxxx ddddxxxx ddddxxxx

—CCCCCCCCTTTTCCCCCCCC? XXXX
Exercise 2
(a)Differentiate the following with respect to (w.r. t) x

i. yyyy = sin 4xxxx(Ans: 4cos 4x); ii. yyyy = tan(xxxx2+ 1)3iii. yyyy = cos3 xxxx iv. yyyy =
Vsec 2xxxx

v. yyyy = (xxxx2+ 1) cot xxxx Vi. yyyy = sec xxxx tan 2xxxx

COS2XXXX

(b) yyyy =

sin3xxxx

Derivatives of the inverse functions
Example 3

Find the derivatives with respecttox; a)
sin—1xxxx

b)cot—1(xxxx2%+ 3)

Solution

a) Let yyyy = sin—!xxxx; so sin yyyy = xxxx;
ddddssss
Therefore, cos yyyy. =1;

dddexxxx
ddddssss 1 1

ddddxxxx = c0s6666 = (1—sin26656)
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1
= (1—xxxx2)
b) Let yyyy = cot~1(xxxx2+ 3); so cot yyyy = xxxx2 + 3;

Therefore, —ccccooooooooccccccec? xxxx. ddddssss__ = 2xxxx;
ddddxxxx

- ddddssss 2 xXxxx

= —2xxxx. sin
ddddxxxx

Exercise3
Find the derivatives with respect to x
a) cos— 1 3xxxx

bbbb) sin—1(xxxx3 + 4xxxx)

ccee) 4xxxxdtan—1(2xxxx)

Topic: 13: Exponential and Logarithmic Functions
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Learning Outcomes
The learner should be able to:

i) identify exponential functions. ii) sketch smooth
curves for exponential functions.

Sub-topic 1: Exponential Functions

Lesson: Identifying exponential functions Introduction

The word exponent is often used instead of index, and functions in which the variable is in the index
(such as 2xxxx, 1Qsinxxxx ) are called exponential functions.

Observe the table of values for a function of the form cccc(xxxx) = bbbb**xwhose base is greater
than one. We'll use the functioncccc(xxxx) = 2xxx, Observe how the output values in Table change
as the input increases by 1.

XXXX -3 -2 -1 0 1 2 3
ccee(xxxx) = - - — 1 2
Zxxxx “'.-'I- |."1 J. 2
Netiee from the table that

* The output values are positive for all values of:
* Asincreases, the output values grow smaller, approaching zero;
* Andas decreases, the output values grow without bound.

Each output value is the product of the previous output and the base, 2.
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(-13)
-2.)
(-3.%) \
g e

I'he x-axis is an asymptote.

Note that the graph gets close to the x-axis, but never touches it.
The domain of f(X)=2* is all real numbers, the range is (0,00), and the horizontal asymptote
isy=0

We call the baseé 2 the €6ASEaRLFHID. In fact, for any exponential function with the form
f(x)=ab*, b is the constant ratio of the function. This means that as the input increases by 1, the
output value will be the product of the base and the previous output, regardless of the value of a.

Exercise 1
Sketch smooth curves of the following exponential functions for values of xxxx ccccccccccccccee — 3
lillccee + 3

i) cccc(xxxx) = 0.25%=x State the domain, range, and
asymptote. ii) cccc(xxxx) = 4»xxx State the domain, range,
and asymptote.

iii) cccc(xxxx) = 2xxx 4+ 3 State the domain, range, and asymptote.

The gradient of yyyy = aaaa**** at (0000,1111)

(5%,0)

DOWNLOAD MORE RESOURCES LIKE THIS oN ECOLEBOQOKS.COM
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§6666688aaaa’8688685_1
The gradient at ABis — = ;
86606xxxx85886xxxx

Now as §886xxxx — 0, the gradient of 00000000 — cccc.

It follows that the limit, as §686xxxx — 0 ofaaaa
rrrrrrrr (0,1)

ssssxxxx—11111s m, the gradient of yyyy = rrrrxxxx

6888xxxx

dddd xxxx)

The form of tnaaa

ddddxxxx
The gradient of yyyy = aaaa***x at any point PPPP(xxxx, yyyy) on the curve with the usual notation
if 6660 is the point
(xxxx + §866xxxx, yyyy + §665yyyy)
YYYY + 6668YYyyy = rr1raxxx+8856xxxx; 6000YYYY = 11T xxxx+8888xxxx —TTTTxxxx =
TT‘TTxxxx(TT'TT&S&Sxxxx - 1)
58668568

Therefore, the gradient of PQ, __ = rrrrexx ___ aaaadéssssss=1 . ... .. .. e e e (€CCCC)
6660xxxx 8660xxxx

Now as 6880xxxx = 0, —— aaaassssssss—1 = CCCC. ; — Then — the RHS of (i)ssss6586
xxxx, dddd§686 = CCCCTTTTxxxx,
— CCccrrrr
6606xxxx 6686xxxx ddddxxxx

dddd(aaaa**xx) xxxx

I'rrrrrrrrrrrssss = mmmmaaaa
ddddxxxx

The exponential function eeeexxxx
Definition: e is the number such that the gradient yyyy = eeee**xx at (0,1) is 1. eeeex**xis called the
exponential function.

TTTThcceccece —dddd [€%) = cccexxooooccee yyyy = cccexxes; ddddssss__ = yyyy;
ddddxxxxddddxxxx

Also ICCCCXXXXTTT'TXXXJC =e* +cccc

Example 1
— ddddssss 3xxxx,
Find wwwwhcccceeee yyyy = cccc
ddddxxxx

Let cccc = 3xxxx? rrrrccccrrrrdddddddd = 6xxxx;
ddddxxxx

rrrrhcccccecee yyyy = ccccdddd rrrreccerrrrddddssss = ceoccdddd

dddddddd
dddass66adddssss  dddddddd
By chain rule, = X

ddddxxxxdddddddd ddddxxxx

= ccccdddd, 6xxxx = 6xXXXCCCCI*XN2
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Sub-topic 2: Logarithmic Function

Learning Outcomes
The learner should be able to:
i) identify a logarithmic function.
ii) state the properties of logarithmic functions. iii) find derivative of
natural logarithm.
iv) apply the natural logarithm to differentiate exponential functions.

Lesson: Further theory of logarithms

Definition
The logarithm of bbbb to base aaaa written ll1ll000000004aaabbbb, is the power to which the base
must be raised to equal to bbbb.

Thus since  102= 100, 2 =1logi0100. ; IIlIcccc rrrrx =
bbbb , xxxx =10gaaac b

Basic rules
1) 1ogCCCc(TTT7"bbbb) =

llllo0000000ccccrTTT +
l11l00000000ccccbbbb ii) 10gcccc
aaaay, ), = 11100000000 ¢ccTTTT
—1l1l00000000ccccbbbD iii)
logecec rrrrmnnn = cccc

ll1l00000000ccccTTTT

Natural legarithims
Logarithms to the base e are called natural logarithms or Nipierian logarithms., logeeee xxxX = Il ccCC
XXXX

Exercise 2.
1. Express as a single logarithm:
a) 2logrrrr —2 +log2rrrr,

b) 3logexxxx + 3 — loge 3xxxx

DOWNLOAD MORE RESOURCES LIKE THIS oN ECOLEBOQOKS.COM
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| 1
c) zloge(1+y)+ zloge(1—y) +logek
2. Express in terms of logcecc 771

a l =1
a) loge3rrrr b) loges C) ( ? loge 3
2
3**1 =12; ¢) %log,oaz‘ —log oVa — 2log,pa = 4
3. Solve the equations; a) 2 sses = 32
b)

a) logiy — 4log,10=10

Derivative of In
_dddd
Find (Illlcccc xxxx),
ddddxxxx
we write yyyy = [Illcccc Xxxxx rrrrrrrr xxxx = ccccd66d

Differentiate both sides with respect to x.

— dddd (xxxx) — =dddd sss5) X dddd5sss;

(cccc
ddddxxxxdddds666 ddddxxxx

1 = cccedb86ddddssss,
1 dddz{
xxxxddaddss56

YYVY xxxx

ddddxxxxeeee
—dddd

1
ddﬁx&&y X ) Sexxx

Derivative of Inf(x)

_dddd
Find (I1llcccc cccc(xxxx)),

ddddxxxx
we write yyyy = IIllcccccecece(
XXXX) T7rrrrrr cccc(xxxx) =
ccccdsss
Differentiate both sides with respect to x.
—  dddd — —

dddd  5858) X ddddssss;

(ccee(xxxx)) =(cccc
ddddxxxx ddddd6s6 ddddxxxx

CCCC””(X.XX.E)_ — CCCC&S&S dddd665§;
ddddxxxx

ddddsass fff M o) fFF o)

ddddxxxx = eeeeyyyy= ffff(xxxx),
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dddd Frff(xxxx) .,
(Il11ssss

ffff(exxx)) =

ddddxxxx
fFff(xxxx)

FIFS (exx)
Then [rrrrxxxx = In cccc(xxxx) + CCCC;

fIff(xxxx)

1
It follows that I —dx = In (fx) wwwwhcccecceeecee cecc = Hlcece kkkk
XXxXX

)

Example 3
Differentiate
(a) In (2x)

(b) In(x2 + 3x)

Solution.
dddd(In (2xxxx)) 2 1

() = =

ddddxxxx  2xxxx xxxx
ddddln (cxxx®+3xxxx) 2xxxx+3
(b) ddddxxxx = xxxx2+3xxxx

Example 4
Find.

2a+1
(a) I xxxx2+xxxx—1 TTTTXXXX
cceeeeceeeceexxxx

rrrrxxxx
CCCCSSSSMMNMNXXXX

) J

Solution

2x+1
(a) f T 24xxxx—1TTTTXXXX

XXXX
ddddxxxx®+xxxx—1
Yourealisethat = 2xxxx + 1 which is the numerator.
ddddxxxx
2x+1

2
dx=In(x*"+x-1) Frxxxz s xoo—1 ccee

Therefore, f
ccecececeeeeeeexxxx
TTrrXXXX

CCCCSSSSNNNNXXXX

(b)

dddd(ccccssssnmnnxxxx)
You realise that = ccccooooooooxxxx which is the numerator.

ddddxx
xx——
CCCCCeeeeeeexxxx

Therefore, [rrrrxxxx = llllccce (oooorrrrccccxxxx) + cccc
CCCCSSSSNMNNNXXXX

IL
(9 TTTTrXXXX;
2xxxX

£ 2x = 2 Which is twice the numerator.
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ddddxxxx

1 1 1 1
f_d-’i = -f—dx =~1lllcccc xxxx + cccc

2xxx% 2 xxxx 2

XXXX

(d) [ xxxx

241 TTTTXXXX

You realise that (xxxx
ddddxxxx

o= dx=%1n(x2+1)+

x2+1

Derivative of aaaaxxxx

dddd**xx) = CCCCrTTTXxx

—rrrr

ddddxxxx

dddd*xxx) = rrrreex [[[[cccc rrrr;

~(rrrr
ddddxxxx
Also, [rrrrocx yrrrrrrr = __ acaassss 4
cecee
IIIInnnn aaaa
Exercise 3.

1. Differentiate the following:-

2+ 1) = 2xxxx which is twice the numerator.

(a)
cCceeixxxx
(b)

CCCC4-xxxx— 1
(C) CCCCXxxXx2+xxxx

2. Integrate the following:-
(a) cccexxxx

(b) 4cccctrxx

(c) 2rrrrecece

3. Differentiate the
following:-

(@) In (3rrrr)

(b) In (rrrr2 = 2rrrr)

4. Find:-

Ix—1
@ —
XXXX2—xxxx—1VTTTTTTT
CCCCSSSSNNNNXXXX

() [—rrrrrrrr
cceceececeeeeeexxxx

5. Differentiate the
following:-

(a) 2 xxxx

(b) 32xxxx

6. Integrate the following:-

(a) Jxxxx

(b) 23xxxx—1

(d) CCCCEeeessssnnnnxxxx

(e) ccccttttaaaannnnxxxx

(f) Cccc\/xxxx
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(d) ccccoooooo00TTTTCCCCeceessssnnnnxxxx

(e) (2rrrr + 2)ccecronz+2xax

(f) CCCC3xxxx

(c) In (oooorrrrcccerrrr)
(d) In(vx)

1
(9 / 2 ATTTTTTTT
4x
xxx+4 (d

fxxxx

242xxxx+21TTTT
Trrrr

@I:uhm

(C) Saxxxx2

(d) 4.cccessssnnnnxxxx

(c) rrrrixxxxz

(d) ooooccccccec?rrrr

Sttttaaaannnnxxxx

7. 1f yyyy = 0000cccc—>xxcos(rrrr + aaaa)where A and aaaa are constants, prove that

dddd?5566dddd5566

1) ddddxxxx2 ¥ 2 ddddxeex + 2)’}’3’3’ =0

il) ddddddddxxxxs66664+ 4yyyy =0

Topic: 14: Maclaurin’s Theorem

Learning Outcomes
The learner should be able to:

i) relate Maclaurin’s theorem to the binomial expansion.

ii) apply Maclaurin’s theorem in expansions for approximations.

Sub-topic: Maclaurin’s Theorem
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Lesson: Maclaurin's theorem

Bearing in mind the relationship xxxx = rrrr + h, where rrrr is a constant, and xxxx and h are
variable, we see that there is a special case given by rrrr = 0 when xxxx = h and either form of
Taylor’s theorem given 1t reduces to

" w

() = fO) + fO)x +1—x?2 4 33 ¢ tpe. O SO O
cccc. This is a form of Maclaurin’s
2!
theorem.
Example 1:

Use Maclaurin’s theorem to expand in Illlcccc(1 + xxxx) in ascending powers of xxxx as far as the
term in xxxx>

ccec(xxxx) = Hllccee(1 + xxxx),

cccc(0)=0
ccec' (xxxx) = (1 + xxxx)=1, ccec'(0)
=1
ceec” o) = (1 4 xxxx) 72, ccec"® =

—1 ccec"' (xxxx) = 2(1 + xxxx)=3,
ccec’'(0) = 2!
ccecvvwlan) = =3 X 2(1 + xxxx)™4,
ccec'vvw© = =31 cccevvvvteonax) = 4 X 3 X 2(1 + xxxx)=5, ccccvovv® = 4]

By Maclaurin’s theorem
cccc"(O) cccc"’(O) ccecvvvv(0) cecccvvvv(0)

= f(0 0 3 4
cccc(r) f(0)+ f"(0)x + 4 3 x4+ a0 x* + = x> +
‘l 2! -3! 4!
(1+A)—0+1x+?x2+51 +T.t"+—x 4 in(1+x)
1 1 1
oy ——x2 4 —x3 ——x* 4 — x5 —
Illlcccc x Zr 3A 4x 5‘

Exercise.
1. Use maclaurin’s theorem

a) Toexpand ccccx*x in ascending powers of xxxx as far as the xxxx5 term

. sinx =x——+— .
b) To show that when xxxx is small, 3 8 xxxx3  xxxxs and ccccecececececec sin

17011" .
c) To find the first three terms of cos xxxx.

1 1+xxxx
2. (a) Write down the first three termsin * [Illcccc—

1—xxxx

(b) Hence solve
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(i) I11Iccee 3 (ii)IIccec 3

3. Apply Maclaurin’s theorem to expand each of the following upto the term indicated in the
corresponding bracket.

i) tan—lxxxx

(xxxx3) ii) 2xxxx

(xxxx3) iii) ccccxxxcos xxxx

(xcxxx5)

iv) Illccee xxxx + (xxxx?+
1) (xxxx3)
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Topic 15: Integration II

Sub-topic 1: Function and its Derivative

Learning Outcomes
The learner should be able to:
i) recognise a function and its derivative and integrate.

Lesson: Recognizing the presence of a function and its derivative.
Example 1:
Find [xxxx(3333xxxx2222 + 2222)444ddddxxxx

[We note that the outside the bracket is a constant X the derivative of the expression inside the
bracket. We deduce that the integral is a function of (3xxxx2 + 2)]

- dddd 24+ 2)5=5(3xxxx2+ 2)* X 6xxXX

(Bxxxx
ddddxxxx

= 30xxxx(3xxxx2 + 2)%;
— B2 +2)° =x@x2+2)*

ddddxxxx

. 2 4 9. 1 0.2 4 9\5
x(B3x*+2)*'dx=—((3x“+2) +
Hencef ( ) 30( ) cccc
Or Let cccc = 3xxxx?2+ 2; rrrrcccc = 6XXXXTTTTXXXX; dddddddd = rryrrxxxx;
6xxXX

f xxxx(3xxxx2 4+ 2)rrrrxxxx = f XXXX. ccccS, dddddddd
6xxX
x dddds

=— 4
30 ccece

-1 2 5
T an (3x%+2) +CCCC

Example 2

Find [rrrreccccceee 24xxxxccccoooorrrr 4xxxx rrrrxxxx [We note that ccccoooorrrr 4xxxx is a
constant X the derivative of rrrrccccccce 4xxxx]

dddd 34xxxx) = 3(sin 4xxxx)2 X ccccoooorrrr 4xxxx X 4 =12
sin? 4xxxx cos 4xxxx
So (sin
ddddxxxx
1,
- = —sin® 4x +
Hence f Sin? 4xxxx coS 4xXxXxXX rrrrxxxx 1z cccc.

Exercise 1

Find:-

(@) J (xxxx + 2)10rrrrxxxx

(b) [xxxx(xxxx? + 2)3rrrraxxx

(C) fT'T'TTCCCCCCCC 2XXXXCCCCOO0OTTTT XXXX TTTTXXXX
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Sub-topic 2: Change of Variables

Learning Outcomes
The learner should be able to integrate by change of variable.

Lesson: Changing the variable(substitution)

Example 3

Find [xxxx(3xxxx?+ 2)4rrrrxxxx.

llccccllll cccc = 3xxxx2+ 2; Then ddddssss__ = xxxx(3xxxx2+ 2)*
ddddxxxx

If = 3xxxx2 + 2 ; Then by the chain rute ddd#8565 —dddd5556 x ddddxxxx,
ddddddddddddxxxx dddddddd

—  ddddssss 2+ — 2)4ddddxxxx;
= xxxx(3xxxx
dddddddd dddddddd

Integrating with respect to u.

yyyy = fxxxx(Bxxﬂcz + 2)tddddxoxyrrreccc;

dddddddd
0000ccccllll cccc = 3xxxx2 + 2; o dddddddd = xxxx rrrrrrrrrrrriE = L
ddddxxxx dddddddd6xxxx
2 09V e = a(2y2 4 9)E L
[xxxx( =4 2)"dx= x(3x"+2)"—3xxxx [ rrrreccc
6xxXxX
1 1
= [—utdu =—u®
& 20
1
— ' o 5
1] Eax + 2} + C
ddddssss
So for yyyy = [cccc(xxxx) rrrrxxxx; Then = ccce(xxxx);
ddddxxxx
dddd5555dddds558 ddddxxxx ddddss68  ddddxxxx
From chainrule, = X ;.~=cccc(xxxx) X
ddddddddddddxxxx dddddddd ddddxxxx  dddddddd
ddddxxxx
~ [ffff(xxxx) ddddxxxx = [ffff(xxxx) ddddTTTT
ddddTTTT

This is the formula for substitution or change of variable.

Exercise 2.

1. Integrate each of the following using the substitution(change of variable) indicated.

(a) [ sin24xxxx cos 4xxxxrrrrxxxx, ppppccccllll cccc = sin 4xxxx

(b) [ sinSxxxxrrrrxxxx , ppppccccllll cccc = cos xxxx
(€) [ 2 (3% = Dyppprocxxx , ppppccccllll cccc = V@Bx—1)

(d) [ 2 (2 + Vppproxxx , ppppccccllll cccc = V(@Zx+1)
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(€} Jx (2% + Dyppprocxxx , ppppccccllll cccc = 2xxxx + 1

() [xxxx (3xxxx — 2)6rrrrxxxx, ppppccccllll ccce = 3xxxx — 2
2. Prove that.

|2

(a) [ sin xxxxXVCOS XXXXTTTTXXXX = — 3 (cos xxxx):: + cccc
_ 1
b) [ cot?xxxxccccoooooooocccccecc? xxxxrrrrxxxx . a
cot3 xxxx + cccc
[ simvT
c) W TTTTXXXX

1

—lx+3)7-3/2x+3) +

6
= —2casvx + cecc
xxxx—1
d) [——rrrraxxx ccce
(2xxxx+3)

Definite integrals and changing the limits
Example 4.

Evaluate".; xy/(2x + 3)dx = 11.6

3
i x V2% + 3o
2

1
=(2x+3): 2=2xxxx + 3 — -
TYTYrrrrrrrrr Xxxx = dddd?-3 -~ ddddxxxx = 2 llllccecllll cccc =
cccc

2 dddddddd ~ We have to change

the limits.
X | uz
114 |2
2
319 |3
ddddxxxx
Jccce(xxxx) rrrraxxx = [cccc(xxxx) —_rrrrecec
dddddddd
3 fu*-3
::JT (u ) X
EL 2rrrrcecc
I - -
- jz u 3rrrrcccc
[ 3
- [.'1 Su] 2

_ (§—3x3)—(§—3x2)=0—(—3.3333)
- 3.3333
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Exercise 3 Prove
that:

3 X
(a)f2 mdx=\/g—1

M

_ i
FRP- T 2
[-h-]ju COST XSy yexxrrrrxxxx = 16

Sub-topic 3: Pythagoras’' theorem, odd powers of
SSSSSSSSSSSS XXXX,

ccceccecececssss xxxx etc.
Pythagorean identities are in the forms.

€CcCcc00000000% xxxx + oooorrrrrrrr? xxxx = 1, ccccooo00000? xxxx + 1 =
ccccooooooooccccccec? xxxx, 1 + oooollllrrrr? xxxx = ooooccccceccc? xxxx

Example 5.

Find | ssssssssssss 5555xxxx ddddxxxx

[ ssssssssssss 5555xxxx ddddxxxx=] ssssssssssss *“444xxxx ssssssssssss xxxx ddddxxxx
= J(1 — cos® x)* sin xxxx rrrrcxx
= [(sinx — 2 cos? xsinx + cos® yyyy 0000TTTTTTTTXXXX)TTTTXXXX;

J SSSSSSSSSSSs 5555 xxxx ddddxxxx = —ccccccccssss xxxx + =2222 ccccccccsSSS3333 xxxx
1111 cccccceccssSS5555 xxxx + cccc

3333 5555
Exercise 4
Find:-
| sin?
(a) XXXX TTTTXXXX

R -
(b) T €05 *Zoxxx rrrracexx

5
(c)f COF “xxxx rrrrxxxx

Sub-topic 4: Even Powers

Learning Outcome
The learner should be able to use double angle formulae for integrating even powers of
cosine and sine.
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S XXXX, CCCCCCCCSSSS XXXX.

Two very important formulae derived from the double-angle formulae are
1

€ccc00000000% xxxx = 2 (1 + cos 2xxxx) llllrrrrrrrr oooorrrrrrrr?
1

xxxx = 2 (1 — cos 2xxxx)
Example 6.

1.Find [ sin I:"-xxxx TrrrXxxx
2 — L1 _
2x = 2 (1 — cos 4x) Note: double the existing angle.

= j%{l — cos 4x)

But oooorrrrrrrr

Therefore, I oooorrrrrrrr 22xxxx rrrrxxxx TTrrXXxXx

1 1
[=—-cos4
=133 XXXX TTTTXXXX

1 171
-x ——(—sm.4x] +
=z AT ccce

1 1 .,
_ =x —-=-5indx +
=z B cccc

. n 4
2. Find J c05 Y yxxx rrrraxxx
|

But cccc00000000? xxxx =z (1 + cos 2xxxx) Note: double the existing angle.

2

f(cos?x) 2 dx = f(%(l — cos 4x)

Therefore, TTrrXXxXx
_ lj‘(l — 2c0s2x + cos? 2x)
= TrrrXxxx
1 w1 . . 1
_ Z(x -2 (E stx) +[50+ cosd
lx - lsian + lx + l(—1.91'714
=4 4 8 B\ 4 XXXX
3 1, _1
—3X —;stx 3251n4x +cccc
Esereise 5.
Find:-

(a) [ sinyxexx rrrraexx
(b) j cos :3xxxx TTrrXxXxx
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Sub-topic 4: Inverse Trigonometrical Functions

Learning Outcome
The learner should be able to integrate functions of the form:
S O
J \"1.02 - h:.\'z)
l

i) =
a” + b°x°

iii) J' ’/ f((_:')) dx=In f(x)+¢
Lesson: Integration using the inverse trigonometrical functions

The inverse trigonometrical functions were introduced in derivatives of trigonometry, you are

advised to revise it before proceeding further. The following angles lie between 0 and 909 inclusive.
1 1 2

Express them in degrees and radians in terms of rrwm. A)tan-11B) 2 sin—1C)z cos—11D) 1 cot-!
1 E¥2cosec 142

The inverse sine function may be written as rrrrrrrrrrrrrrrrrrrrrrrr xxxx or as sin—1 xxxx. Both
forms are in current use

and both will be used. The expression (1 — xxxx2) may be reduced to a rational form by changing

variable to u, where xxxx = rrrrrrrrrrrr cccc, thus

(1-x%)= \/(1 — sin*u) = Vcos? u = cos cccc; This is used in the following example

Examiple 7
1
1FFFF f‘T’WCCC cccexxxx
—4aXx
J" 1
CCCCXXXX
[1—4x)
J’ 1 ddddxxxx
=__cccceecc,
(1-4x%ldddddddd
2 =sginfx .~ 2x =sin —ddddxxxx 1 -12
XXXX let 4xxxxcccc; = =cos cccc and u = sin
dddddddd z

j- 1

———————al W]
=" J[1-stn?u) 2 ccec ceeceece

1 1 1
- cos ==
=24 casu - cccc ceccecce ~ 2 Y cecexxxx

1 [
-u+c¢=sin"'2x +
=3 rrrr

1
2. Find f CCCCXXXX;
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(9—dx®)

J- 1

W= cocexxxx

J’ 1 ddddxxxx

= (9—4xxxx2) dddddddd— TTTYTTTT ,

let 4xxxx2 = 9sin2 xxxx - 2xxxx = 3sinTrrr; = ddddxxxx=3cos rrrr and u = sin—12__xxxx

dddddddd 2 3
1 3
.r ,:}_ —C0O8
=" St rrrrorrrrrrrr
1
I?— N
=" B(1-sintuw) 2 rrYr rrrrrrrr
1 1
= COS
=z 'r COSH rrrr rrrrrrrr
|
= 2 rTrrXXXX
1 I . _q4 2%
—u+c¢=-sin"1—
=3 2 i CCCC.
3. Find
Jrl ( 1
U -4 lrrrraxxx
dxxxx?=9sin2rrrr, 2xxxx = 3 SIn rrrr rrrrrrrrrrrr Xxxxx = cos
E]
rrrrrrrrrrrr ; And then sinrrrr = 2 2__xxxx; rrrr = sin—1__2xxxx
3 3
Limits
xxxx | O 1
rrrr | 0| 0.7297
rad
1 1 1 3 0.72970.7297 11
0.7297 —_———— |05
TTTTXXXX = rrrrrrrrrrrr = _

TTYYYTTT = _UTITT
0 (9 — 4xxxx?) 0 9(1 —sin2rrrr) 2 0 2 2 0
= 0.365, ccccooooccccccceccecceccllll llloooo llllhccececceccec
TTYTrTTTTTTYTrrrrrrrrrrrrrrrccccrrrrrrrrllll rrrrrrrrrrrrrrrrcccccceerrry.

Exereise 6.
Find.

1
L f 25-AxETTTTXXXX

2. [ —

Y= -1 rrrraacxx

3, [ —

—_
J(1+8x—4x) " (clue : complete squares)
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dxia
4. I T TTTTXXXX
(4—xx
xx
11112+ bbbb2xxxx? = rrrr?2 + rrrrelllrrrrrrrr2rrrr = rrrr2rrrrcccccccc 2rrrr, i.e.
bbbbxxxx = rrrrlilllrrrrrrrr rrrr

For f aaaaz222+bbbb2222xxxx2222ddddxxxx; let rrrr

EXARpIE 8.

Find -[ 25445 TTTTXXXX

25 + dxxxx2= 25 + 25Ullrrrrrrrrérrrr = 25rrrrcccccecce 2rrrr, So let
4xxxx?= 25tan?rrrr ~ 2xxxx = 5tan rrrr; = ddddxxxx=Srrryrcccccccc

2rrrr and u = tan—1__2xxxx

dddddddd 2 5

1
. j- 254402 YTTTXXXX

1 5
=Jﬂ25+25nnﬂw 2rTTTCCCCCCCC 2rrrrrrrrrrrr

1 5
—_— -
=f 23(1+tan®w)  Zrrrrrrrrrrrr 2ccccrrrrcccc

[ %2

— =
={ MGsectu T ZYTTTTYTTYYYT 2CCCCTTTTCCCC

1 1
=-'r1n du = o +rrrr

_ —tan 1T 4
= 1u g
Exereise 7
1. Find:-

rrrr

|

(a) J- 145 2rTTTTTTT

[
(b)" (xiz¥19rrrrrrrr

1
(c)f X2 2x A STTTTTITT
1 1 .

J———dx =-tan"! (i +

(x+3)%+25 5 5 ) rrrr

2. Prove that

FEFF Gexax)
For [___rrrrrrrr = llllcccc cccc(rrrr) + rrrr refer to the derivative of natural logarithms
fFFf Cexxx)

Sub-topic 5: Partial Fractions

Learning Outcome
The learner should be able to integrate partial fractions.
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Lesson: Integration
|rtreduetion
1 1
Early training in algebra teaches us how to simplify an expression such as — — — by reducing it

xxxx—1xxxx+1
2 5

to xxxx2—1. Given a fraction SUCH as xxxx2+xxxx—6 Whose denominator factorises, we may split it up
into its

1 1component fractions, writingiiab fractio ; itis now
said to be in partial fractions, this enables us

XxXxxX—2 xxxx+3
5

to find J (oxx) CocxdTTTTTTTT as it stands, by using partial fractions.(Refer to senior five work on
partial fractions of term one).

5 1 1 kkkk(rrrr— 2)

rYrTYITITIYTT = —rrrrrrrr = [lllcccc(rrrr— 2) —IlIcccc(rrrr + 3) +
rrrr = [lllcccc
(rrrr—2)(rrrr + 3) rrrr— 2rrrr + 3 rrrr + 3
Example 9:
f @2x-1)
Find (xxx)? rrrrrrYr; Let
(2x—11 _ A
—_—=—+ (exxx+1)2  xxxx+1

(xxxx+1)2; we find that 0000
=2and 0000 = -3

'-,-(2.1‘ l')def{i— i

(x+1)? x+1  (xHErrrrrrrr
=M= -I&
[#+10F YYYYYTYr rrrrrrrr
xxxx+1

=2 lllcccc(rrrr+ 1) + 3(rrrr + 1)-1+ CCCC

Example 10
3 S4xxxx
Evaluate [2 (1 v+ TTTTTTTT COITECE to three significant figures.
S5+xxxx AAAABBBBxxxx+CCCC
—_— =t .
Let (1-x){54x*) 1-x (5+x*) we find that 0000 =1,0000 =1,CCCC =0
3 S5+xxxx

e Ja
3 1 x ! 3
fz P (5+x2) =TTIITITY = 2 —IIcccc(rrrr — 1) +11Iccee(5 +
r1717Z)

2
1 1
= —IIlIcccc? + :111Icccc14 — IllIccecl + =111Icccc9

|
= 2llllcccc14 —I11Icccc2 — IIlccce3 = —0.472
Exercise 8.



Ecolebooks.com (teoieoon

Find:-
J" 1
a) { xrowrrrrrrrr
J- 2r+Z
b) * x-s¥rrrrrrrr

Sub-topic 6: Integration by Parts

Learning Outcome
The learner should be able to integrate by parts.

Lesson: Integration by parts
dddd(UUuuuuuuU)ddddUUUU  ddddUUUU

If U and V are two functions of x, = VVV¥= UUTU; Integrating each side with respect to x
ddddxxxx ddddxxxx
ddddxxxx dddddddd ddddvvvv

UuuuvvvyVv = [VVVV_rrrrrrrr + JUUUU  rrrrrreee;
ddddxxxx ddddxxxx

dddddddd ddddTTTT
~ fuuuuddddxxxx = UUUUUUUU— [UUUU_ddddxxxx
ddddxxxx ddddxxxx
ddddTTTT
There is no formula for choosing U and . But we can try to group some types of integrands.
ddddxxxx

Note: There are others that may be isolated cases. So you will need to choose carefully.

The forms [xxxxsssscccccccessssssssxxxxddddxxxx, [xxxxsssseeeessssxoxddddxxxx,
[xxxxssss(ssssxxxx + bbbb)mmmmddddxxxx .

Here we differentiate the rrrrmnnterm by making it U.

Example 11.

1. Find [rrrr2ccccoooooooo rrrrrrrrrrrr.

Let UUUU = rrrr? = ddddUUUU = 2ryrrr and ddddUUUU = ccccoooooooorrrr = VVVV =

0000TTTrTrCecccrrrr
ddddxxxx
__ddddxxxx dddddddd__
ddddTTTT
By using [UUUUddddxxxx = UUUUUUUU — [UUUUddddxxxx
ddddxxxx ddddxxxx

fT'T'TT'ZCCCCOOOOOOOO TYYYTTYTTTTT = rrrr20000TTTTYCCCCYTTT — f
2TTTT0000TTTTCCCCTTTYTYTTTYTTT

Als 0, f 2rTTT0000TTTTCCCCTTTITTYTTTTT.

dddduuUuU dddduuUuU
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LetUUUU = G, — 2 2xxxx = xxxx and — =rrrrrrrrrrrrxxxx = VVVV =

—CCCCOO00TTTTXXXX
ddddxxxx

Again by parts, | 2XXXXTTTTTTTITITTXXXXTTTTXXXX = 2XXXX X —CCCCO000TTTTXXXX — [
2(—ccccoooorTrTXXXX) TTTTXXXX

= —2XXXXCCCCOOOOTTITXXXX + 2TTTTTTTTTTTTXXXX

Therefore, [ xxxx2ccccoooorrrr xxxxrrrrxxxx =
XXXX2TTTTTTTTTTTTXXXX — (—2XXXXCCCCO000TTTTXXXX +
2rTTTTTTTTTTTXXXX) =
XXXX2TTTTTTTTTTTTXXXX + 2XXXXCCCCO000TTTTXXXX —
2rrrrrrrrrrrrxxxx + cccc.

2. Find [xxxx2cccczxxoxrrrrxxxx.

Let UUUU = xxxx? = ddddU0UU = 2xxxx and d4dddUUUU = cccc2xxxx= VVVV = 1_ccec?oox

ddddxxxx ddddxxxx 2
dddddddd ddddTTTT
By using [UUUUddddxxxx = UUUUUUUU — [UUUUddddxxxx
ddddxxxx ddddxxxx

2 1 ae o1
x?x-e — [2x x e

[xxxx2 cccczxrrrraxxx XXX YPYYTXXXX

Also, [xxxxcccc? o rrrrxxxx.

Let UUUU = xxxx = dddduvvU_— =1 and dddduvvu_ = cccc?xxxx= VVVV = 1_cccc2xxxx
ddddxxxx ddddxxxx 2
. 1 g% — J|’l £
Again by parts, f XXXXCCCCEXXXTTTTXXXX = XXXX X z 22X PYYTXXXX
1 1
_ e 1
T2 Xe 4 EZxxxx
1.2,2x (1 2x 1 "x)
==-x“e* — (=xe* —-e“
Therefore, f XXXX2 CCCCIXXXXYTrTrXXXX 2 2 4 +C

Exercise 9.
Find
(a) Jxxxx?(xxx + 1)6rrrraxxx

(b) [xxxx2ccccoox rrrrxxxx

(©) [xxxx2rrrrrrrrrrrr xxxxrrrrxxxx

The forms [eeee
aaaaxxxxssSSSSSSSSSS bbbbxxxxddddxxxx, — — —
f eeeeraaaxxxxsssSSSSSSSSS bbbbxxxxddddxxxx,
fttttaaaassssl111+xxxx‘11112222xxxxddddxxxx ,
fssssssssssss1111_xxxx_1111xxxx2222ddddxxxx ,
fccccccccssss1111_xxxx_11112222xxxxddddxxxx

We let the given integration be I.
Then we make I the subject.

Example 12
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1.Find [ cccexrrrrrrrrrrrr xxxxrrrrxxxx

Let UUUU = ccccxxxx = ddddUUUU = ccccxxxx gnd  4dddUUUU = yrryrrrrrrrrrxxxx = VVVV =

—ccccoooorrrrxxxx_ _
ddddxxxx ddddxxxx
dddddddd ddddTTTT
By using [UUUUddddxxxx = UUUUUUUU — [UUUU  ddddxxxx
ddddxxxx ddddxxxx
I = —cccexxxxccccoooorrrrxxxx +

[cccexxccccoooorrrrxxxxrrrrxxxx Let UUUU =

CCCCxXxXxx = ddddUUUU_ = CCCexxxx and ddddUUUU_ —

ccccoooorrrrxxxx = VVVV =rrrrrrrrrrrrxxxx

ddddxxxx ddddxxxx
[ = —cceccxxccccoo00rTTrTXXXX + CCCCXXITTTTTTTTTTT XXXX — f CCCCXXXTYYTTTTTTTTT
XXXXTTTTXXXX
HII = —cccexxxxccccoo00TTTTrXXxx + ccccxxxrrrrrrrrrrrrxxxx — 1111

21111 = —cccecxxxccccoo00TTTTXXXX + CCCCXXXTTTTYTTTTTTTXXXX
1

I~ 2 (CCCCTTTITTITITITXXXX —CCCCY¥¥XCCCCO000TTTTXXXX) + cccc

ttttaaaaaaaa™ lxxxx

1+xxxx2 TTTTXXXX

2.Find |

-1 -1 1
ttttaaaaaaaa™ txxxx r X STTr”
1+x

We let II1] = f 14xxxx2 dd 1
rrrrrrrr = [ WL dd = 1+x2
—dd av_ 1
UUUU = WL rrrr = de 1+ and = VVVV = WL rrrer
dddddddd ddddTTTT
By wusing JUUUU _ ddddxxxx =
Uuuuuuuu- [UUUU
ddddxxxx ddddxxxx

1
[ = W -Yrrrr X WL -Yrrrr — UL -Yrrrr X T4t rrrrrrrr

HIT = LI Yrrrr X} LWLLLLLLLLLL Y — 1T
21111 = UL Yrrrr X WLLLLLLLLLL - Yy
_1 —-1.,42
There fore I11] ~ = (tan™"x)" +
Exercise 10.
Find:

(a) fCCCCxxxxCCCCOOOOOOOO rrrrrrrrrrrr

ccccssssaaaa‘lxxxx

ceccece

(b) f i—irrrrrrrr
(a) [ccccxexoooorrrrllll 2rrrrrrrrrrrr
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The forms f I IIssssxxxxddddxxxx, f ssssssssssss—1ixxxxddddxxxx,
[cccccceessss—1111xxxxddddxxxx and [ttttaaaassss-1111xxxxddddxxxx

ddddvvvv
We make the factor of one ‘ visible’ and then integrate it by making it be __
ddddxxxx
Example 13.
Find [IUrrrrrrrrerreer.
[Hiirrrrrrrrrrrr = [ 1 x HIHUrrrrrrrrrrerr
ddddUUUU1 ddddUuuU
uuuu = llillrrrr = = and =1=VVVV =rrrr
ddddxxxx  xxxx
_ddddxxxx dddddddd __
ddddTTTT
By using [UUUUddddxxxx=UUUUUUUU- [UUUU  ddddxxxx
ddddxxxx ddddxxxx

[Hirrerrrrrrrrrr = (W) reer — [reer X Lrrrrrrrr
XXXX

(Wlllrrrryrrerer — [rrrrrerrr

= (Ullllrrrr)rrrr —rrrr +
cccc

Exercise 11.

Find:

(a) [HIHR2rrrrrrrrrrrr

(b) Joooorrrrllll-Yrrrrrrrrrrrr

(o) funuui-12rrrrrrrrrrrr

The forms [xxxxssss(II11I1ssssxxxx)mmmm ddddxxxx,
[xxxxssssssssssssssss—1111xxxxddddxxxx, [ xxxxsssscccccccessss-111xxxxddddxxxx and
[xxxxssssttttaaaassss—1111xxxxddddxxxx

We integrate the xxxxssss factor by making it be __ddddvvvv

ddddxxxx
Example 14.
Find [rrrr2(Irrrr)2rrrrrrer.
uuuu = — {IUlrrrr)2= — dddduvuul —

dddduuuu 2 = VYV = xxxx3 = 21IIrrrr

X and =rrrr
ddddxxxx XXXX ddddxxxx 3

dddddddd ddddTTTT

By using [UUUU_ddddxxxx = UUUUUUUU—- [UUUU_ddddxxxx
ddddxxxx ddddxxxx
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[ x*(Inx)? dx = (Inx)* x §x3 - f%x3 x 2 1
Ullccecexxxx X _rrrrxxxx
XXXX
_ Kbt _ E_rxz
E g llllcccexxxxrrrrxxxx

. 1 _
Again, we let UUUU = — =-— [llleeccxxxx = ~ 7
ddddUUUUddddUUUU 2 >

VVVVxxxxs and = xxxx
ddddxxxxxxxx ddddxxxx

xMinx)? 2 3
[x2(nx)?dx =———-= % __jx 1
3 3 3 llllccecexxxx XX rrrrxxxx
3 xxxx
_ 23 (inx)? 2x3Inx x?

+
3 9 27 ccce

Exercise 12.

1. Find:
(@) [xxxx2llllcccexxxxrrrrxxxx

(b) [xxxx2llllllccec XX XXTTTTXXxx
|
2. Prove that [ xxxxrrrrrrrrcccc=1xxxxrrrrxxxx = a (2xxxx?— D)rrrrrrrrccce1xxxx

1
+ axxxx(1 — xxxx2) + CCCC

Sub-topic 7: tan substitutions.

Learning Outcome
The learner should be able to integrate by using tan substitution.
ttttaaaaaaaq .,

Lesson: The change of variable tttt =
2222

Of the trigonometrical ratios, sec xxxx and ccccoooorrrrccccccce xxxx have not yet been integrated
in this book.
xxX% 2tttt 1—tttt? 2tttt

If Ull=I1llccce —2, sin xxxx = 1+—_ttetz, €COS XxxX = 1+ ¢etez Llllcccerrrr tan xxxx = 1— tt££2

Example 15.

1.Find
Jccccoooorrrreccececc
XXXXTTTTXXXX
Jccccoooorrrreccececc

1
XXXXTTTTXXXX = Jr —

rrrrxxxx
CCCCSSSSMMNNXXXX

Let [l = llIHIllceec xexx = ddddttre
= 1 sec2 xxxx = ddddxxxx =

2 ddddxxxx 2 2 ddddtttt
1 2

= | =

14£2
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1+tttt2

= flrrrrllll

tttt

= llllccccllll

XXXX

= Intan— <+
z  ccce

Exercise 13

1. Prove that sec xxxxrrrrxxxx = Illlcccc (sec xxxx + tan xxxx) + CCCC

(2+tan 1xxxx)
1 :
2. (a)Find [______irrrraxxxx. (Answer: I11Icccc kkkk

1

3+5 coesyaoxx (2—tan xxxx)

1

. 3 2

1 2
(b) T ——rrrrrrer 3 (Answer: — 1+ tanrrrr + CCCC)
1+sin36666 2
L
(c) Jccccooooooooccccecce 2xxxxrrrraxxx (Answer: zIIlIcccc tan xxxx +

ccee

The change of variable tttt = ttttaaaaaaaa xxxx
An integrand containing sin xxxx and cos xxxx, particularly even powers of these, may often be
expressed as a function of tan xxxx and sec xxxx. In such a case the change of variable llll = tan xxxx

Example 16
1

1. Find I TTTrTXXXX

14sin“xxxx 1 2ECIXXXX

ividi cost x j‘ dy = J‘
Dividing thru : by ; » rrrrxxxx,
14+uin? @ saedxxxx4tan xxxx

ddddtttt , , i "

Letllll=tanx;, =sSecox=1+¢ - = _ =
ddddxxxx ddddtttt 1+
send x iy
f—-_ .rrrrilll
sec® x+Lanxxxx ddddtttt
= ( 1 )‘] 1 1
- 142 “rze? aetrrrrllll
1
- j vizetrrrrilll;
Let1l + 2t? = 1 + tan® u = sec®cccc
1 2
sec

2t2 = tanz u; \/it = tanuy; \[i dt = 59C2CCCCTTTT'CCCC; rrrriiil = ﬁ
Ccccerrrrcccc
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2
sec“x 1 1
——dx = | —.—=sec

2x I x+tan f v

sect z gect “CCCCTTTTrecce

— (X gy = L U SR | NP ST |
—f@d“ ﬁu'H ﬁmn (\/it)+c V,Etan (\/ftanx) +CCCC

J

dx = V,—l.z.tan“(\/i tanx) +

1+sinéx ccee

;
2.Find J :
TTTTXXXX,; cos2xxxx—3sinxxxx
cos2x — 3sin®x = 1 — 2sin?x — 3sin? x = 1 — 5sin?xxxx
1 SECTXXXX
J————dx=] rrrrxxxx;

k]
cos2xxxx—3sin* x sncd xxxx—5tan xxxx

1
sectx = 1+ t2 rrrrxxxx — 1ectrrrrllll
Sectxxxx
j- TTrrrxxxx
A
seed xxxx—5tan xxxx
J"_ _
12 -scd rreErrrrllll

1
=] 1-ac2rrrrilll ;

: 4 B A(1-Zt)+B(1+21)
but Ge20(-20  (+20 (20 | (+z00-20
1 . 1
When = 2+ 1= 0+8(2), H_;;;
1 1
Hllccccl™ 21 =A@, A =2,

1 1 1
jl—4t‘ dt = I{z(nzn + 20-20)rrrrilil

1/1 1
- E(51n(1 +26) -2 m(@1 - 2t)) *oocc

I 142tttt142tanxxxx

1
v =[lllcccc * 4+ CCCC=Illcccc
1—-2tttt1—2tanxxxx

+ CCCC

Exercise 14. Find.
1

[El} j- 1450 xVTTTTTTT
2

COS“XXXX

(b) f —_— cos2xxxX—4sin2xxxx YTTTTTTT,

Sub-topic 8: Splitting the numerator.

Learning Outcome
The learner should be able to integrate by splitting the numerator..

Lesson: Integration by splitting the numerator.
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Splitting the pumerator
When a fractional integrand with a quadratic denominator cannot be written in simple fractions, it
may often be usefully expressed as two fractions by splitting the numerator.

Example 16. Find.
1+xxxx
1. [ Troxxarrrrrrrr

— =J’(;+ =tan 'x 4+ V14 x4+

T4xxxxxxxx
[ 1420 TTTTTTTT 14 xxxx2 1+ xxx2?7rrrrrr . CCCC
X7
2. j ( 24 4xxxx+8TTTTTTTT
XXXX
- dddd 2+ 4rrrr +8) =2rrrr + 4
Since (rrrr
ddddxxxx
Let 5rrrr +7 = 0000(2rrrr + 4) + 0000
Equating coefficients of:
5
X:5=2A 0000 =z
Constant: 7=4A+B ,0000 = -3
J-( Sx T ZI{:&[I"']_ 3
24 Axxxx+8TTTTTTTT xxxx2+4xxxx+8 XXXX2+4XXXX+8TTTTTTTT

XXXX

=2In(x?*+4x+8) -3 [ ——
2 (x+2)“+4rrrrrrrr

_5 2 3 1 (xt2
—zln(x + 4x + 8) > tan (2)+CCCC

aaaacosxxxx+bbbbsinxxxx
This method is also appropriate for integrands of the form

aaaacosxxxx+p LB Lsinxxxx
Since the numerator may be expressed in the
form.0000 (rrrrrrrrrrrrrrrrddddrrrrrrrrrrrrddddrrrr oooocccc
TTTTTTTTCCCCO000TTTTTTYTCCCCYTTTTTIT0000TTTT) +
0000(rrrrrrrrccccoo0orrTTITTrcCCCrrrTTTTro000TTTT)

2cosxxxx+3sinxxxx

3. Find [

rrrrrrrr; COSXXXX
+sinxxxx

Let 2 cosrrrr + 3 sinrrrr = 0000(— sinrrrr + cosrrrr) + 0000(cos rrrr + sin rrrr)
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Whenrrrr=0, 2=0000+ 0000 .................(1)
If rrrr = 90ccec, 3 =—-0000 + 0000 ... ... ... .. e . ... (2)
=35 -1

0000 = 2,and 0000 — =

2cosxxxx+3sinxxxx —%éinxxxx+cosxxxx)5('Cosxxxx+sinxxxx) 1

Sof _— _rrrrrrrr = +2 rrrrrrrr = — 5 Illlccce(cos
sinrrrr) +rrrr + CCCC
cosxxxx +sinxxxx coSxxxx+sinxxxx cosxxxx+sinxxxx

Exercise 15.
Find
Zx+3
a) | ———ixxxet2xcces1orrrrrrrr
1—2xxxx

b) [ Ot 230 TTTTTTTT
sinxxxx
c) [—rrrreTYT”T

COSXXXX+SInxxxx

Zcosxxxx+9sinxxxx

d) [rrrrrrrr
3cosxxxx+sinxxxx
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impreper integrals

There are two types of integrals to be discussed under this heading, and we shall consider them in
terms of the area under a curve.

-1

3
1

The sketch shows part of the curve yyyy =to which the xxxx —rrrrxxxxrrrrrrrr is an asymptote.
XXXX
tttt 1

et 1
The area under this curve from xxxx = =t (£ > 1)is [, Tdx = [_ ‘] =1- 1toxxxx -

xxxx 0 tttt

1
The area under this curveyyyy = VT =2 ceececccoooocceee xxxx = 0 llloooo xxxx = L. o<lil<

Drrrrrrrr [ ottt ——— 1Ly rrraxxxx = [sin—1 xxxx]tttty = sin—1 111
M
rrrrrrrr Ul - 1, lLILhrrrrrrrr rrrrcccerrrrrrrr — —
2 1
1 m
dx =[sin"'x]j =sin"11 ==
1—x2
0

_ ; T T E sin8606 cos6060 {"

:-JFL'I. R 0 cos81aind Tt T

2. If SSSS
____  rrrrrrrr rrrrrrrrrrrr ccee =
rrrrrrrr prove that SSSS c0sf006+sindeoo
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Using numerator =0000 (rrrrrrrrrrrrrrrrddddrrrrrrrrrrrrddddrrrr oooocccc

rYTYYYTTTTTTTO000T T YT YYYY YT Y YT YT TTTT0000TTYT) +

0000(rrrrrrrrrrrro000rTYrrrYrrrrrrrrrrrrroooortyT)

Let sin 806060 = 0000 (— sin 8666 + cos 8066) + 0000 (cos 8000 + sin 60609)

sin 8000 = (—0000 + 0000) sin 8666 + (0000 + 0000) cos 66686; cos 6666 : 0000 + 0000 =
| |

0 rrrrrrrrrrrr —0000 + 0000 = 1, rrrroooo 0000 = —zrrrrrrrrrrrr 0000 = :

TITTTTTT

2 sin00ooo - % (—sin8 + cos 8) % (cos B + sin9)
rrrr6060 ; + ) rrr
_ cos@ + sin 6 cos 6 + sin 6
0 cos 06600 4 1 %
+sin 3 -
0606

= —[IlIrrrr(cos 8666 + sin 6660) +

66060
29
1 e 1 TCTTTTTT
=—_IIIrrrr 1F+—TIIrrrr1 —0=_
2 4 2 4
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Topic 16: Differential Equations

Sub-topic 1: Differential Equations

Learning Outcomes
The learner should be able to:
i) identify a differential equation. ii) form a
differential equation. iii) state the order of a
differential equation.
iv) find the general and particular solution of a differential equation.

Lesson: Forming and identifying differential equations (d.e)
The general probleim
dddd§8668 dddd?6566

An equation containing any differential coefficients such as — ,—: s called a differential equation;
ddddxxxx ddddxxxx

a solution of such an equation is an equation relating xxxx and yyyy containing no differential
coefficients.
dddds5658

Given the differential equation_ = 3, we obtain the general solution of all straight lines
ddddxxxx

ofdddddddddddddddddddddddddddddddd 3. If the data also includes the fact that yyyy = 5 when
xxxx = 1, we can determine that cccc = 2
, and we obtain the particular solution yyyy = 3xxxx + 2.

Thus, in simple graphical terms;

a) Adifferential equation defines some property common to a family of curves,

b) The general solution, involving one or more arbitrary constants, is the equation of any member
of the family

c) A particular solution is the equation of one member of the family.

Consider the differential equatlondd = x, the solution of the differential equationis y = x +c.(In

this context, the constant of integration, c, is usually called an arbitrary constant)

\\”///

The general solution represents all the curves with similar variable term but different constants as
shown in the diagram.
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Order of a DE.
The order of a differential equation is determined by the highest differential coefficient present.

dddd?58568 dddd?cccc ddddssss  ddddssssxxxx
For example __ddddxxxxz = 0 and —qqdareeez = rrrr are of the second order, whereas those __gdddxxxx

= 3and __gadaxeex = ssssare of the first order.

Since each step of integration introduces one arbitrary constant, it is in general true that the order of
a differential equation gives us the number of arbitrary constants in the general solution. This
suggests that from an equation involving xxxx, yyyy and cccc arbitrary constants there may be
formed (by differentiating cccc times and eliminating the constants) a differential equation of order
cccc.

Example 1
1. Given that yyyy = 0000cccc?»*x is the solution of a differential
equation, (a) find the differential equation.

(b) state the order of the differential equation.

(a) yyyy = 0000cccc?x,.............. (1)
Notice that it has one arbitrary constant, so, we differentiate once and eliminate A.

ddddssss— = 20000cccc?xxxx = _ __1dddd§566 = Q000 cceexxxx,,. . .ouuninnnnann (2)
ddddxxxx 2ddddxxxx
(2)-(1)
1ddddés66  2xxxx
-—=0000cccc
2ddddxxxx

—(yyyy = 0000cccc?xxxx)
1dddd5666

—yyyy =0
2ddddxxxx
ddddssss

—= 2yyyy = 0 is the DE
ddddxxxx

(b) Itis a first order DE.

2. Given that yyyy = 0000000000000000xxxx — 000000000000ccccxxxx is the solution of
a differential equation,

(a) find the differential equation.

(b) state the order of the differential equation.

(@) yyyy=0000000000000000xxxx —000000000000CCCCAXXXX cvvrnrerereeren (D
ddddss8s
=—-000000000000ccccxxxx — 0000000000000000xxxx
ddddxxxx
dddd?5588
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ddddxxxx2 = —0000000000000000xxxx + 000000000000CCCCXXXX cirrrvrrirnns (2)
(1) +(2)

dddd?6555dddds588
ddddxxxxz + dddaxex = 0is the differential equation.

(b) Itisasecond order DE.

Exercise 1
If each of the following equations is the solution of a differential equation, (a)
find the differential equation.

(b) state the order of the differential equation.
1. yyyy =00000000000000002xxxx + 000000000000cccc2xxxx
2.yyyy = 0000cccc3xxxx

Lesson :Solving differential equations.
First order exact equations.
One side is an exact derivative(recall work on implicit differentiation.)
Example.2

—  ddddssss 2= ccceaxxx
Solve the differential equation 2xxxxyyyy+ yyyy

ddddxxxx
“dddd
2)  the LHS is
(xxxxyyyy
ddddxxxx

and the equation may be solved by integrating each side with respect to x, it is called an exact equation

and the solution is xxxxyyyy?=1_cccczxxx+ 0000

2
Exercise 2
Solve the following exact equations:

a) _Xxxx2%dddd§s5s + 2xxxxyyyy =1,
ddddxxxx
tttt2ddddssss
b) + 2l I11Iccce xxxx = 3 cos LI,
xxxx ddddtttt
2 __du o 1
) xXxxx“cosu— = 2xsinu = —,
ddddxxxx XXXX
d) cceedd8s + xxxxccecddssddddssss =
ddddxxxx
Separable DEs,
ddddssss ddddssss ddddxxxx 1
The solutions of = cccc(xxxx) and — = cccc(yyyy) which may bewritten = depend upon

the integrals ddddxxxx ddddxxxxddddssSSffff(5588)
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1
——d : : : .
[ccce(xxxx) rrrrxxxx and * fix) Y There are other differential equations equally susceptible to
direct integration once they have been written in a suitable form by separating the variables.

ddddssss Tay
Consider=xxxxyyyy . We write this asxxxx, then integrating each side with
respect to xxxx ddddxxxx 5665ddddxxxx

[1ddadssss rrrrxxxx = [xxxx rrrraxxx; 0000ccccllll [cccc(yyyy) rrrryyyy =

1
f Cccc(yyyy) __ddddésssyyyyrxxxx; I=dy = I xxxxrrrrexcex
6866ddddxxxx ddddxxxx 6666

O =

1.2
IIIIccccyyyy+ 2 HIlccee yyyy + Illccec

L =2

=12 =-x
kkkk = =™ | Illcccc kkkkyyyy — =
kkkkyyyy = ccccxxxxz/2 ; yyyy = _lcccexxx2/2; o yyyy = 0000
cccoxxxx2/2
kklek
Example 3.

Solve xxxx2ddddssss__ = yyyy(yyyy— 1)
ddddxxxx

1
= [ rrrryyyy rrrrxxxx;

1
Separating variables; I T

XXXX
[ [‘_ _1
— _I"L TTTTYYYyy TTTTXXXX
5856—1 8588 : xxxx
kklecss66—1) % —1/xxxx
~Illlcccc = — oooocccc
kkkk(yyyy—1) = yyyy cccc
8666  xxxx

Exercise 3.
Solve the following differential equations

dddds666xxxx
a) =
ddddxxxx5566
ddddss686666
b) =
ddddxxxxxxxx
dddds6és

€) — =xXXXXYYYY
ddddxxxx
—dddd5s8ss
d) XXXX = tan yyyy
ddddxxxx

e) ceeC—xxxx ddddssss = yyyy2 — 1
—ddeeexxx

f) (xxxx2 + 1) ddddssss = xxxx
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ddddxxxx855668

Example 4.
Find the particular solutions of the
differential equation

- ddddssss xxxx ccccoooooooocccccecce xxxx + 3xxxx. Given by the

ccccoooooooocceceecee xxxx= ccece
ddddxxxx

conditions
(@) y=0 when x=0
T

(b) y=3 when xxxx = _
2

ddddssss XXX
€CCCo00000000CCCCCCCC XXXX + 3XXXX ;

(a)CCCCOOOOOOOOCCCCCCCC XXXX = cccc
ddddxxxx

1ddddss5Seeceeddd
—— = " 3xxxXx;

sinxxxx ddddxxxxsinxxxx

ddddssss*¥xx 4+ 3xxXXX Sin XxXxXX
= cccc
ddddxxxx
yyyy = f ((cccoxxx 4 3xxxx SIN XXXX)TTTTXXXX

= cccorox + 3 [ xxxx sin xxxxrrrrxxxx ;
ddddddddddddvvvv

lllcccecllllTree = xxxx, =1; =sinxxxx,dddd = — cos xxxx
ddddxxxxddddxxxx
YYYY = cCCC¥¥xx — 3XXXX COS XXXX
+ 3 sin xxxx + 0000 y=0 whenx=0 ;0=
1+ 0000,0000 = -1;
S YYYY = cccexxxx — 3xxxx oS xxxx + 3 sin xxxx — 1

_®.q_ miz_
(b) y=3 Whenxxxx_g*E’—E'T 0+3+

0000; 0000 = ccccmmnn/2,

S YYYY = cccexxx — 3xxxX €oS Xxxx + 3 sin xxxx + ccccmmrn/2

Exercise 4

Solve the following differential equations.
ddddésés TN

(@).(1 + cos 20068 = 2; yyyy = 1, wwwwhccccceee 0066 = _
dddd6666 4
ddddssss

(b). = xxxx(yyyy — 2), yyyy = 5 wwwwhccccccee xxxx =0
ddddxxxx
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First order linear DE's,
ddddssss

Thus a first order linear equation is of the form.__ + PPPPyyyy = QQQQ
ddddxxxx

Where P, Q are functions of X or constants.

integrating Faetors
There are some differential equations which are not exact as they stand, but which may be made so
by multiplying each side by an integrating factor.

Example 5:

— ddddssss 2
= 3xxxx ,; Solvexxxxyyyy+
yyyy

ddddxxxx

We cannot separate the variables

dddd (XXXXYyyy2) = yyyy2 + 2XXXXyyyyddddssss;
ddddxxxx ddddxxxx

dadd (Xxxx2yyyy?) = 2xxxxyyyy?+ 2xxxx2yyyyddddssss
ddddxxxx ddddxxxx

= 2XXXXYYYY? + xXxXXyYYyyddddssss = D xxxx
ddddxxxx

The required integrating factor is 2x

ccecececececececececececceccccececccccccccyyyycccccccceecce cccccccccccch rrrrceccerrrrccce bbbbyyyy
2xxxx; 2xxXX2yyyy 4dddsdss__ + 2xxxxyyyy? = 6xxxx2

ddddxxxx
Therefore, xxxx2yyyy? =
2xxxx3+ 0000
ddddssss
Thus a first order linear equation is of the form.__ + PPPPyyyy = QQQQ
ddddxxxx

Where P, Q are functions of x or constants.
Let us assume that the general first order linear equation given above can be made into an exact

equation by using the integrating factor R, a function of x. if this is so,
ddddssss

RRRR_ + RRRRPPPPyYyyy = RRRRQQQQ.......cceeoeiiiiriiiie e s (1) isan exact
equation, and it is
ddddxxxx

apparent from the first term that the L.H.S of (1) is —_dddd (RRRRYyYyyy) = RRRRdddd5555 4 yyyydddddddd

ddddxxxx ddddxxxxddddxxxx
ddddsésédddddddd

Thus (1) may also be written RRRR+ yyyy= RRRRQQQQ ....c.ccvvevvrvvrrrene. (2)
ddddxxxxddddxxxx
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dddddddd dddddddd

Equating the second terms on the L.H.S of (1) and (2) yyyy— = RRRRPPPPyyyy; . __ = RRRRPPPP
ddddxxxx ddddxxxx
— 1 [PPPPddddxxxx

Separating the variables| rrrrRRRR = [PPPP rrrrxxxx ; IlllccccRRRR = [PPPP rrrrxxxx ;
RRRR = cccc

dddd
Thus the required integrating factor is eeee/PPPPdddddddd,
The initial assumption that an integrating factor exists is therefore justified provided that it is
possible to find [PPPPdddddddd.
Example 5.

1]
— ddddssss 2eexx, given that yyyy = when

xxxx = 0.

1.Solve the differential equation + 3yyyy = cccc
ddddxxxx

The integrating factor is eeee/3333dddddddd = cccc3xxxx,

multiplying each side of the given equation by eeee3333dddd

Cccc3xxxxdddd6656_ + 3cccc3xxxxyyyy frd CCCCSxxxx ;
ddddxxxx

— dddd 3xxxxyyyy) = ccceSxxxx ;

(cccc
ddddxxxx

cccedxyyyy = [ccccS o rrrrrrrr

Ax ;= l Ly
; ccce y=z¢ +0000
But y=6/5 when x=0
. % = % +4, ~4 ::1.

)

- 1 2xxxx 4 cccc—3xxxx
TTTThccceccceeeeeccccccccccccccccec Ullhecee pppprrrrceccllllrrrrrrrrrrrrrrrrrrrrcccc

rrrrcccerrrrrrrrlililrrrrcccerrrr rrrrrrrr yyyy =cccc
5

dddddé66

2,Solve _ + yyyy cotrrrr = cos rrrr
ddddxxxx

The integrating factor is cccc/cotxxxx ddddxxxx = cccclllinnnnsinexxx = sin rrrr

Multiplying each side of the given equation by sin x,
ddddssss
Sin rrrr + yyyy cos rrrr = cos rrrr sinrrrr

ddd
_dxxxx
dddd

_Qyyyyrrrrrrrrrrrr rrrr) = cos rrrr sinrrrr - (note: LHS is always derivative of yx
integrating factor)
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ddddxxxx
dddd

f (yyyyrrrrrrrrrrrr TTT‘T)TTTT‘TTTT‘ = f COS rrrr Sin rrrrrrrrrrrr
ddddxxxx

i _Ez+
yyyymnx-—zsm X 0000

Exercise 6.
ddddssss
1. Solve +yyyy+3=rrrr

ddddxxxx
ddddssss

2. Solve — 4+ 2rrrryyyy =rrrr

ddddxxxx
ddddssss

3. Solve  —wyyyylllrrrrrrrrrrrr =717
ddddxxxx
ddddssss — 3cceexxxx?

4. Solverrrr —yyyy=rrrr
ddddxxxx

Homogeneous DE’s
These are DE’s where the dimensions of the terms are equal.

dddd
5886
In the differential equation rrrr— — yyyy =rrrr
dddd
xxxx dddd5558
rrrr— has dimension L., yyyy has dimension L and rrrr has dimension L. The dimensions are equal
so the
ddddxxxx

DE is first order homogeneous.

One of the variables is expressed as a product of the other and a new variable.
ddddssss  ddddvvvy

i.e.yyyy=ddddrrrr = _=dddd +rrrr—
ddddxxxx ddddxxxx

Example 7
ddddssss
Solve rrrr——yyyy =rrrr
ddddxxxx
ddddssss  ddddvvvv
Let yyyy =ddddrrrr = =dddd + rrrr—
ddddxxxx ddddxxxx
ddddvvvv
rrrrdddd + rrrr  — ddddrrrr =rrrr
dddd
XxXxXXxX
ddddvvvv
rrrr— = 1 becomes separable.
ddddxxxx

1

rrrrdddd = _rrrrrrrr
XxXxx
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1

[rrrrdddd = [ _rrrrrrrer
XXXX

dddd = llllcccerrrr + cccc
586868

_=llllccccrrrr + cccc
XXXX

Exercise 7

Solve
ddddssss

(@) rrrr — yyyy = 2rrrr
ddddxxxx

(b) rrrr2ddddssss + rrrryyyy = rrrri+ yyyy?
ddddxxxx

(c) 3rrrr2ddddssss = yryyrz 4+ yyyy? ify = 2 whenx = 1.
ddddxxxx

Sub-topic 2: Application of Differential Equations

Learning Outcome
The learner should be able to form and solve differential equations related to natural
occurrences.

Lesson: Application of differential equations.
[t is known that radioactive substances decay, at a rate which is proportional to the amount of the
radioactive substance present. If we use xxxx to represent the amount present at time ¢, we can

express this in the form of a differential equation, namely
ddddxxxx

— = —kkkkxxxx where K is a positive constant.
ddddtttt

For different substances, the rate of decay is different, it is usual to quote the half-life of the
substance, that is, the time it takes for half of the original quantity to decay.
For radium the half-life about 1600 years, we shall now solve the differential equation, that is,

ddddxxxx
express xxxx as a function oftttt, and hence find the value of k. _
= —kkkkxxxx

ddddtttt

Separating the variables givesf Sdx = | —kkkkrrrrrrrr, and integrating,
XXXX
Hllccce rrrr = —kkkkrrrr + cccc ; « rrrr = cccckkkkttttrecee = cocceeee X cccc—kkkkittt, and replacing
cccceeee by A, we can write rrrr = 0000 cccc—kkkktte
This is the general solution of the differential solution (This particular differential equation is

extremely common, and, unless specific instructions of the contrary are given, the solution rrrr =
0000 cccc—kkkktttt,
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When rrrr =0, rrrr = 0000, in other words A is the original value of rrrr, it is convenient to write
this as rrrro, so

rrrr = rrrrocccC—kkkktttt.

= 1600,x =

1
Now, we are told that when rrrr 270, Consequently,

1
5= e —1600kkkk ; —1600kkkk ; cccc. cccc.
€Cccc1600kkkk = 2,

rrrro=rrrrocccc

2
nz

Taking natural logarithms,1600kkkk = II1Icccc 2 ; kkkk ~ Tann

Hence the solution can be expressed
—IIlInnnn 2

rrrr = rrrroccccieooctet ; 00000000rrrr cceclliinnnn 2 = 2; hccccecececceccecececee rrrr =
rrrro(cccclllinnmn 2 ) —tttt /1600 = 171702 —tttt/1600

Finally when t=200,xxxx = xxxx02 ~1/8 = 0.917xxxX0

In other words, after 200 years 91.7% of the original radioactive radium still exists.

Exercise 8

According to Newton’s law of cooling, the rate at which the temperature of a body falls is proportional
to the amount by which its temperature exceeds that of its surroundings. Suppose the temperature
of an object falls from 200° to 1000 in 40 minutes, in a surrounding temperature of

100. Prove that after t minutes, the temperature, T degrees, of the body is givenby TTTT =11110000
+

111111110000eeee—kkkkittt where=1/49In (19/9). Calculate the time it takes to reach 500

rrrrrrrr rrrrrrrr rrrrrrrr
LLLLccccccce — = —kkkk(rrrr— 10); = —kkkkrrrrcccc; = —kkkkrrrrcccc;
Hllccce(rrrr— 10) = —kkkkcccc + cccc
rrrrecce rrrr— 10 rrrr— 10
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Term 2

Topic 17: Inequalities

Learning Outcomes
The learner should be able to:

i) identify and illustrate the solution of linear inequalities on a number line.

ii) write the solutions using set notation, interval notation and inequality notation.
iii) solve simultaneous linear inequalities.
* solve quadratic inequalities.
« sketch graphs of inequalities.

« sketch modulus of inequalities.

Sub-topic: Linear and Quadratic Inequalities

Inequalities

For a quadratic, say xxxx2— 3xxxx— 4 <0

Completing squares

2— 3xxxx— 4 <0;

XXXX

xxxx < 4

Signs of the factors; xxxx2— 3xxxx— 4 < 0; (xxxx— 4)(xxxx + 1) <0

T xxxx—3%2—9— 4 < 0;%xxx—=32 < 25;

-1<

xxxx < —1 -1 < xxxx xXxxx > 4
<4
xxxx— 1 — - +
xxxx + 1 - + +
(xxxx— + - +
Dlxxxx+1)

=1 < xxxx < 4.

1. Find the range (or ranges) of values that xxxx can take if xxxx— 2 < _;By sketching

In the method we sketch yyyy = xxxx— 2 rrrrrrrrrrrr yyyy = _ on the same graph

8

XXXX

8

XXXX
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-5 —4 -3 -2 -1 0 1 3 3 4 S

Important points will be where these lines meet.
- 8
2— 2xxxx— 8 = 0 giving xxxx =
At points of intersection xxxx— 2 = which provided xxxx# 0, gives xxxx
XXXX
—2 ooooccec xxxx = 4.
8 8
For xxxx— 2 < _, we look for xxxx values for which the line yyyy = xxxx— 2 is lower than curve
yyyy = —

XXXX XXXX

By calculation:

8 8 (xxxx—4) (xxxx+2)
xxxx— 2 <;i.e.xxxx—2 —<0o0ooocccc______ <0
XXXX XXXX XXXX
(xxxx—4) (xxxx+2)
Thus for yyyy = , the critical values of xxxx are 4, =2 rrrrrrrrrrrr 0.
XXXX
xxxx < —2 —2 < xxxx 0 <xxxx < xxxx >4
<0 4
XXXX— - - - +
4
XxXxXX + - + + +
2
xXxxx - - + +
yyyy - + - +

(xxxx—4) (xxxx+2)
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Wecanseethat < 0forxxxx < =2 rrrrrrrrrrrr ccccooooccce 0 < xxxx < 4.

XXXX

xXXxXxX+4 xxXX—2 xxxx—14 _
2. Find the solution set of the inequality P Oor (x+1)(x—4) <0
xxxx < —1 -1 < xxxx 4 < xxxx < xxxx > 14
<4 14
xxxx — 14 - - - +
xxxx + 1 - + + +
xxxx — 4 - - + +
xxxx — 14
(xxxx + Bl + B +
D (xxxx —4)

xxxx+4 xxxx—2
Thus for — < ;we must have xxxx < —1 or 4 < xxxx < 14 or in set notation
xxxx+1 xxxx—4
{xxxx € R: xxxx < —1 0ooocccc 4 < xxxx < 14}
xxxx—2
3. Find the range (or ranges) of values xxxx can take if xxxx2—xxxx+1> 0

Sincexxxx? —xxxx + 1 = xxxx — 122+ 34, the denomimator of xxxx2***~2_,,,,,1 is always positive.
Thus the sign of

xXxxx—2
2_xxxx+1 depends on the sign of the numeratorxxxx — 2.

XXXX
XXXX—2

Now xxxx — 2 > 0 cccccecee xxxx > 2, hencexxxx 2—xxex+1 > 0 1f xxxx > 2.

Modulus inequalities:

We know that |3xxxx + 1| > 8
1

3xxxx + 1 < —8 ooooccce 3xxxx + 1> 8; xxxx < —3 oooocccc xxxx > 2 2.
4. Find the values of xxxx such that |2xxxx — 3| > |xxxx + 3|. Since both sides of the inequality are
positive (or zero) for all real values of xxxx we can square both sides of the inequality. i.e. (2xxxx
—3)2> (xxxx + 3)% 3xxxx?— 18xxxx > 0; 3xxxx(xxxx — 6) >0

Given xxxx < 0 oooocccc xxxx > 6
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xxxx <0 0 < xxxx xXxxx > 6
<6
XXXX — + +
XxXxXxX — 6 - - +
xxxx(xxxx + - +
—6)
Thus for |2xxxx — 3| > |xxxx + 3| we must have xxxx < 0, xxxx > 6
7. <
Solve the inequalities xxxx—8 xxxx—5
XXXX 1
1. (2xxxx —3)2>1 8. <
2. dxxxxt— 17xxxx?2+ 4 < 4xxxx—8 2
0 2xxxx+3  xxxx
A+ 9. >
3. rs<1 xxxx+4 xxxx—2
4—xxxx 10. [xxxx + 3] <4
4, XXXX >
2eex—1
6xxxx—9
> XXXX="2 < 13. |2xxxx + 5| > |xxxx + 1|
xxxx+2

xxxx+1 xxxx+3 14. 6 — xxxx > |3xxxx — 2|
6. < x5 1

xxxx—1 xxxx+2
XXXX

11. <2

xxxx—3
2xxxx—4

12. <4

xxxx+1
3xxxx 2xxxx—1

16. Given xxxx is real &kkkk is a constant show that |kkkk| < 3. yyyy =3___

xxxx —1

15. xxxx2—4 5

xxxx+kkkk,

Topic 18: Further Curve Sketching

Sub-topic: Graphs of Functions

Learning Outcomes
The learner should be able to:
i) find the intercepts and turning points.
ii) define an asymptote. iii) state and identify different types of

asymptotes. iv) sketch the graphs of:
- y = f(x) from curve sketching |

_ 1 _glx)

700" hlx)’

v) determine regions where the curve is (not) defined and deduce the turning points.

Lesson: Further curve sketching.

DOWNLOAD MORE RESOURCES LIKE THIS ON ECOLEBOQOKS.COM



https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com/
https://ecolebooks.com

1.1 Ratienal Functions

In this section we consider function cccc(xxxx) of the type cccc(xxxx) = 9999____(xxx) The five basic
investigations for r(xxxx)

curve sketching used previously are still applicable for functions of this type i.e.
i) symmetry if obvious, ii)
intersection with axes iii)
behaviour as xxxx — +oo
iv) cccc(xxxx) undefined
V) C€CCCeeeexxxxcceeeeeeeeeeeece/cccecceeceeeceeceeceeceeeeece

Typel ffff(xxxx) =___aaaa
bbbbxxxx+cccc

Example
5

1. Make a sketch of the curve given by yyyy =___

xxxx+2
xxxx — aaaaxxxxxxxxxxxx: No value of xxxx for which yyyy =0
s CCeceeecec cececeeeeeeccccccccecccecececccecececcccccccce wwwweeeccccch xxxx —
CCCCXXXXCCCCTTTT.

1
Yyyy — aaaaxxxxxxxxxxxx: Cuts yyyy — ccccxxxxccccrrrr cccccecc 0,2 2

5
xxxx — +00 : 0000rrrr xxxX — +00,
yyyy — —
XXXX

Thus for xxxx a large positive number, yyyy is small and positive, thus as xxxx = +oo, yyyy —
+0+. For xxxx a large negative number, yyyy is small and negative, thus as xxxx = —oo, yyyy —
0-.

yyyy — TTTTTTTTTTTTTTTTffffxxxxTTTTTTTTTTTT,y is undefined for xxxx = —2

Thus xxxx = —2 is a vertical asymptote.
mmmmaaaaaaaa/mmmmsssSSSSS

-5

yyyy' = (x+2)*  Thus no turning points and the gradient is always negative.
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| ~
|
x=-2
|
|
1l 151
|
|
I
|
1] 10
|
|
|
|
' \s
|
|
|
i \
l e~ 1
=15 49 -5 I o 5 10 .
y=5/(x+2) :
|
|
i
|
|
|
|
| =101
|
|
|
Type II
ffff(aaaa) =
aaaaaaaa+bbbb
ccccaaaa+dddd
xxxx+3
2. make a sketch of the curve given by yyyy =__
xxxx—1

aaaa — aaaaaaaassssSxxxx : cuts xxxx — rrrrxxxxrrrrrrrr at (—3,0)
yyyy — aaaaaaaassssxxxx : cuts yyyy — rrrrxxxxrrrrrrrr at (0, —3)
3

aaaa — too : By writing yyyy
s
= 1—l
8866

0000rrrT XxxxX — *0, yyyy — 1.
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~ yyyy = 1lisahorizontal asymptote. (It is not necessary to consider xxxx — 400 and xxxx - —o
separately for functions of this type)

YYYYy cccccececccecccccccccccccccccccccccec ¢y is undefined for xxxx = 1

Thus x = 1 is a vertical asymptote.

mmnpmm.
r lexx)(xxxn) =4
T xxd? T (exn?’

Thus no turning points and the gradient is always negative.

16

y=(x+3)/(x-1)

12 -10 -8

-8

-10

-12 4

g A U UG IS U OIS U U U SN U U o S S U U S U ———
v

I ffff(aaaa) = __9999(aaaa) for TTTT (aaaa) a quadratic function

TTTT(aaaa)
Some functions of this type have a range that is restricted in some way for xxxx € R. It is useful to
examine the range of cccc(xxxx) first to determine whether such restrictions exist. In addition, such
examinations will indicate whether any maximum or minimum points exist.
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Note:

In the following examples, when cccc(xxxx) is an improper fraction i.e. order of dddd(xxxx) >
oooocccccccccccecccce ooooccecec h(xxxx), then cccc(xxxx) is rearranged to eliminate these improper

fractions when considering xxxx — +oo.
3xxxx+3

3. Sketch the curve given by yyyy =

xxxx(3—xxXX)

3xxxx+3
Yy YY = e ——— (D
xxxx(3—xxXX)
Axa
Then yyyy = 2z 2% (2)

Range of values of y from (2)
3xxxxyyyy — xxxx2yyyy = 3xxxx + 3
i.e. xxxx2yyyy + 3xxxx(1 —

yyyy) +3=0foryyyy =0,
this is a quadratic in xxxx thus,

for real xxxx
31 —yyyy)]?—4yyyy(3) =0

Gyyyy —D(yyy —3) =20
We solve this inequality using the methods

I yyyy >3
yyyy < 3| 3« yyyy
<3
3yyyy—1 — + +
yyyy —3 - - +
Byyyy - + - +
D(yyyy —3)

1
Thus the ranges of values of yyyy can take for real xxxx are yyyyE P 3

We can therefore shade a region on our sketch on our sketch where the curve cannot exist. Note
also that for each value of yyyy in the allowed ranges, there will exist two distinct values of ,
1

exceptat yyyy = 3 and yyyy = 1 where a repeated root will occur, and at yyyy = 0 where a single

root occurs.
1

1
From yyyyi: 3 we expect a (local) maximum at yyyy = 3 and yyyy > 3 we expect a (local)
minimum at

yyyy = 3.

XXXX— AAAAXXXXXXXXXXXX, cut xXxxx — rrrrxxxxrrrrrrrr at (—1,0).

yyyy — aaaaxxxxxxxxxxxx, No yyyy —rrrrxxxxrrrrrrrr intercept as y not defined for xxxx
=0

3xxxx
xxxx — 100, As xxxx = £00, yyyy = — xxxx2

Thus as xxxx — +o0o0, yyyy — 0-, rrrrrrrrxxxx — —oo, yyyy — 0+
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yyyy TTTTTTTTTTTTTTTTTTTTxxxxTTTTTTTTTTTT: xxxx =0, rrrrrrrrcccc xxxx = 3 are
vertical asymptotes

mmmmaaaaxxxx/mmmmxxxxTTTT
|

When yyyy = 1, xxxx = —3
1
max rrrrrrrr—3, 3
When yyyy = 3, xxxx = 1, min (1, —3)
Foryyyy=10,3xxxx+3 =0
~ YYYY CCCCYTTTTTTT CCCCeeeeccccrrrrcccC ZZZZCCCCCCCCO000

y=(3x + 3) / (x (3 - x))

Y R
y:

Note:
For some sketches it can also be useful to determine the sign of the function throughout its domain
by constructing a table.

For the last function, remembering that cccc(xxxx) can only change sign where the curve cuts the
XXXX —
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rrrrXxxxrrrrrrrr.i.e. xxxx = —1, and at vertical asymptotes i.e. (xxxx = 0, xxxx = 3) the table would
be as shown on

xxxx < —1 -1 < xxxx 0 <xxxx < xxxx >3
<0 3
3xxxx - + + +
+3
XXXX - - + +
3 —xxxx + + + -
3xxxx
+3
- — + -
xxxx(3
— XXXX)
(x—5)(x—1]
4. Sketch the curve given by yyyy = (x+1lix-2]), Note that R.H.S is an improper fraction.
[x=3)x—1]
HIlccee yyyy = [HH1ME =31 e e e (D
xxxx%2—6xXXX+5
HIIRCCCCCTTT YYVY = XXXX22xx0X—3werrenrerrersersresnseseessssssessansesnessresresnssesssesssnnns (2)
8—4xxxx
TTTTCCCCTTTT YYVY = 1 xXxx22xxxx—3eeeseeersrerensnesseesssns s sssnes e s s s snnns (3)

RRRRrrrrccecerrrrcccc ooooccce
ddddrrrrddddddddccccdddd oooocccc yyyy ccccccccooooccece (2)
FEFFoooocccc yyyy # 0, llllhcccedddd cccedddd rrrr
eeeeddddrrrrrrrrccccrrrriliicccceeee ccccccee xxxx.
Thus, for real xxxx,

2@ = yyyy)?—4(@yyyy — )(=3yyyy —5) = 0.
yyyy:—yyyy+1=0

Which is true for all real yyyy
Thus there is no restriction on y
Foryyyy=1,4xxxx —8=0
xxxx = 2, - yyyy eeeerrrrcccc cccceeeeddddrrrrdddd 1
Note also that, for each value of yyyy, there will exist two real distinct values of xxxx, except
where yyyy = 1 for which there is one value for xxxx, i.e. xxxx = 2.
xxxx — rrrrxxxxccccdddd: cuts xxxx —rrrrxxxxccccdddd at (1,0) rrrrcccerrrr (5,0) from (1)
2

yyyy — rrrrxxxxcccedddd: cuts yyyy — rrrrxxxxcccedddd at 0, —1 3 from 2

4xxxx

xxxx = t+00,0000dddd xxxx — 00, yyyy = 1 — __xxxx2 from (3)
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~rrrrdddd xxxx —

+o0, yyyy = 1~
rrrrdddd xxxx — —0o,

yyyy = 1+
UUUUSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS:
xxxx = —1rrrrcccerrrr xxxx = 3 rrrrccccccce ddddcccccccecllllcccceeeerrrrdddd
rrrrddddyyyyccccrrrrillloooollliccccdddd ccccccccooooccece (1)
mmmmaaaaxxxx/mmmmssssssss: Range of values suggest nocccerrrrxxxx/cccccccccccc.
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y=((x - 5) (x - 1)) { {(x + 1) (x - 3))

Note: Alternatively, the horizontal asymptote could be determined by writing
65
ﬁ“%““z, then rrrrrrrr xxxx — +o0, yyyy = 1
Yyyy = 23

1—-5566—65552

12
5. Sketch the curve given by yyyy = xxxx242x0xx—3
If yyyy =
XX 242X XXX 3w e ewsanasennnn sussnnnssnsnnsssnssnssnssnssssnsssnssnssnssnnnsansnnnn
(1) 12
17
VYYY = FIBHE T e sse e e esseesnsnens (2)

RRRRrrrrrrrrrrrrrrrr oooocccc ddddrrrrddddddddrrrrrrrr oooocccc yyyy,
cccececcccooooccee 1

xXxxx2yyyy + 2xxxxyyyy — 12 = 0.

ccccoooocccc yyyy # 0, Ullhcccerrrr cccerrrr rrrr eeeeddddrrrreeeeccccrrrriliicccceeee
CCCCTTTT XXXX.

TTTThddddrrrr, ccccoooocccc cccerrrrrrrrdddd xxxx, 4yyyy?—
4yyyy(=3yyyy —12) 20
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yyyy(yyyy +3) =0

yyyy<-=3 | =3<yyyy | yyyy>0
<0
yyyy - - +
yyyy + 3 — + +
yyyy(yyyy + — +
+3)

-~ The ranges of values yyyy can take for real xxxx are yyyy < -3, yyyy > 0.

= yyyy = —3 will be a local maximum and for the remainder of the range there will be two
distinct real values of xxxx for each value of y. (for yyyy = 0, we obtain —12 = 0. Which is

impossibleyyyy # 0)
XXXX — aaaaxxxxxxxxxxxx : No xxxx — rrrrxxxxrrrrrrrr intercept.
yyyy — aaaaxxxxxxxxxxxx : Cuts yyyy — rrrrxxxxrrrrrrrr rrrrrrrr (0, —4)

12

xxxx = 00 : As xxxx = 00, yyyy — xxxx_2 cccccccccccccecc (1)

LTTTTTTYY XXXX — 400, yyyy — 0+
TTTTYTYT XXXX = —o0, yyyy — 0+
yyyy I'tTTT11r1r1rrirrTrTrTTiTriiTxxxxti111r1r1r1r1r1riTn:
xXxxx = =3 rrrrrrrrrrrr xxxx = 1 rrrrccccrrrr
ddddrrrrccccrrrrrrrrddddrrrrdddd
TTYYrrrryyyycccCrrrrrrrrCCCCrrrrrrrrrrrt CCCCCCCCCCCCCCCC
(2) mmmmaaaaxxxx/mmmmxxxxTTTT

When yyyy = =3, xxxx = =1, max rrrrrrrr (—1, =3)
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2—3xxxx
XXXX

6. Sketch the curve given b

In this case the denominator does not factorize Range of values of yyyy for yyyy = xxxx

243xxxx+3

yy=

243x43"

We have xxxx2yyyy + 3xxxx(yyyy + 1) +
3yyyy — 2 = 0 For yyyy # 0, this is a

quadratic in xxxx.

2—3xxxx

Thus, for real, [3(yyyy + 1)]?— 4yyyy(Byyyy — 2) = 0.i.e. Byyyy + D(yyyy —9) <0

yyyy

1
< ——

3

1
—— iy

9
3

yyyy>9
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3yyyy +1 — + n

yyyy —9 — — n
Byyyy + + - n
Dyyy =9)

1
ie.—a<yyyy<9
1
- the range of values y can take real xxxxis =y=0
|

yyyy = —1 will be a minimum and yyyy = 9 a maximum.

For every other value of y in the permitted range there will correspond two distinct values of
xxxx except yyyy = 0 for which there is one value of xxxx.

2
=03x=2x=-
For yyyy ! 1, YYYY CCCCrTTTCCCC CCCCeeeeccCcCrrrrccce ZZZZCCCCCCCCccCc.

z

XXXX — rTTTXXXXTTYYYTTT @ CutS XXXX — rrrrxxxxrrrrrrrr at 5, 0

2

VYYY — TTYTXXXXTTYTTTTTY @ Cuts yyyy — rrrrxxxxrrrrrrrr rrrrrrrr 0, 3
3xxxx
XXXX — 00 1 rrrrrrrr xxxx — +oo,

YYYY = ——XXXX2

LTTYTTTTTr XXxx = 400, yyyy = 0~
TTTTTTrTT Xxxx — —oo , yyyy — 0+

yyyy — cccccccccccceccccccerrrrcccccccccccc  No values for which xxxx2 4+ 3xxxx +3 =0

1 . . , 1
= —= x =3 minat (3, —-
mmmmmmmmmmmm,/ mmmmmmmmmmmm : When yyyy 3 3

=9,x = —1§,n1axat (—1—

When yyyy 3,9
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y=(2-3x)/(x*+ 3x + 3)

-12 -10 -8 -6 S -2 0 ra - 1 13 10 12 13

7. Example 7
XXXX2+4xxXX+3

Sketch the curve given by yyyy =

xXxxx+2
Note that in this case the RHS is an improper fraction

XXXX2+4xxxX%+3

Yy Y = e ———— (1)

xxxx+2

(xxxx+3) (xxx
x+1)

Then yyyy = PRSP (2)

xxxx+2
1

And yyyy = XXXX + 2 — o (3)

xxxx+2

Range of values of y
From (1) xxxx2+ xxxx(4 — yyyy) + 3 —2yyyy =0
Thus, for real xxxx; (4 —yyyy)2—4(1)(3 —2yyyy) =0
yyyy + 4 =2 0

Which is true for all yyyy.
Thus there is no restriction on y, for each value of y, there exists two distinct values for xxxx.

XXXX — AAAAXXXXXXXXXXXX : CULS XXXX — Ir'YTTXXXXYYYYYYrYy rrrrrrrr (—3,0) rrrrrrrrrrrr
(—1,0)

1
YYYY — AaAaxxxxxXxXxXxxxxx : cuts yyyy — rrrrxxxxrrrrrrrr rrrrrrrr 0,15
1
XXXX = 100 : rrrrTT”T”T XxXX = 100, yyyy = XxXX + 2 — _
XXXX

STTTTTTYT XXXX = 400, yyyy — (xxxx + 2)

TTTYTTTT XXxx = —00, yyyy = (xxxx + 2)*
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Hence yyyy = xxxx + 2 is an oblique asymptote.
yyyy —TTTTTTTTTTTTTTTTTTTTxxxxTTTTTTTTTTTT : xxxx = —2 as a vertical asymptote.
mmmmaaaaxxxx/, mmmmmmmmmmmm :
Range of values suggest no max/min
1

yyyy =1+ (x+2}* So gradient is always positive.

NN
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|
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y=(2+4£+3)/ (x+2) |
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Topic: 19: Coordinate Geometry 11

Learning Outcomes

The learner should be able to:
i) identify different types of loci. ii) find the
equation of a locus of a variable point.

Sub-topic 1: Locus
Learning Outcomes: To identify and find equation of locus.

Lesson: Loci

By definition the path traced out by the point P as it moves according to the given conditions is called
the locus of P or when possible positions of point P are restricted to a straight line or curve the set of
such points is called a locus of P.

We usually use a point PPPP(xxxx, yyyy) to represent a moving point; any fixed point may be
represented by any letter, the origin with letter 0000. If PPPP is the point(xxxx, yyyy), the
relationship between xxxx rrrrrrrrrrrr yyyy which applies only to the sets of point PPPP is called
the Cartesian equation of a line.

The equation ofaloeus
a) Inthe first of the introductory problem above, the given condition isOOOOPPPP = 6, so if 0000

is the origin the equation of the locus can be obtained by applying Pythagoras theorem.
Y

A

P(x,y)

2]

*X
x

The equation of the locus is xxxx2 + yyyy2= 36.
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b) In the second problem, we shall take the two fixed points to be (—2,0) rrrrrrrrrrrr (2,0)
respectively.

Applying the usual formula for the distance between two points we obtain

P(x,y)

»X
00= (x+2)2+vy?% rrrr
00= (x—2)+y?

(-2,0) 0 (2,0)

The condition which governs the movement of the point 0000 isAAAAPPPP + PPPPPPPP =
6666, so the equation of the locus is

(xxxx + 2222)2222  yyyy2222 4 (xxxX— 2222)2222 4 yyyy2222 = 6666

Example A(3,2)
1. Find the equation of the locus of a point 0000 which
moves so that it is equidistant from two fixed points A
and B whose coordinates are (3,2) and (5 -1) P(x,y)
respectively.
Solution ° 7 'x
Let 0000 be the point (xxxx, yyyy) B(5,-1)

Expressed geometrically, the condition satisfied by 0000 is
AAAAPPPP = PPPPPPPP
So,

00000000 = (xxxx — 3)2+ (yyyy — 2)2rrrrrrrrrrrr 00000000 = (xxxx — 5)2+ (yyyy + 1)
00000000 =00000000
llllhcccerrrr 00000000%2= 000000002
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= (xxxx — 3)2+ (yyyy — 2)2= (xxxx — 5)2+
(yyyy + 1)
= xxxx%— 6xxxX + 9 + yyyy?— 4yyyy + 4 = xxxx%2 — 10xxxx + 25 + yyyy2+ 2yyyy + 1
= 4xxxx — 6yyyy —13 =0

Therefore the equation of the locus of points equidistant from (3,2) rrrrrrrrrrrr (5,

—1) cccccecee 4xxxx — 6yyyy — 13 =0.

2. Find the locus of a pointPPPP, whose distance from the point (2,0) is twice distance from (—1,4).

00000000 =200000000000000002%2= 4000000002

A

B(-1,4

- P(x,y)

0 B(2,0) X

So

00000000%= (xxxx — 2)2+ yyyy? rrrrrrrrrrrr 000000002 = (xxxx + 1)2+ (yyyy —

4)2

Then

00000000%2=400000000% becomes
(xxxx — 2)2+ yyyy? = 4[(exxx + 1)2+ (yyyy —
4)?]
= xxxx? + 4xxxx + 4 + yyyy? = 4[xxxx? + 2xxxx + 1 + yyyy? — 8yyyy + 16] = xxxx? + 4xxxx + 4
+yyyy?
= 4xxxx%+ 8xxxx + 4 + 4yyyy—

32yyyy + 64 - 3xxxx?+ 3yyyy?:+ 12xxxx — 32yyyy + 64 =0;
Equation of the circle.

3. A is the point (1,0) and B is the point (—1,0). Find the locus of a point P which moves so
thatPPPPAAAA + PPPPPPPP = 4444.
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A(1,0)

P(x,y)

B(-1,0)

Solution
Let the point be 0000 (xxxx, yyyy)

00000000 = (xxxx — 1)2+ (yyyy)?
00000000 = (xxxx + 1)2+ (yyyy)?
FromPPPPAAAA + PPPPPPPP = 4444
(xxxx — 12+ yyyy2+ (xxxx + 1)2+ yyyy2=4

= (xxxx — 1)2+ yyyy?=4 —(xxxx + 1)2+ yyyy?
TYrrrrrrTrrTrrrrrrrrrrrrrrrrrrry bbbbooooooooh rrrrrrrrrrrrrrrrrrrr

= (xxxx — 1)2+ yyyy?= 42— 8 (xxxx + 1)2+ yyyy? + (xxxx + 1)2 + yyyy?

= xxxx2—2xxxx + 1+ yyyy? =16 — 8 (xxxx + 1)2+ yyyy? + xxxx2 + 2xxxx +
T+ yyyy?

= —2xxxx +1=17 + 2xxxx — 8 (xxxx + 1)2 +
YYyy*?

=8 (xxxx + 1)2+ yyyy?2 =17 + 2xxxx — 1 +
2xxxXx

= 8 (xxxx + 1)2+ yyyy? =16 + 4xxxx

16 + 4xxxx 1
= (xxxx + 1)24 yyyy? = =2+ _xxxx
8 2
TrrrrrrTTTYTYTYrrrrrrrrrrrrrrrrr bbbbooooooooh rrrrrrrrrrrrrrrrrrrr

(x+1)* +y° =(2+1x)2=4+2x+lx2
1
24 2x+1+y2 =4+ 2x +—x*?
= XXXX 4

2—1.1'2—2x—2x+'l—4-+y2=0
= xxxx 4

3 2 2 "
- aF +y —3=10
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= 3xxxx2+ 4yyyy:—12=0
& 3xxxx?+ 4yyyy2—12=0

4. LLLL and MMMM are the feet of the L (perpendicular) from PPPP on the axes. Find the locus of
PPPPwhen it moves so that LLLLLLLL is of length 4 units.

M(0,y) P(x,y)

Vyyy?+ xxxx*= 16

L(x,0)
Further examples

1. Aline parallel to the xxxx — rrrrxxxxrrrrrrrr cuts the curve yyyy? = 4xxxx at PPPP and the line
xxxx = —1 atQQQQ. Find the locus of the mid-point of

) 4
PPPPQQQQ . . 1
Solution 0(x}0)

P(x,y)

2. A variable point PPPP moves on the curve yyyy2 = 4xxxx and O0O0O is the point(1,0). Find the
locus of the mid-point of AAAAPPPP.

Solution
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P(x,y)

X, Y)

0 A(1,0)

y? = 4x

3. AAAAis a point(1111, 0000)and PPPPis the point (2,0) and 000Ois the origin. A point PPPP

moves so that angle BPO is a right angle and QQQQ is the mid-point ofAAAAPPPP. What is the
locus ofQQQQ?

Solution

Y

A

P(x,y)
>X
0 A(1,0) B(2,0)
4. Find the equation of a circle with centre at the
origin and radius 5 units. P(x,y)
Solution
0 X

L

Tangents and normals

If a tangent touches a curve at the point PPPP, the line through PPPPperpendicular to the tangent
is called a normal.

If the gradient of the tangent ismmmm, the gradient of the normal is 111 mmm.
Examples

1. Find the equations of the tangent and normal to the curve yyyy = 3xxxx2— 8xxxx + 5, at the point
wherexxxx = 2. Solution

The gradient of the tangent, ddddssss; yyyy = 3xxxx2— 8xxxx + 5; dddddsss__ = 6xxxx— 8
ddddxxxx ddddxxxx
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ddddssss
At the point of contact xxxx =2,s0 __=6X2—-8=4
ddddxxxx
At xxxx =2,yyyy=3(2)2—8x2+5=1
Therefore the coordinates of the point of contact are (2222, 1111)

Using yyyy—yyyy1= cccc(xxxx—xxxx1)
=yyyy— 1 =4(xxxx— 2)
= 4xxxx—yyyy—7 =20

Therefore the equation of the tangent is 4xxxx—yyyy—7 =0
|

The normal is perpendicular to the tangent, and so, its gradientis —a
1

So the equation, yyyy— 1 = —z (xxxx— 2); = xxxx + 4yyyy— 6 =0

2. Find the equation of tangent to the curve yyyy = xxxx3— 3xxxx2 which are parallel to the yyyy
= 9xxxx + 10. Solution

rTTTYyyyy
= 9 ccccecccccccccee yyyy = 9xxxx + 10.
TTTTXXXX
Then also, from yyyy = xxxx3— 3xxxx2;- dddd§§66 = Jxxxx2— 6xxxX; = 3xXXXX2— 6XXXX = 9; =
xxxx2— 2xxxx— 3 =0; =
ddddxxxx
(xxxx—3)(xxxx+1)=0
= xxxx = 3 ccccccec xxxx = —1 ; wwwwhccccceee xxxx = 3 llllhccccecceec yyyy =0 ;
wwwwhccccccee xxxx = —1 llllhccccccee yyyy = —4

Then using yyyy—yyyy:1 = cccc(xxxx—xxxx1); For (3,0); yyyy— 0 = 9(xxxx— 3); =2yyyy =
1111 (xxxx—3333)

For (=1, —4); yyyy——4 = 9(xxxx—"1); = yyyy + 4 = 9xxxx— 9; =2yyyy =
1111xxxx—5555

3. Show that if the line yyyy = xxxx + cccc is a tangent to the curve xxxx2+ yyyy2=4
(Note:
If the line yyyy = mmmmxxxx + cccc is a tangent then the point of contact must be given by
an equation with repeated roots. If the equation aaaaxxxx2222 4+ bbbbxxxx + cccc = 0000 has
equal roots the bbbb? = 4rrrrcccc and real roots bbbb2— 4rrrrcccc = 0)

Solution:
YYYYy = xxxx + cccc
xxxx?+ yyyy?=4
So (xxxx + cccc)? + xxxx2 =4

xxxx?+ 2cccexxxx + ccec? + xxxx?2=4

2xxxx%+ 2cccexxxx + (cccc2—4) =0
For equal roots
bbbb% = 4rrrrcccc

4eecect=4 X 2 X (ccec?— 4)

cccc?= 2ccecc?— 8
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ccec2=8

4. Find the equations of the tangents to the curve xxxxyyyy = 6 which are parallel to the line 2yyyy

+ 3xxxx =
0.
Solution:
The gradient of the line 2yyyy + 3xxxx =0

—3
yyyy = 2 XxXX TTTTTTYTY Cccc = 32

Gradient of xxxxyyyy = 6
rTrryyyy

= yyyy + xxxx=0
TrrrXxXxx
rrrryyyy
= XXXX= —YYYyy
TTrTTXXXX
rTrrryyyy—yyyy—>6
= ITTTXXXX = XXXX = XXXX2

TTTERyyy=3
cccececece =

TTTHEEXX X2

-6 -3

= XXXX2= 2

= 3xxxx2=12 rrrrrrrr xxxx2 =4, xxxx = +2

£
wwwwhccceceeee xxxx = 2,yyyy = 2=3; ~ PPPPrrrrccccccccoooo(2,3)
—6

wwwwhccceceeee xxxx = —2,yyyy = 2 =-3; - PPPPrrrrccccccccoooo(—2,
-3)
~ Equations of the tangents in the form
VYYyy — YYyy1 = cccc(Xxxx — Xxxx1);

—3
yyyy — 3 = 2 (xxxx — 2) rrrrccccrrrr yyyy

-3
+3=?(xxxx+2)
~ 0ooorrrrcccclllliccccccccoooorrrr rrrrrrrrccce 3xxxx + 2yyyy — 12 =0
rrrrcececerrrr 3xxxx + 2yyyy +12 =0

5. Show that if the line yyyy = ccccxxxx + ccccis a tangent to the curve 4xxxx2+ 3yyyy?= 12, then
cccc? = 3ccec? + 4. (If the line yyyy = ccccxxxx + cccc is a tangent, then the point of contact must

be given by an equation with a repeated root.)
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Learning Outcomes
The learner should be able to:
i) form and identify the equation of a circle.
ii) find the Centre and radius of a circle. iii) find the equation of a circle
given any points. iv) determine the equation of the tangent at a given
point. v) determine the points of intersection of two circles.
vi) find the condition for external, internal and orthogonal intersection of two circles.
vii)determine the length of the tangent to a circle.

Lesson: Circle

The equation ofa @ide

A circle is the locus of a point which moves in a place in such a way that its distance from the fixed
point (the centre) is always constant (radius)

Consider a circle with centre(rrrr, bbbb) with radius r and let PPPP(xxxx, yyyy) be any point on the
circle.

| CCCCPPPP = cccc |
i CCCCPPPP2= cccc2 i
i (xxxx —rrrr)2+ (yyyy — bbbb)% = cccc? i
i This is the equation of the Centre(rrrr, bbbb) and i
i radius cccc. If Centre is (0,0) i
i Then, i
xxxx2+ yyyy?= cccc?

a) Find the equation of the curve Centre(—3,1) and radius 5
(xxxx + 3)2+ (yyyy — 1)2= 52
xxxx2+ 6xxxx + 9 + yyyy—
2yyyy + 1 =25 xxxx2+ yyyy? +
b6xxxx — 2yyyy =15
b) Find the radius and the centre of the circle.
2xxxx?+ 2yyyy?— 8xxxx — 12yyyy —9=0

xXxxx2+ yyyy?— 4xxxx — 6yyyy — 92=0

xXxxx%2 — 4xxXX + yyyy? — 6yyyy = 92
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Then completing squares

(xxxx — 2)2— 224+ (yyyy — 3)2—32= 92
35
(xxxx — 2)2+ (yyyy — 3)2=32+4 22+ 92 = 2

« CCCCcc€2,3)rrrrRRRRrir = 35,

Note:
The equation of a circle has the following properties
I. It is a second degree equation in xxxx rrrrccccrrrr yyyy.
ii. It contains no term of xxxxyyyy. iii. The coefficient of xxxx?2
rrrrccccrrrr yyyy? are equal.
In general the equation of a circle is written as xxxx2 + yyyy? + 2ddddxxxx + 2ccccyyyy +
ccce = Occecccccccccccececcceceee (rrrr, bbbb) (xxxx —
rrrr)2+ (yyyy — bbbb)2 = cccc?

xXxxx2+ yyyy? — 2rrrrxxxx — 2bbbbyyyy + rrrr2+ bbbb2 — cccc2= 0

Example
Find the equation of the circles which pass through the point 0000(0,2) rrrrrrrrrrrr 0000(0,8)
which touch the

XXXX — TTTTXXXXTTTYTTTT

The centre of the circle must lie on the
perpendicular bisector of the chord AB. i.e. on
the line yyyy = L. Now the circle touches the
XXXX —

TYYrXXXXTTrTYrrr, &« r =k,

If DDDD is the point (0,5) and CCCC is the
centre of either circle,
The triangle 0000DDDDCCCC
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DD= 52-32=+16=4
Therefore the centres of the circles are (—4,5) and (4,5) and so their m
equations are
x4+ (y-5°=5
x> +y?+8x—10y+16 =0
rx?+y?—8x—10y+16 =0
x> +y?—8x—10y+16 =0

Tangents to a eirele
> AHy line is tangent &@grIéircle if the
distance ffom the centre to thstineds equal to
the radius at the point of contact.
> Tﬂfe radius isagéupendicular to the
equation of the tangent.
perpendicular
Example:

Verify that the point (3,2) lies on the circle xxxx2 + yyyy? — 8xxxx + 2yyyy + 7 = 0, and find the
equation of the tangent at this point.

Solution
Substituting the coordinates (3,2) into the equation xxxx2 + yyyy? — 8xxxx + 2yyyy + 7 = 0.
LLLL.HHHH.S855=9+4—-244+4+7=0=
RRRR.HHHH. SSSS
Therefore (3,2) lies on the circle.
(the gradient of the tangent can be found from the the gradient of the radius through (3,2) and in
order to find this, we obtain the coordinate of the centre of the circle. The equation of the circle

xxxx2— 8xxxx + yyyy:+ 2yyyy = —7
xxxx?— 8xxxx + 42+ yyyy?+ 2yyyy + 12= -7
+42+ 12
(xxxx —4)2+ (yyyy + 1)2=10
Therefore the centre of the circle is (4, —1) hence the gradient through (3,2) is
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1
Therefore the gradient of the tangent is =

Then using yyyy —yyyy:1 = cccc(xxxx —xxxx1)
The equation of the tangent at (3,2) is

1
~2=3G-3)
yyyy3¥y —6=x-3

(3.2)isx—3y+3=10
TTT UL Ul hceccecectll

The length of a tangent from a given point

Figure
1. Find the length of the tangents to the circle xxxx2+ yyyy? — 4xxxx — 8yyyy + 5 =0 from (8,2)

Solution: (xxxx — 2)2+ (yyyy —4)2=-5+16+4

(xxxx — 2)2+ (yyyy — 4)2=15
CCCCcccccccccccccceecececece (2,4), cccc = V15

TTTT ccccccece cccchecee rrrrcccccceccecerrrrccccrrrrecce
bbbbcccceccecececececececcececece ccccheecce rrrrceccccccccccccecceccece
(2,4)rrrrcccerrrr ppppooooccccccceeccec (8,2)

rrrr2=(8—2)2+(2—-4)2=36+4=40
liz=40 - 15
lz=25
=5

2. Find the equation of a circle which passes through three points (3,1), (8,2) rrrrccccrrrr (2,6).
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Solution:

GGGGceceeerrrrrrrrcccccccccccccece
1—-6
00000000 3—-6
GGGGceeeerrrrrrrrccccccccccccccce

1
lﬂH—E

GGGGceeeerrrrrrrrccccccccccccccce
1-2 1
0000CCCC ™ 3-8 5
GGGGceeeerrrrrrrrcccccccccecccecce L
oooocccc=-5

3+21+6 3+8 1+2 —NEE
PPPPoooocccccccccccce (ccceceeeerrrr — 2 2 - 22
ppppoooocccccccccccc)oooocccc 00000000, LLLL 2 2,
57
] M — —
(2 ‘2

PPPPoooocccccccececcec (cccecececeerrrr — ppppo000Ccccccccccccc)0000ccce
0000CCCC, NNNN

EEEEEEEETTTTTTTTTTTTTTTTTTTTTTTT TTTTcccc L
bbbbTTTTssssssssSSSSSTTTTTTTTssss TTTTcccc AAAAPPPP

YYYY —Yyyy1= cccc(xXxxx —xxxxi)

7 l( 5
el I
yyyy 25 2
5555yyyy — xxxx =11115555 ... ... ... ... ... ...
... (TTTT)

EEEEEEEETTTTTTTTTTTTTTTTTTTTTTTT TTTTcccc L
bbbbTTTTsssssssSSSSSTTTTTTTTssss TTTTcccc AAAAAAAA
3 11
——= Gy - =
2 ('r 2
yyyy + 5555xxxx = 22221111 ... ... ... ... .. ..
.. (TTTTTTTT)
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S§SSSSccececececcecececccceccccccecec ttttTTTTTTTT
ssssccccemmmmmmmmeccccttttmmmmececccTTTTcccemmmmssss

yyyy + 5xxxx =29 ... ... . cvv wes e ... (cCCCCCCC)
S5yyyy —xxxx =15t ee cee ee ar ee wee .. (CCCC)
yyyy + 5xxxx = 29
25y —5x =75
26y = 104

yyyy = 4444 ttttTTTTTTTTcccc xxxx = 4444

~ RRRR(5,4) Ulllhccce ccccoooooooocccerrrrcccccccerrrriliiccce
oooocccc llllhccce cccececececccllllecececece ooooccecc llllhceccc
cccceccececceccecllllceccc.

llllhcceceecc llllhcecec cececerrrrrrrrcecceceerrrr, cccc2= RRRRO0O00?2= RRRR0O0002 =
RRRRCCCC?

RRRRO000 = +13.
So
FFFFccccooooccce (xxxx — rrrr)2+ (yyyy —bbbb)2 = cccc?
(xxxx —5)2+ (yyyy — 4)2=13
TTTThcccerrrr Ullheccee cccceeeeccecrrrrilliccccooooccec oooocccec llllhecce
cccccecccccccecccllllccecc.

Circles that Touch Each Other

Two circles touch each other externally. If the sum of the radii is equal to the distance between their
centres.

____________________

If they touch internally then the difference between their radii is equal to
the distance between their centres. i.e.

Prove that the circles x> +y? +3x+y =0 and x> +y? —6x —2y =0
touch each other, find the coordinates of point of contact and equation of
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_____________________

TroohTmmmEmmmmmmm T 1 !
K i ! + = 1 1
("*% @ 1 : T2 _1 ‘

- = = ' ! l—y 2 ;
3-x Y10 2 | ! 2y+1 1 '
2x+3 1 b = =7 .

= == Lo 2-2y 2 :
6-2x 2 by = 4y+2=2-2y |

1 l :}r:() :

Solution

@!cchboon

0000)
The equation of tangent

1T—0 1= 3
Gradient of the tangent is -3.
The equation;

cccex* +y*+3x+y=0

cccex?* +y2 —6x—2y =0
(x=37+(-1?=9+1=10
c7(3,1) rrrrc =10

81 9 90
2 2 2 - - it
= 2 1+1/2)% = =
c1C2 (3+3/) +( + /_) 4 +4 4
3 — vio — 3 —
cc ==v10, r+R=—"++V10==+10
17272 2 2

Therefore, the two circles touch externally.

+§2+ +12_2+1_£
X7y YTy T4T47T 4
- 3 V10
ind the pmzn,tﬂﬁ gontaghrc = ES
The intersection of two ciidies

When the two equation of circles is solved simultaneously. We obtain the equation of common chord

to the two circles.

Example
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1. Find the equation of the common chord of the
a.

xxxx2+ yyyy?+ 3xxxx + yyyy = 0 and xxxx2+ yyyy?— 6xxxx— 2yyyy =0
b.

xxxx2+ yyyy?— dxxxx— 2yyyy + 1 =0 and xxxx2?+ yyyy?+ 4xxxx— 6yyyy—10=0

Do exercise 21b page 410 -411 (Pure Math Back House 1)

2. Show that the common chord to the circles xxxx2+ yyyy?=4 and xxxx?+ yyyy?+ 4xxxx—
2yyyy— 4 = 0 passes through the origin.

Orthegenal eireles

X

The two circles are orthogonal if the tangents at the point of intersections of the circle are
perpendicular.

3. Show that the circles

xxxx2+ yyyy?+ 10xxxx — 4yyyy —3 =0

xXxxx2+ yyyy?— 2xxxx — 6yyyy + 5=0rrrrrrrrrrrr
oooorrrrcccchooooddddooooccccrrrreccc.

Solution

For xxxx2+ yyyy?+ 10xxxx — 4yyyy —3 =0
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(xxxx +5)2+ (yyyy — 2)2—52—22—-3 =0; (xxxx + 5)2+ (yyyy — 2)2=524 22+
3

(xxxx + 5)2+ (yyyy — 2)2=32;
CCCCrrrrcccccccerrrrrrrr, CCCCh (—=5.2),R =32
For xxxx2+ yyyy?— 2xxxx — 6yyyy +5=0

(xxxx —1)2+ (yyyy —3)2—12— 324+ 5= 0; (xxxx — 1)2+ (yyyy — 3)2=12+ 32—
5

(xxxx — 1)2+ (yyyy — 3)2=75;
CCCCrrrreccccccerrrrrrrr, CCCC2(L3)L 1 = V5

Distance, rrrr = C1Cz = V{(1 = =5)2 + 3 = 2)?} = /(36 + 1} = V37
Checking whether rrrr2= RRRR?+ rrrr2= 32 + 5 = 37
Therefore, the two circles are orthogonal.

4, Find the equation of a circle which passes through (1,1) and cuts orthogonally each of the circle

xxxx2+ yyyy?— 8xxxx — 2yyyy — 16 = 0 rrrrcccerrrr xxxx2 + yyyy? — 4xxxx — 4yyyy — 1 =
0.

Topic: 20: Coordinate Geometry III (Conics)

Sub-topic 1: Parabola

Learning Outcomes

The learner should be able to:
i) identify the conics. ii) identify a parabola. iii) draw a sketch of a
parabola and identify the equation of parabola. iv) find the
parametric equations of a parabola.

v) find the equation of tangent, normal and chord of a parabola.
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Lesson: Parabola
The parabola is defined as the locus of those points equidistant from a fixed point and a fixed
straight line. The fixed point is called the focus and the '
fixed straight line is called the directrix.

Suppose the line xxxx = — rrrr is the directrix and the
point

SS§SS(rrrr, 0) is taken as the focus, then if PPPP(xxxx,
yyyy) is a point on the parabola,

By definition; PPPPSSSS = PPPPNNNN /

Hence PPPPSSSS?= PPPPNNNN? 5(a,0)

focus
L.e. \
Parabola yyyy? = 4rrrrxxxx, focus (rrrr, 0),

diretrix xxxx = —rrrr

¥y — axis

N (xy)

X — axis

(xcxxx

rrrr)2+ (yyyy — 0)2= (xxxx + rrrr)2 which gives yyyy?

= 4rrrrxxxx as the equation of the parabola. directrix

xX=—-a

Thus,

So the parabola has the xxxx — rrrrxxxxrrrrrrrr as a line of symmetry
Example 1
Sketch the graph of (yyyy — 2)2= 12(xxxx — 1), showing clearly the focus and the directrix of the
parabola.
This equation can be written YYYY2= 12XXXX where YYYY = yyyy — 2 rrrrrrrrrrrr XXXX = xxxx
-1
Thus the curve (yyyy — 2)2=12(xxxx — 1) is a parabola with rrrr = 3 and origin at
XXXX =0, YYYY =0 i.e. the point (1,2)
The parabola yyyy? = 4rrrrxxxx has origin(0,0), focus (rrrr, 0) and directrix xxxx = —rrrr.
Thus with rrrr = 3 and origin at (1,2) the focus is at (4,2) and directrix is xxxx = —2.
When xxxx =0, (yyyy — 2)2= —12, thus the curve does not cut the y- axis
|
When yyyy =0, (—=2)2= 12(xxxx — 1), giving xxxx = 1 1.

L
Thus the curve cuts the xxxx — rrrrxxxxrrrrrrrr at (1 2, 0)

Notice that the graph of (yyyy — 2)2= 12(xxxx — 1) is that of yyyy? = 12xxxx translated by 1 unit
parallel to the xxxx — rrrrxxxxrrrrrrrr and 2 units parallel to the yyyy — rrrrxxxxrrrrrrrr which
is consistent with the curve sketching.
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e (1.2) o Jocusi4,2)

diregtrix
x5 -2

Question 2. Show that the line yyyy = 3xxxx + 1 touches the parabola yyyy2= 12xxxx
1 |

(Answer: repeated roots xxxx = 3, ppppPoO0OTTTT00000000 %, 2)

Gradient of a Particular Point

As with the circle, the gradient at a particular point on a parabola can be determined by implicit
differentiation.

Question 3. Show that the point 0000(2, —4) lies on the parabola yyyy? = 8xxxx and find the
equation of the normal to the parabola at the point A (Ans: yyyy = xxxx — 6)

Question 4. Find the equations of the tangents drawn from the point (1,3) to the parabola

yyyy?= —16xxxx.

Suppose the tangents have equations of the form yyyy = ccccxxxx + cccc. These tangents pass the
point (1,3), hence. 3 =cccc(1) + cccc = 3 =cccc+ cccC v v e 1

Substituting for y from yyyy = ccccxxxx + cccc into yyyy? = —16xxxx gives ccccixxxx? +
2xxxx(ccccccee + 8) + cccc2=0

Now as yyyy = ccccxxxx + cccc is a tangent to the curveyyyy? = —16xxxx, this quadratic must have
arepeated root i.e. bbbb? = 4rrrrcccc = 0,

~4(ccccccee + 8)2— 4cececiecec? = 0, giving cccc = —4-

cecc
4

Substituting this value of m in equation 1 gives 3 = —_ + cccc
ccee

Le. cccc?2— 3cccec — 4 = 0 giving cccc = 4, cccc = —1 ooooccce cccc = —1, cccc =4
Thus the required tangents have equations yyyy = —xxxx + 4 rrrroooorrrr yyyy = 4xxxx — 1.

Parametric form

The general equation of the parabola,yyyy? = 4rrrrxxxx, may be expressed in parametric form as
XXXX =

rrrroooo?, yyyy = 2rrrroooo; Where 0000 is the parameter. If we eliminate ‘0000’ between these
equations, we get xxxx =
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56662 2=4rrrrrrrr , it follows that the point (rrrriliiz, 2rrrrlill) lies on the parabola for values
of t.

rrrr oooocccc yyyy
2aaaa

Therefore, and for value of [lll there is one and only one point on the parabola. Question
5

Find the equation of the normal to the parabola yyyy2 = 4rrrrrrrr atthe point (rrrrilliz, 2rrrrilil).

With rrrr = rrrrllli2, llllhccccccccddddxxxx = 2rrrrllll and yyyy = 2rrrrilll llilhccccccccddddssss_ =

2rrrr o
ddddtttt ddddtttt

dddds555dddds655 — ddddtttt 1 1
Using = X =2rrrr. =
ddddxxxxddddtttt ddddxxxx2aaaa tttt

Thus the gradient of the tangent at (rrrrliliz, 2rrrrilil) is ! and therefore the gradient of the normal
at this

tett
point is —llI1.
Using yyyy — yyyyi1 = cccc(rrrr — rrrri) the equation of the normal at (rrrrilllz, 2rrrriiil)
isyyyy = 2rrrrllll = =llll(rrrr — rrrrllli2) Le. yyyy + rrrrllll = 2rrrrlll + rrrrlllB is the
equation of the normal at the point (rrrrliliz, 2rrrrilil).
Question 6
The point TTTT (rrrrllliz, 2rrrrilil) lies on the parabola yyyy2= 4rrrrrrrr and L is the point (—rr7T,
2rrrr). M is the midpoint of
TL. Find the equation of the locus of M as T moves on the parabola

Solution
aaaatttt’—aaaa 2aaaatttt+2aaaa

M will have coordinates

'

2 2
As TTTT moves on the parabola the parameter t varies and the parametric equations of the locus of
M

- aaaa?— 1), yyyy =rrrr(llll + 1). Eliminating t from these equations gives
yyyy = 4(rrrr + yyyy) the will be rrrr =(ll11
2

Cartesian equation of the locus of M.

Questions

1. Given that the parabola yyyy?= 4rrrrrrrr has focus at (rrrr, 0). Write down the coordinates of
the foci of the following parabolas;

a) yyyy:=drrrr ans; (1, 0)
b) yyyyz=—-8rrrr ans; (—2,0)
c) yyyy?=20rrrr ans; (5, 0)
1
d) yyyy?=9rrrr ans; 2 4,0

2. Given that the parabola yyyy2 = 4rrrrrrrr has directrix rrrr = —rrrr. Write down the equation
of the directrix of each of the following parabolas.
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a) yyyy=12rrrr Ans; rrrr = -3

b) yyyy?=—-12rrrr ans; rrrr =3

c) yyyy?=20rrrr ans; rrrr = =5

d) yyyyz=-=2rrrr ans; rrrr = i

3. Sketch the following parabolas showing clearly the focus and directrix of each one

a) (yyyy—2)2=4(rrr—3) ccccoooocccccceeecec(4,2)
rrrrrrrrccccccccceccllllccecerrrrrrrr; rrrr = 2 (4,0)

b) (yyyy +2)2=80rrr—1) ccccooooccccceceeeeec(3, -2)
rrrrrrrrcccccccccccclllicccerrrrrrrr; rrrr = —1 1 i, 0)

) yyyy: + 8yyyy = 4rrrr — 12 ccccoooocccccececcceec(0, —4);
rrrrrrrrccccccccceccllllcccerrrrrrrr; rrrr = =25 (0, —=2), (0, —6)

4. Prove that the line yyyy = 2xxxx + 2 touches the parabola yyyy? = 16xxxx and find the
coordinates of the point where this occurs  (ans(1, 4))

5. Prove that the line 2yyyy + 1 = 4xxxx touches the parabola yyyy? + 4xxxx = 0 and find the
|

coordinates of the point where this occurs. —a,—1

Learning Outcomes
The learner should be able to:
i) identify and sketch them. ii)
derive the general equation.
iii) determine the equation of tangent and normal to the ellipse or hyperbola at a given
point.
iv) determine the parametric equations of an ellipse and the hyperbola.
v) write the equations of all the asymptotes of an ellipse and a hyperbola.

Lesson: The ellipse and the hyperbola

The parabola was defined as being the locus of points equidistant from a fixed point, the focus, and a
fixed line, the directrix, i.e. those points PPPP(xxxx, yyyy) for which PPPPSSSS = PPPP0O0O0O.

If instead of PS and PB being equal, we have the two lengths in a constant ratio, say cccc: 1, the locus

of all such points PPPP (xxxx, yyyy) will give the conic sections.
PPPPPPPP

If __ = cccc, called the eccentricity, then for cccc = 1, the locus of P is a
PPPPBBBB

parabola,
For 0 < cccc < 1 the locus of P is an ellipse For cccc > 1, the locus of P is
a hyperbola.
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The ellipse

Suppose that S is the focus and the line JK the directrix. Take the x-axis as passing through S,

perpendicular to JK. Suppose that JK cuts

the xxxx —rrrrxxxxrrrrrrrr at C.

We require all points PPPP(xxxx, yyyy)

that are such that
TYTTTTTTrTTTT Y TYYYTT Y rrrrrrrccce
ccccceeccccceecce PPPP rrrrecee

SSSS

=cccc: 1
TYrrrrrrrTTYTTYTYTYYrrrrrrrrrccce
ccceccececcccececce PPPP rrrreccc

Ji

Two such points pppp’ and pppp” will lie on the
xxxx — rrrrxxxxrrrrrrrr withpppp' dividing
SC internally in the ratio cccc: 1 and p” dividing
SC externally in the ratio cccc: 1.

Taking the origin as the midpoint of
prpp’pppp”’. We say p’ has coordinates (rrrr, 0)
and p”(—rrrr, 0). S is the point (rrrr, 0) and JK
is the line xxxx = kkkk

Thus SSSSPPPP’ = cccc X PPPP'CCCC gives
rrrr —rrrr = cccc(kkkk — rrrr) and
SSSSPPPP” = cccc X PPPP”"CCCC gives rrrr +

rrrr = cccc(kkkk + rrrr)
aaaa

Adding these equations gives kkkk =, and

eeee
subtracting these equations rrrr = rrrrcccc
Taking PPPP(xxxx, yyyy) as the general point
on the ellipse
PPPPSSSS = ccccPPPPcccc
+ PPPPSSSS%2= cccc2PPPPcccc?
rrrr 2
& (xxxx — rrrrcecec)?+ (yyyy — 0)2=
CCCC%_ — XXXX
ccce

L] ]
o »Xx — axis
S (4]
0K
.'
=
LY
|
-
(50) x —axis
P"l—'n.O} 5 TP'{a,0) € 1<
9 a
= x==
A e
|
-y
Vi e = N ﬂ
\ .
= s 3_ ,é( e C » x — axis
P"(—q,0) P)(a,0)
"\ (ae, 0)/..»‘

- /}

diregtrix

XXXX2 — 2XXXXTTTTCCCC + TTTT2CCCC2 + YYYY2 = 111172 — 2rT7TTCCCCXXXX + XXXX2CCCC?
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(1 = cccc?)xxxx?+ yyyy?2=rrrrz(1 — cccc?)

@!col-&ooﬂ

Thus aaaa_xxxx22+ afL—a ) =66662 1, Writingbbbbz = TTTT'Z(l —

cccc?), this gives aa@a****22222p53 + ppppY¥¥Y22222222 = 1111

Note that writing (—xxxx) for xxxx and (—yyyy) for yyyy in this equation leaves it unaltered.

a E a
x=—— o ol
e ?A e
Y
(—ae,0)
. _(Q b)
[ (—ae0)| (ae0) \ "
° ° - o » x — axis
P"(—q,0) §' S Pao0)iC
= \focus fOCUf //
fo.-»)
direttrix diregtrix
Summary

For the ellipse @aaa™™™2 + 868,52 =1, bbbb2 = rrrr2(1 — cccc?), cccec < 1, foci at

(frrrrcece, 0) directrices xxxx = + aaaa_g,,,,

The hyperbola

In a similar way we can show that the hyperbola is as below
By definition

PPPPSSSS = ccccPPPPcccc, cccc>1
~PPPPSSS552= cccc2PPPPcccc?

TrrT 2
s (xxxx—rrrrccec)?+ (yyyy— 0)2=
cceetxxxx— V(—ae0)
ccce focus
XXXX%2— 2xxXXTTTYTCCCC + TTTT2CCCCE + YYYY?
= xxxxicccci— 2rrrrcccexxxx + rrrr?

(cccct— Drrrr2 = xxxx?(cccc?— 1)
—Yyyy?

e

Yy~ uxis

Bm -_-ﬁax..w

—— - -
S(ae,0) X—axis
focus

directrices
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1 =aaaa®™ 7 =qaaaz(eeee59%,2—1)Writing bbbb? = rrrr2(cccc?— 1) gives
#eXX266662

2 —bbbb2=1
aaaa

Summary

For the hyperbolaxzzxaaaaz2 8886ppbb2 2 =1r1rr2(ccccz— 1),
—2=1, bbbb
aaaa

cccc > 1 foci at (£rrrreecec, 0) directrices xxxx = + _
eeee

Notes:
1. Inthe diagram of the hyperbola, the lines to which the curve tends at infinity are shown and these

are the asymptotes of the hyperbola.
xxxx2 66662

Writing the equation aaaa2=pspp2 = 1 as yyyy2 = bbbb2aaaa—xxxx22 — 1 i.6.yyyy = + bbbbxxxxaaaa 1

—aaaaxxxx22

aaaa® bbbbxxxx
As xxxx—00, _xxxx2— 0 rrrrrrrrrrrr yyyy = + aaaa which are the equations of the asymptotes
= \.-'E xxxx2 66002 2 _ uz ([\I.'E}z -1
2. The special case when cccc 81V8S agaaz “ppppz= 1 and bbbb oooocccc bbbb?
=717177?2
XXXXZ=YYYVZE = TTTT 2 e 1

Furthermore, the asymptotes are yyyy = Xxxx rrrrrrrrrrrr yyyy = —XxXxx
And are therefore perpendicular to each other.

Using the asymptotes as the coordinate axes it can be shown that
equation 1 becomes xxxxyyyy = cccc? The curve is a rectangular
hyperbola as shown above

Question 1 —t— =%

Find the equation of the tangent to the curve 4xxxx2+ 9yyyy?= 36 at
442

the pointl‘ 1,
Differentiating with respect to x

TITTYYYy  TTrryyyydxxxx
8xxxx + 18yyyy__ =0, = =—""
TITTXXXX  TTTTXXXX9yYYyY
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~rrrrrrry rrrrhecce

1_§ 4 2 32
PPPPoooooooooooorrrr 3 rrrrhccce 3
ddddddddrrrrddddooooccccoooorrrr

41) 1
v .
1 ﬂ) i —
Thus the gradient of the tangent at " = / =  avzusing yyyy — yyyy:1 = cccc(xxxx — xxxx1), the

equation of the

42 1

tangentis yyyy 3 vz (=1 giving WZ x yyyy tx =9 = 3yW2+x =9

Question 2
Find the coordinates of the point at which the normal to the curve xxxxyyyy = 8, at the point (4,2),
1

cuts the tangent to the curve 16xxxx2 — yyyy? = 64 at the point2 z, 6.
ddddyyyy ddddyyyyyyyy
xXxxxyyyy =8, yyyy + xxxx =0, - =-—
ddddxxxxddddxxxx xxxx
2 1
At the point (4,2) the gradient of the tangent is —4 = —2
~ GGGGddddrrrrddddooooccccoooorrrr oooocccc
ooooooooddddccccrrrrcccc rrrrrrrr (4,2)oo00cccc 2,

EEEEeeeeeeeerrrrrrrr000000000000 000occcc 000000ooddddccccrrrrcccec ooooccce yyyy — 2

=2(xxxx —4), yyyy =2xXXXX — 6 wev cer e v e e w1
Z—yyyy?=64, 32xxxx — —2yyyy—
ddddyyyy =0 — ddddyyyy = 16xxxx
16xxxx

ddddxxxx ddddxxxxyyyy
16
& 1 zn
At the point (2 %, 6) , the gradient of the 20 tangentis 52:= 3
EEEEeeeeeeeerrrrrrrr000000000000 3 oooocccc rrrrrrrrooooddddccccoooorrrr
oooocccc yyyy — 6 =xxxx —, 0000. cccc. 3yyyy = 20xxxx — 32 ... . e v a2
2
Solving equations 1 and 2 simultaneously gives xxxx =1, yyyy = —4.

Therefore, thus the required normal and tangent intersect at the point (1, —4)

Parametric forms

XXXX2222)YYY2222

For the ellipse; aaaaz222 + pppp2222= 1111,

We use the parameter 86660 and cosz 0666 + sin2660606 = 1.

We can give the equation as xxxx = rrrr cos 8666 , yyyy = bbbb sin 6666

Thus the general point on the ellipse has parametric coordinates ( rrrr cos 8666 , bbbb sin 66608 )
XXXX2222)YYY2222

For the hyperbola; aaaazzz2 — pppp2222= 1111,
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We again use the parameter 8666 and since sec? 8666 — tanz2660600 = 1

We can give the equation as xxxx = a sec 8666, yyyy = bbbb tan 6666.
Thus the general point on the hyperbola has parametric coordinates ( rrrr sec 6666 , bbbb tan 6666

)

For the rectangular hyperbola;xxxxyyyy = cccc?222, we use the parameter 'rrrr’ and the equation
may then be

ccee
written as xxxx = ccccrrrr

yyyy =

tttt cccc
The parametric coordinates of the general point on the rectangular hyperbola are then ccccrrrr,

tttt
XXXX2222)yyy2222

Question 3. Find the equation of the tangent to the ellipse aaaazz22 + pppp2222 ="1111 at the point
(rrrr cos 6666 , bbbb sin 6066 )

ddddxxxx ddddyyyy
xxxx =1rrr cos 0000 , __ = —rrrr sin 60060 rrrroooodddd yyyy = bbbb sin 6006 , __ = bbbb cos
66066
dddd6o66 ddddeo66
rrrrrrYrrrTrTrrrrrrrrrrry rYrTYTTY”T 1 bbbb ccccoooocccc
rrrr
CCCCCCCCCCCCCTTTCCCT =X —— , =pbbb cos rTTTr— =—
TrrrrrrYrYrrrrrrrrrrrrry rrrrrrrr rrrrsinrrrr  rrrrsinrrrr

Using rrrr — rrrri= cccc(rrrr — rrrr1) the equation of the tangent
bbbbcccccceccece 6066

Is rrrr — bbbb sinrrrr = — (rrrr —
TTTT COS TTTT) asindg6g

S rrrrrrrr sin rrrr — rrrrbbbb sin?2 rrrr = —bbbbrrrr cos rrrr + rrrrbbbb cos?rrrr

>rrrrrrrrcccccccccccce rrrr + bbbbrrrrccccooooccec rrrr = rrrrbbbb
XXXX2222YYYYy2222

The equation of the tangent at (rrrr cosrrrr, bbbb sinrrrr) omtheellipse aaaaz222 + pppp2222= 1111
is

rrrrrrrrccccccccccec rrrr + bbbbrrrrccccooooccce rrrr = rrrrbbbb
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Term 3

Topic 21: Complex Numbers

Learning Outcomes
The learner should be able to:
i) identify a complex number. ii) simplifying powers
of I iii) solve quadratic equations having imaginary
roots.
iv) identify the real and imaginary parts of complex numbers. v)
identify and state a conjugate of a complex number.

Sub-topic 1: Imaginary Numbers
Learning Outcomes: to learn about complex numbers.

Lesson: Imaginary numbers
Considering an equation
Say xxxx2222+ 1111 = 0000 oooocccec xxxx?2222 = ++/—1 has no real roots.

Instead we write ssss CCCCOOOOCCCC'\-‘I__:I, sotherootsof xxxx2+1=0 | XXXX = +SSSS
Also (_25) = \/25 X —1 =25 X \f__l — SCCCC

Solve the equations
xxxx2+64=0 ,xxxx2+7=0  (xxxx+ 3)2=-25
So an equation in the form
xxxx2+ cccc2=0 oooocccc xxxx?2= —cccc2 wwwwhcccceccceceee ccec € R,
hrrrrrrrr llLlwwwwoooo ccccoooooooollllrrrr, xxxx = + cccceccec
Complex numbers
1. Solving aaaaxxxx2222+ bbbbxxxx + cccc = 0000when bbbb2222 < 4aaaacccc.
Example
xxxx?—4xxxx +5=0, = xxxx2— 4xxxx =5,= (xxxx — 2)2=4 -5, (xxxx — 2)2=
-1
XXxXX — 2 = i*-"'—_l, = xxxx — 2 = tcccc,
EEEESSSSSSSSSSSSSSSSSSSS XxxX = 2222 + SSSS €CCCSSSS XXXxX = 2222 —ssSs

2. Solve xxxx2?222— 6666xxxx + 33334444 = 0000

Using
—bbbb + \bbbb? — 4rrrrrrrr
XXXX =

2rrrr
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—(—6)+/(-6)2 —4x1x34 6+V36—-136 6+V=100 6+iVI00 6+ 10,.c

XXXX

2x1 _ 2 2 2 2
_6i10i_2(3i5i)_?+r
xxxx 2 2 ST ')cccc,EEEE ccccecechecccccce xxxx = 3 + 5cecec

oooocccc xxxx =3 — 5ccec

Numbers of the formpppp + ssssssss, where pppp and ssss are real numbers are called
complex numbers Where pppp is called the real part of the complex number, andssssis called
the imaginary part.

Considering the complex number. zzzz = pppp + ssssssss, RRRRcccc(zzzz) = pppp
rrrrrrrrrrry [lllcccc(zzzz) = sSss

EEEE.dddd. zzzz = 2222 + 7777ssssSs,
RRRRcccc(zzzz) = 2 rrrrrrrrrrrr [llcccc(zzzz)
=7

Solve the quadratic
a) zzzz?—4zzzz+13=0
b) 9zzzz2+25=0
c) 2zzzz?=2zzzz — 13
d) 34zzzz2—6zzzz+1=0

—bbbb+tssss(4444aaaaaaaa—bbbb2222)
Note: The general formula: zzzz =
2222aaaa

Sub-topic: 2: Algebra of Complex Numbers

Learning Outcomes
The learner should be able to:
i) add, subtract, multiply and divide complex numbers.
ii) solve unknowns by:
- comparing coefficients.
- using sum and product of root for quadratics.
iii) formulate equations using complex roots.

iv) use of the identity (a3+b3) =(a £b)(a%+ab+b?)in finding roots of real numbers.

Lesson:

The algebra of imaginary numbers
a) Addition and Subtraction

2cccc + 6c¢ceceec = 8Bceecee \/gc + \/Ec = 3\/Ecccc 10cccc — 6¢ccecc = 4cccc
13cccc — 7ccec + 6¢cececec = 12cccc

b) Multiplication of imaginary numbers
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I. 3ccee X 2ccecc = 6. ccecc?=—6
ii.  10cccc X 2ccece X 3ccee = 60cccec3 = 60(cccec?). cccc = —60cccc

iii. cccc*= (cccc?)2=(—-1)2=1iwv. ccecl®= (cccc?)s=(—-1)°=-1

V. CCCC—1 = Ts555X XS5555555 = §55555552 = —1ssss = —CCCC

Algebra of complex numbers

a) Addition and subtraction
When adding or subtracting two complex numbers a real number is added or subtracted to a real
number and imaginary to imaginary.
i.e.
(rrrr + bbbbcccc) + (cccc + rrrrecec) = (rrrr + cccc)
+ (bbbb + rrrr)cccc

(rrrr + bbbbcccc) — (cccc + rrrrececc) = (rrrr — ccec) + (bbbb — rrrr)cccc

b) Multiplication of complex number
i. (3 + 4ccec) X (2 + 6¢ecec) = 3(2 + 6¢ccc) + 4ccee(2 + 6¢cec) = 6 + 18ccec + Beeee +
24cccc?

=6+ 26cccc — 24
= —18 4+ 26¢cccc
And

ii. (5+ 6ccec)(5 — 6¢ccec) =25 — 30ccce + 30cceec — 36¢cec2= 25+ 36 =61

Note:

The product is a real number. This is because of the special form of the given complex5555 +
6666sSsss.

Any pair of complex numbers of the form aaaa + bbbbsssshave a product which is real since
(aaaa + bbbbssss)(aaaa— bbbbssss) = aaaa?222 4+ bbbb2222Such complex numbers are said to
be conjugate of the other. If zzzz = aaaa +

bbbbssss then the conjugate iszzzz = aaaa— bbbbssss. It's represented by zzzz* cccccccc zzzz

000000000000 (aaaa + bbbbssss)(cccc + ssssssss) = (aaaacccc —
bbbbssss) + ssss(aaaassss + bbbbcccc)

c) Division

Division of two complex numbers cannot be carried out because the denominator contains two terms
which cannot be simplified, therefore, Division is carried out when the denominator is made real i.e.
by multiplying the numerator and denominator and the process is called realizing the denominator.
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2 2 s 10s

! 55=55Xs=2552=_5
.. 3+4s  3+4s 7-6s  3(7-65)+4s(7—6s)  21—18sss5+28ssss+A5+10s 45 10 9 n 2
1. 7+6s _ 7+6s  7—6s _ 72-36%5% — 49+36 = 85 g5 'gs T 7T 1€
2ssss

Definition

Two complex numbers in the form xxxx + ssssssss, xxxx —ssssssss are called conjugate complex
numbers. The symbol zzzz* oooocccc zzzz is used.
Ifzzzz = xxxX + SSSSSSSS ,ZZZZ* = XXXX— SSSSSSSS CCCCCCCC ZZZZ = XXXX —SSSSSSSS

Example 1: If aaaa rrrrrrrrrrrr BSBS are the roots of zzzz2222 — 11110000zzzz + 22221111 =
0000. find aaaa rrrrrrrrrrrr BB by using the formula.
Verify thataaaa + AL = 11110000 rrrrrrrrrrrr aacafBBLB = 22221111
Solving for the two roots
—bbbh+tssss(4444aaaacccc—bbbb2222)

Using zzzz =

2222aaaa
Where rrrr = 1, bbbb = =10 rrrrrrrrrrrr cccc = 29

—=10 *+ cccc{(4 x 1 x 29) — (—10)2} 10 * 4cccc
2777 = = =5+ 2cccc
2x1 2
TTTThccceccececececececececececceccececcecc,
aaaa =5+ 2ccccrrrrrrrrrrrr fBLL =
5 — 2cccc

Verifying

aaaa + BABE =5+ 2cccc+ 5 — 2cccc = 10

And aaaa X BBLB = (5 + 2cccc)(5 — 2ccec) = 25 +
4 = 29 Hence verified.

Example 2: If aaaa rrrrrrrrrrrr 5[ are the roots of aaaazzzz?222 + bbbbzzzz + cccc = 0000.
find, by using the formula, expressions

bbbb cccc for
aaaarrrrrrrrrrrr BBLRin terms of rrrr, bbbb rrrrrrrrrrrr cccc. Verify
that aaaa + LR = ——rrrrrrrrrrrr aaaaBBLP = —
aaaa aaaa

Example 3: Solve the cubic equation 2zzzz3 4+ 3zzzz2+ 8zzzz — 5= 0.

By inspection, if cccc(zzzz) = 2zzzz3 + 3zzzz2 + 8zzzz — 5, ccccccec zzzz = 0.5, cccc(0.5) =

0
1111
Soit'saroot zzzz— _= 0000
2222

1
Using long division. Ans. z, —1 + 2cccc rrrrrrrrrrrr — 1 — 2cccc
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2zzzz*+ 4zzzz + 10
(zzzz — 0.5) 2zzzz3+322222+82222—5

2227273 — 72272

477772 +
8zzzz 472272 —
222727

10zzzz — 5
10zzzz — 5

Therefore, cccc(zzzz) = 222223+ 3zzzz2+ 8zzzz — 5 = (zzzz — 0.5)(2zzzz2% +
4zzzz + 10) Solving 2zzzz2+ 4zzzz+ 10 =0
—4444 + ssss(4444 x 2222 x 11110000 — 44442222) —4444 + 8888ssss

ZZ7Z = = =1111 + 2222ssss
2222 x 2222 4444

1
Therefore the roots arez, —1 + 2cccc rrrrrrrrrrrr — 1 — 2cccc

Example 4: Prove that 3xxxx — 2 is a factor of 3xxxx3 — 2xxxx2 4+ 3xxxx — 2, find the solution
set of the equation 3xxxx3 — 2xxxx2 + 3xxxx — 2 = 0. when x belongs to the set of

a) IntegersZ b) rational numbersR  ¢) real numbers R d)
complex numbers C.

1. Find the square root of =5 4+ 12cccc by equating real and imaginary parts of
(rrrr + ccccbbbb)2= —5 + 12cccc

(rrrr + ccccbbbb)?=rrrrz—bbbb? +
2rrrrbbbbcccc = =5 + 12cccc

RRRRccccrrrrcccc: rrrr2 — bbbb2 = —5

6
HIIcccerrrrccececceceerrrrrrrrcccccccc:
2rrrrbbbb = 12 - rrrrbbbb = 6, rrrr =

bbbb
36pphbh2 — 2= —5 — 36 — bbbb*= —5bbbb2, bbbb*— 5hbbb2 — 36 =

bbbb

2=54(25—-4%x-36)=5+13
bbbb

2 2

2=54+13=9; bbbb=+3
EEEEccccccccheccceccece bbbb
2
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2=5—13 =—4; bbbb = t+2cccc
oooocccc bbbb

2

6 &
For wwwwhcccccecce bbbb = 3, rrrr = a = 2 oooocccc wwwwhcecccccee bbbb = =3, rrrr = -3
= —2; cccc. ccec. 2 + 3ccecec rrrreceerrrr — 2 — 3cccc

6 6
For wwwwhcccccecce bbbb = 2ccce, rrrr = _ = —3cccc oooocccc wwwwhcecccccce bbbb =
—2ccec, rrrr = __ = 3cccc;
2SSSs —25SSS

ccce. ccee. —3ccec + (2ccec)ccecec = —2 — 3cecc
rrrrcccerrrr3ccce + (—2ccec)ccce = 2 + 3ccec
Note complete using one set of values.

Sub-topic 3: Argand Diagram and Polar Form

Learning Outcomes

The learner should be able to:
i) find the modulus and argument of a complex number. ii)
represent complex numbers on an Argand diagram. iii)
express complex numbers in terms of polar coordinates.
iv) express complex numbers in the polar form.

Lesson: Complex number as ordered pair
We know that complex number is of the form zzzz = xxxx + ssssssss wherexxxx and ssss are real
numbers. We may

XXXX
represent Zzzz = xxxx + ssssssss by (xxxx,
SSSS)0T SSSS

i.e.zzz21(2,3), zzzz2(1,4)zzzz1 + zzzz,= (2+ 1,3 + 4) = (3,7) = 3 + 7cccc

Geometrical representation: The Argand diagram
Let XOX’ and YOY’ be the coordinates axes and
Origin, then any complex number zzzz = A
XXXX + SSSSSSSS = (XXXX, SSSS).

The representation of the complex numbers as
points in the plane forms the argand diagram.
In the argand the real term is represented on
the xxxx — rrrrxxxxccccrrrr and the
imaginary on the yyyy —

TTTTXXXXCCCCTTTT.

P(x,y)

L.e. represent the following on an argand

diagram.zzzz1= 2 + 5cccc, zzzz, = —3 + cccc,
zz773= 4cccc
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Modulus of arguments of a complex numbers
The modulus or length of complex number zzzz = xxxx + yyyycccc
Le. find the
1 modulus of zzzz
Y
3
il P(x.y)
izl £/ |
£
-8) A—
]
0 > x x
|z| = 0P = /x? +y?

L =344,z =37 + 42 = 5

the angle between the positive x and line OP is called the argument of z written as
AAAArrrrrTTT(2222)
The unique value of 6666 such that —mrrrm < 0000 < o is called the principle argument

Note:
Before finding the AAAArrrrrrrr(zzzz)it is advisable to first represent zzzz on an argand diagram

such that you can actually see in which quadrant 660606 lies. AAAArrrrrrrr(zzzz) =

ttttmmmmmmmm -1111yyyy

XXXX
Find the modulus and argument of the following complex numbers.
i zzzz = 1 +3¢ccc
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2 Y
= (MW2+(V3)") = 4
|zzzzl| J(( ) ( ) ) 2222&arg (zzzz1) P(LV3)
= tan~'(+3 2|
T Z )] 5 »X
3333
ii. zzzzz =—1+v3ccee

=tan"'(-V3) =m —tan" (V3

— 2222nmnm
|zz22| = (—1)2+ V3 = 2222&arg (z2222) =__
3333
ili. zzzzz=-1- "v'ﬁcccc
2
= (D24 (=V3)") =
|zzzz3I \[(( 2+ (=V3) ) 2222&
-3 - 2222nmnm
arg( o1y —
zz) =tan |——|=—(m—tan 3
3) (—1 ) ( ( 3333
iv.  zzzza = 1—3ccec
2
= ((D2+(-V3)") =
|zzzz“I J(( )2+ (=V3) ) 2222&
-3 _
-1
-1y = —mrrmm arg( Z4) = tan ( 1 ) =~ ftan

3333

Geometric representation of

i. zzzz1+ zzzz,

(3
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é; A él %
= 21 + 2, “ 5
[ z; /
- A
. OR
z2 " z
zy e -'zl
»X < »X
ii. Zy) — 71
Y Y
F Y A
—te- 222 iii. zyrrrrz”
22" . /
e M zy
*X X
‘7
Y
iv. 5z . S— ,(10.15)
ccz=2+3c i
5z =52 +3¢) =10 — 15z P
o
#
.
L ]
Polar form of complex numbers 1; »X

Consider a complex number

Y
k3

P(x.y)

y

. 0‘;)

= xxxx + Yyyyycccc
Letrrrrrrrrrrrr(zzzz) =
0000, |zzzz| =rrrr
xXxxx = rrrrccccccccrrrr 66066
yyyy = rrrrrrrrcccccccc 06660
zzzz = rrrrcccccccerrrr 80060 + ccce rrrrrrrrccccccce 66000
zzzz =rrrr(cccccceerrrr 8000 + ccce rrrrecccccece 6666)

Express the following number in Polar form
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L. zzzz =1+ cccc Y
Y

A

>
»

II. zzzz=

» (11) —cccc

Y

-1

More examples
1. The equation xxxx* — 4xxxx3 4+ 3xxxx2 + 2xxxx — 6 = 0 has aroot 1 —cccg, find the other three
roots.
2. Giventhat 1, wwwwi, wwww; are the roots of the equation zzzz3 = 1 express wWwww1rrrrccccrrrr
wwww; in the form xxxx + ccccyyyy and hence or otherwise, show that
a. (ccco) 1 +wwwwi+ wwww,=0

b. (cccccccc) —wwwwll = wwww;

3. Solve each of the equations
a. (xxxx+4)(5xxxx—7)=0
b. (xxxx2+ 4)(5xxxx%2— 7) = 0 when x belongs to the set of (a) integers, (b) rational
numbers, (c) real numbers and (d) complex numbers.

4. Find the value of rrrr and bbbb such that (rrrr + ccccbbbb)? = cccc. Hence or otherwise solve
the equation zzzz2 + 2zzzz + 1 — cccc = 0, giving your answers in the form pppp + cccccccc,
where pppp rrrrcccerrrr cccc are real numbers.

5. (@) Given that the complex numbers wwwwi and wwww; are the roots of the equation zzzz2— 5
— 12cccc = 0, express wwwwi and wwww; in the form rrrr + ccccbbbb, where rrrr and bbbb
are real.

(b) Indicate the point sets in an Argand diagram corresponding to the sets of complex numbers.
0000 ={zzzz: |zzzz| = 3, zzzz € C}
0000 ={zzzz: |zzzz| = 2, zzzz € C}
Shade the region corresponding to values of zzzz for which the inequalities 2 < |zzzz| < 3 and300
< arg zzzz < 600 are simultaneously satisfied.

6. Given that zzzz = 3 + 4cccc rrrrcccerrrr wwww = 12 + 5cccc, write down the moduli and

arguments of a. zzzz
(b) wwww
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wwww
ZZZZWWWW
ZZZZ*

wwWww*
(zzzzZwwww)*
ZZZZ?

wwww?

7. §§8Scccecccecceccccceccccccceceeee: (1 + ceee)?, (1 + ceee)3, (1 + ceee)t, 3-2— L ssss

(1-1!ssss)2. Draw in the Argand diagram the radius vectors corresponding to (1 + cccc)?, (1 +

ccce)3,(1 + ccce)* Find the principal values of the arguments of these complex numbers.

Sub-topic 4: Locus

Learning Outcomes
The learner should be able to:

i)

find and define the locus of given complex equations and inequalities.

ii) describe and represent the locus on an Argand diagram.

Lesson:
The set of numbers

C = {xxxx + ccccccec: xxxx, cccc € R} wwwwhcececcccececeee cecec?2= —1

If zzzz1 = xxxx1 + ccccccce1 rrrrrrrrrrrT ZZZZ2 = XXXX2 + ccccccecy then

A. 77771+ zz727; = (xxxx1+ xxxX2) +

cccc(ceeer+ ceccz) B. zzzz1 — zzzz, =

(xxxx1 — xx%x2) + cccc(cceer — cececa)

C. zzzz1 X zZZZ7 = (XXXX1XXXX2 —CCCC1CCCC2) + cccc(XXXX1CCCC2 + XXXX2€CCC1)
D. 2222222212 = xxxxxxxx12++555s685655ss666612 = xxxxxxxx12++555568885555685612 X
XXXXXXXX12——555508855555688612 = (.
Xxxx1xxXxX2+686810606xxx%22)2++55556868 (2xxx%x2268681—xxxx155562)
if we write |zzzz| = cccc and rrrrcceerrrr(zzzz) = 0000, then |zz22122222| =
ccceicccey = |zzzz1| X |zzzz2| and arg(zzzz1zzzz,) =
00001+ 6000, = arg(zzzz1) + arg (zzzz2)
Similarly,
zzz71 ccccl|zzzz| ZZZZ1
T ==TzzzzZ2[rrrrrrrrrrrr arg zzzz—2 = 000601 — 0000, = arg(zzzz1) —
arg(zzzz>)
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ZZZZ2 €CCC2
The following special cases are important

a) |zzzz?| = |zzzz|? rrrrrrrrrrrr arg(zzzz2) = 2 arg(zzzz)

1 1 1
b) =_ rrrrrrrrrrrr arg = —arg (zzzz)
zzzz |zzzz| 7727

For any complex numbers zzzz1111 and zzzz »2,; prove that
i) |zzzz12222;| = |zz221| X |zzzz2|and arg(zzzz1zzzz,;) = arg(zzzz1) + arg (zzzz2)

Let z; = ri(cos 81 + i sin 01) and z2 = rz(cos 62 + i sin 082) z1zz = ri(cos 61 + i sin
01)rz2(cos B2 + i sin 02) z1Zz = rirz(cos 01 cos 02 + i sin B2 cos 81 + i sin 61
cos 02 — sin 01 sin 02) z1z2 = rir2(cos 81 cos B2 — sin B1sin B2 + i (sin 61 cos
02 + sin 02 cos 01) z1z2 = rirz(cos(01 + 62) + sin(61 + 62))

|zzzz12z22;| = cccciccec; = |zzzz1|
X |zzzz2| arg(zzzz1zzzz;) = 00001+ 60000,

= arg(zzzz1) + arg (zzzzz)

ii) 12 = nrrnnrrnla((cos@cosB2l++isinBisind21)) = nrrrnnnnlz((cosBcosO2l++isindisindl2)) X (
(cosBcosB21——isinBisinB12)) = rmm'rl(cosm'mrrz((cosGl+62922)++isinsin(2619+2) 82))

ZzZ7Z1 ccccl
—= " (cos(B1— 02) + sin(B; — 62))
77772 cCCC2

72771 ccccl|zzzz1|

_ — e —

22272 cccc2|zzzz2|

ZZZZ1
arg = 00001—60000,= arg(zzzz1) — arg(zzzzz)
77777
_1_¥
Example: Given that zzzz; = —2 + 2cccc rrrrrrrrrrrr zzzz* ~ :  z cccc , Express zzzzi

rTYYrrrrrrrr zzzz in polar form hence find

| zzzz1 zzz2;| and arg ( zzzzy zzzz>)
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This analogy is very useful when interpreting complex
numbers geometrically. In particular, diagrams like that is

» "<

shown. Are very common. P
We could regard this diagram either as an argand diagram
illustrating the complex numbers zzzz, rrrr and zzzz —
rrrr or as a vector triangle representative b ~ z
vectors zzzz, aaaa andzzzz —aaaa.
Consequently, a statement in complex numbers, such as £ : — A
|zzzz —rrrr| = cccc —a

In which zzzz represents a (variable) complex number 0 . > X
(xxxx +

cccceccee), rrrr is a constant complex number and cccc is
given real constant, tells us that the length AP is equal to r; in other words the variable point P lies on
a circle, centre A radiusr.

Similarly rrrr and bbbb are complex numbers represented by fixed points A and B, tells us that the
variable point P which represents Z is equidistant from A and B.

Example
1. Given that zzzz1 = 3 + 4cccc rrrrrrrrrrrr zzzz; = 1 + cccc, find the modulus and argument of
7727
r11Y) Z2ZZZ1  bbbb)zzzz; cccc)zzzzi+ zzZzzo;  YYYT) ZZZZ1— ZZZZ2  CCCC)ZZZZ1ZZZZ2
ccec) 1 dddd) (zzzz1)? h) _1
72272 727271
2. Writing = xxxx + cccccccc, find the equations of the following loci in terms of xxxx and cccc
i. |zzzz—10|=5
Since zzzz = xxxx + cccccecc
So |xxxx + cccccccc — 10| =5
Collect like term and find the modulus
|xxxx + cccccccc — 10| = 5; |(xxxx — 10) + ccccccec | =5

{(xxxx — 10)2+ cccc?} = 5;
(xxxx — 10)2+ cccc?2= 52
The locus is a circle of centre (10,0) and radius 5 units
ii. |zzzz —
1| =|zzzz — cccc|
Since zzzz = xxxx + cccccecece
|xxxx + ccccccee — 1| = |xxxx + cccccecee — ccce

Collecting like terms
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|(xxxx — 1) + cccceccee| = |xxxx + (cccc — 1)cccc|
Finding the moduli.

{(xxxx — 1)2+ cccc?} = {xxxx%+ (cccc — 1)}
rrrrrrrrrrrrrrrrrrrrccccrrrrdddd

bbbbooooooooh rrrrccccrrrrccccrrry

(xxxx — 1)2+ cccc? = xxxx?2+ (cccc — 1)2
xxxx?— 2xxxx + 1 + cccc? = xxxx?+ cccc?— 2cccc + 1
2cccec = 2xxxx
CCCC = XXXX
Therefore the locus is a straight line cccc = xxxx

Sub-topic 5: De Moivre's Theorem

Learning Outcomes
The learner should be able to:
i) prove De Moivres’ theorem by mathematical induction.
ii) use De Moivres theorem to prove trigonometrical identities. iii) simplify products
and quotients of polar forms. iv) find the roots of unity by using De Moivre’s
theorem and other complex numbers.

Lesson: De Moivre's Theorem

If n is an integer positive or negative or zero

(cos 6666 + cccc sin 8008)nmmn = cos ccccHOH0
+ cccc sin cccc6660
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Proof of the theorem may proceed as follows:

1. Prove that (cos 8666 + cccc sin 8668)(cos ¢ + cccc sin @) = cos(0 + @) + sin(61+ @)expand
the left-hand side.

2. Use induction to prove the theorem for positive integral values of n.

3. Use the identity (cos 86866 + cccc sin 8066) (cos 8066 — cccc sin 6066) = 1 to show that

a) (cos 8066 + cccc sin 8006)-1 = cos cccc8BOO — cccc sin cccc8O00 = cos(—0660) + cccc
sin(—60660)
b) If cccc = —cccc, where m is a positive integer (cos 80660 + cccc sin 8000)mmn = cos

cccch0086 + cccc sin cccc0066 . In accordance with the usual laws of algebra. (cos 66600 +
ccee sin 66600)0 = 1.
1
4. If cccc = _wwwwhcccccccccecc eeee is an integer (positive or negative but not zero) show that
one value of
9999

(cos 8666 + cccc sin 8000)nn js cos _106066 + cccc sin 160666 by finding the value of cos _16666
+ cccc sin _166669494

999 9999 999 999
pppp
5. Ifnisarational number say _where pppp, eeee are integers, we have by stage 4 one value
of
7999

1

(cos 8666 + ccee sin 0666)a1= cos 160066 + cccc sin 16066

99999999
PP ppPP ppPPP
11
(cos 8066 + cccc sin 86066)931 = cos 8006 + cccc sin 8066 = cos _0000 + cccc sin _0666.
a9qq q9qq a9qq q9qq
Question
1 1 0606
a) zzzz = cos 8000 + cccc sin 6600, Show that = (1 —cccctan )
1+zzzz 2 2

b) zzzzzzzZ + 2cccczzzz = 12 + 6¢ccc. FFFFccceecccccece zzzz (Crew equate real and imaginary)

c) zzzzn =1+ iV3,2; =3+ i FFFFcececcececee lillhecee cecceceececececeecececeeceee

TrrrrCcCCCCCCcC arg CCCCCCCC ZZZZ1ZZZZ).

If n is an integer positive or negative or zero

(cos 8660 + cccc sin 80600)mnn = cos cccc8666
+ cccc sin cccc660060

Prove by induction
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Does it hold forssss = 1111?
LHS: (cos 8008 + cccc sin 8066)1 = cos 8666 + cccc sin 6666

RHS: cos(1 X 6668) + cccc sin(1 X 8068) = cos 8866 + cccc sin 6066
It Holds for cccc = 1

Does it hold for ssss = 2222?

LHS: (cos 8008 + cccc sin 8066)2 = c0s2606066 + cccc(2 cos 8066 sin 0000) — sin2 666 = (cos?
06600 — sin206600) + +cccc(2 cos 80006 sin 6660)

=cos 20000 —cccc
sin 26060600 RHS: cos(2 X 66066) + cccc sin(2 x 66660) = cos
20000 + cccc sin 20000 It Holds for cccc = 2.

Assume it is holds for ssss = kkkk.
(cos 8000 + cccc sin 8000)kkkk = cos
kkkk6666 + cccc sin kkkk6666
Does it hold for ssss = kkkk + 1111?
LHS: (cos 8008 + cccc sin 8000)kkkk+1 = (cos 8008 + cccc sin 8000)kkkk(cos 8006 + cccc sin 66066)1
= (cos kkkk8666 + cccc sin kkkk6668)(cos 0008 + cccc sin 6666)
= cos kkkk6000 cos 0000 + cccc cos kkkk8666 sin 8066 + cccc sin
kkkk6666 cos 66006 — sin kkkk6666 sin 660600
= cos kkkk60686 cos 006 — sin kkkk6666 sin 6006 + cccc(cos
kkkk6666 sin 0666 + sin kkkk6660 cos 6660)

= cos(kkkk0066 + 0000) + sin (kkkk6066 + 0060)
= cos[(kkkk + 1)0066] + sin [(kkkk + 1)0666]

RHS: cos{(kkkk + 1)0000} + cccc sin{(kkkk + 1)6606}

Since it holds for cccc = kkkk + 1 then (cos 8666 + cccc sin 8000) = cos cccc6060 + cccc sin
cccch008 is true for all integral values of n.

Simplify
2. (cos 8068 + cccc sin 86066)5(cos 8000 —cccc sin 66600)3

UUUUrrrrcccccccerrrr DDDDccccccccecececececcccececcecccecceecccrrrr
llllhccececceccececececcecc

(cos 8660 + cccc sin 86066)5(cos 8006 — cccc sin 8000)3 = (cos 8066 + cccc sin
0000)3(cos 8666 + cccc sin 6666)—3

= (cos 8660 + cccc sin 86066)5-3 = (cos 8066 + cccc sin 0066)2 =
ccccceecccec22220000 + ssssceeecececcccc222206000

(cos8666+sssssinfhon)’
3. (cosBHBO—sssssingeve)—3 = ccccceceecceccc111111116060600 + sssscececeececceccecc1111111160606060

(cos BE80—+—<ececesin8660)=2{{eceseos866660600++ccccccccsinsinfd0066660))7 7-3=
(cos 86800 + cccc sin H000)*
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(cos 86600 —cccc sin 6066) = +3=(cos 8666 + cccc sin

6666 Complete

1. (cos 266008 + cccc sin 26000)

2. 3(cos 2mmmm + cccc sin 2nmnm)
1

(c0s6066+sssssinfHoo)2

4. (cos 80600 —cccc sin 6666)-3

Complex roots of unity

The equation of the nth degree has n roots. This means that the equation zzzz3 — 1 = 0 has three roots
one of them is 1 but what are the others?

Using the identity zzzz3 — 1 = (zzzz — 1)(zzzz? + zzzz + 1) to find the three cube roots of unity.
With de moivre’s theorem. Now we can express 1 as a complex number in infinitely many ways:

... €0S 2t + cccce sin —2nnnm, cos 0 + ccce sin 0, cos 2nrmm + cccc sin 2nwnm, cos

4nmrm + cccc sin 4nnnm, ... or in general cos 2Zkkkknnnm + cccc sin 2kkkknnmnwhere K is

an integer.

Letz =r (cos 8060 + cccc sin 6000)

In general zzzz = cccc(cos(2kkkknnnm + 66066) + cccc sin(2kkkknnnm + 0000)) where k is a whole

number.
1

I/nnn = cccct/mn(cos(2kkkknmnm + 0000) + cccc sin(2kkkknnnm +
0000))1/mmnn = ccccl/mmnn cos 2kkkknnnm + 8000 + cccc sin 2kkkknnnn + 66060

ZZ77
cccc cccc
wwwwhcccccceeccce

kkkk=0,1,2,...,cccc—1
Example
1. Find the square root of 1

Letzzzz =1+ Occcc

|zzzz| =1

arg(zzzz) = 0.
zzzZ = cos 80600 + ccccccceccecceccecece 8660

zzzz = cos(2nnnrkkkk + 0) + cccccccceececcecc
(2rnnrrnkkkk + 0)
Zmk+ 0 2k + 0
zzzz% = cos 2 + cccceccececccecec 2 = 7ZZZZ = COS
nrnnnkkkk + cccccccccecccceee mnnmkkkk
Where kkkk = 0,1
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1
wwwwhcccccece kkkk =0, zzzz1= zzzz7 = cos 0 +

ccccecceccecececcec 0 =1
1
wwwwhccccceee kkkk =1, zzzz, = zzzzZ7 = coS TN + cCCCCCCCCCCCCCCC TN = —CCCC

2. Cube root of unity
Letzzzz =1+ Occcc
zzzZ = c0s 88600 + cccccccecececccecceec 066060
zzzz = cos 2nnnrkkkk + ccccccceccceeccee 2nnnnkkkk
1 2nmankkkk2nnnnkkkk
= fDST t  zzzz ccceeececececeecccce —
3

wwwwhcccccceccece kkkk = 0,1,2
1

wwwwhccccecee kkkk = 0,2y = 23 = cos 0 +ccccccccccccc_ccc 0=1
1 2T 2 1 /3
=1z,=23=cos—+ 2 - T
wwwwhcccccecece kkkk 3 ' ccccceccecéecececce
1 anmem 4nmam 1 V3

=2,2; = 2% =cos—+ —
wwwwhccccecee kkkk : 3  ccceececceceecee A 2 2 cccc

Real and Imaginary Carts
IHIcccec rrrr + ccccccee = ccec + cccecccce, wwwwhecccccecccce rrrr, ¢ccc, €ccc, cCcc
rrrrccccccec cccccccerrrrllil ccccccceccccecccerrrr. TTTTheccceceee rrrr = cecc
rTrrrecccccce cccc = cecc.

Example
Prove that
3tanfHH6—tan36666
1.tan 360000 = 1-3tan2p900

By de moivre’s theorem
cos 3660600 + ccccrrrrccccccce 306600 = (cos 8000 + cccc sin
0666)3
The R.H.S may be written
(cos 8000 + cccc sin 86066)3 = cos3 0666 + 3cccc cos? 0000 sin 6666 — 3 cos 8666
sin20060 — cccc sin3 6666
~ cos 30066 + ccccrrrrccccccee 30066 = cos3606000 — 3 cos 8006 sin2 66066 + cccc(3
c0s20660 sin 0066 — sin36660)
Equating real and imaginary parts
cos 300060 = cos360000 — 3 cos 8000 sin2 00600
rrrrccccccce 30000 = 3 cos2 0660 sin 0000 — sin3
06606
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By division
rrrrcccccccc 3006003 cosz 0660 sin 6066 — sin3 060600
=3660006 — 3 cos 8066 sin2 66006
cos 3606060 cos
Dividing numerator and denominator of the R.H.S by cos3 6666
3 cos206608 sin H060sin3 06060
rrrrccccccec 360660

tan 300606 =—cos 36666 = cos3cosHvE8 300663 cos—8v88Cossin300000600
= 3 tanl —00663—tantan, 6606366600

cos3606060 — cos36600
3tanf009—tan30000

Therefore, tan 360000 = 1-3tan2666¢

4tanfBH6—4 tan36660
2. tan 460000 = 1-6 tan20000+tans0600
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SENIOR SIX MECHANICS

Topic: Moment of a Force

In this topic you will be able to:

i.  find moment of a force.
ii.  relate moments to real life experiences.
1. identify clockwise, anticlockwise and zero moments. iv.  take moments about any

given point.
V. distinguish between like and unlike parallel forces.
Vi, use concept of parallel and nonparallel forces to find moment of a couple
Vii. deduce that a system of forces forms a couple.
viii.  determine the equation and position of the line of action of the resultant.
Materials

A rod (long stick), table, a pen, foolscaps or note books
LESSON 1: To find moment of a force and relate it to real life experiences
Introduction:

In senior five you covered the topic on vectors as quantities with both magnitude and direction.
We are now going to find the moment of a force and relate moment to real life experiences.
When we find moments about a point, we also consider the sense of direction of the moment.

Instruction One:

Place the rod/stick on the table or ground. Fix one point of the rod with one hand and then push
the rod at different points and in different directions.

P —

What do you observe as you move and turn the rod at different points with one end fixed?

What do you observe when you fix the rod at different points and apply the push at different
points?

Instruction Two:
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Open a window by pushing it at the farthest point from the hinges. Now push it at a point close
to the hinges.

Compare the two turning effects. At which point was it easier to open the window?

Observation

When we apply force to any object which is partially fixed, there is always a turning effect. We
refer to this turning effect as the moment of a force about a fixed point (as in instruction one) or
about an axis (as in instruction two).

Finding moment of a force:

We find the Moment of a force about a point by multiplying the magnitude of the force by the
perpendicular distance from the point to the line of action of the force. The moment of the force

F (Newton) about the point A at a perpendicular distance d (metres) is F x d. Hence the unit of
moments is Newton metres (Nm)

F

We also consider the A direction of the turning effect (rotation). It
should be either clockwise or anticlockwise. Moments of forces have both magnitude and
direction.

Example One:

A force of 8N is applied at a point Q on the rod as shown in the diagram below. Find the moment
of the force about the point P at a distance of 2m from Q.
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8N

- 2M_ - >
I
P Q

Solution:

Moment of 8N about the point P = force x perpendicular distance from P
=8Nx2m =16 Nm clockwise

Observation:

1) The direction of the moment is always from the force direction towards the fixed point
about which the moment is taken. ii) Taking moments about a point, like A or about an axis

through A may be donated as We read it as “moments about the point A”
Example Two:

In the diagram below, find the moment of the force of 5 N at B about each of the points A, B
and C.

Solution:

Taking moments:

Observation:

There is no turning effect about the point B since the force is acting at B. hence there is Zero
moment.
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We cannot open the window if we push at the axis through the hinges. There would be no
turning effect hence zero moment.

Sum of Moments:

We can have a number of forces acting on the same body and therefore we find the sum of the
moments. However, the direction of each moment is considered. Example Three

In the diagram below, forces 10 N, 12 N and 8 N act on a rod . Find the sum of the moments of
the forces about the point O.
10N N

2m 2m Q

12N
Solution:
Sum of Moments about O =[(10 x 6) + (8 x 2) ] clockwise + (12 x 4) anticlockwise
Taking anticlockwise as a negative moment, we shall have
=60 + 12 — 48 = 24 Nm Clockwise

Example Four:

A force 5i + 4j acts at a point Q with position vector 3i + 2j . Find the moment of this
force about the point P with position vector -4i + 3j .
A
y
4N
p T 37
i 2 """"""" :' >
Q 5N
-4 3 'X

Taking moments about P,
(5x7) anticlockwise + (4 x 1) anticlockwise
= 35 + 4 = 39Nm anticlockwise.

Activities
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1. Four forces acting on a body have moments 9 Nm clockwise, 6 Nm anticlockwise, 18
Nm clockwise and 23 Nm anticlockwise about a point D. Find the sum of these
moments in magnitude and direction.

2. Find the moments (or sum of the moments) about the point B of the forces shown in
each of the diagrams below:

(@) (d)

12N
| ~2m
am 4N / 3m
N S
: B

0

B
(b) (e)
6N
7'y - 5N
2m
\ A 8m_ .. >e B 12m
B
© 4
4N
2m 2m 2m 2m
—> ) +—> _<_ >
B
5N 2N 3N

3. Find the moment of a force of 3j N acting at a point which has a position vector -5i
m.
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4. A force of (4i — 3j) N acts at the point which has a position vector (6i + 2j) m. Find
the moment of this force about the point with the position vector (2i + 3j) m.

5. Aforce of (4i+ 2j) N acts at the point which has a position vector (4i + 4j) m and a
force of 10i N acts at the point which has a position vector (-4i + 2j) m Find the sum
of moments of these forces about the origin.

LESSON 2.To deduce that a system of forces forms a couple.
Introduction:

In the last lesson, we found the sum of moments of forces. We are now going to distinguish
between like and unlike parallel forces, use the concept of parallel and nonparallel forces to find
moment of a couple and deduce that a system of forces forms a couple.

Parallel Forces:
Like and unlike forces

We refer to forces which are parallel and act in the same direction as like forces while forces that
are parallel but act in opposite directions, we refer to them as unlike forces.

A Couple

Two unlike forces of equal magnitude and not acting along the same line form a Couple. A
couple has a turning effect but has no translational effect.

Observation:

When you apply equal forces at each end of a rod or stick, it will rotate but will not move from
its position.

Moment of a Couple

If we denote the magnitude of each of the unlike forces in the couple as F Newtons and the
perpendicular distance between the two forces as a metres, then we obtain the magnitude of the
moment of the coupe as F x a Nm.
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Observation:

The turning effect of a couple is independent of the point about which the turning is taking
place. The moment of a couple is the same about all the points in the plane of the forces forming
a couple.

Example One:

Find the sum of moments of the couple about each of the points A, B and C.

A

? »7 N
|
|

Im

3m

Solution: 7N

\
?
|
!
|
|
|
!
I#

Y 3

Taking moments; ¢

About A: Moments = (7 x 4) + (7 x 0) = 28 Nm Clockwise About
B: Moments = (7 x 3) + (7 x 1) = 28 Nm Clockwise
About C: Moments = (7 x 4) + (7 x 0) = 28 Nm Clockwise Observation:
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Three or more parallel forces may also form a couple.
Examples Two:

a) Show that the system of forces shown in the diagram below forms a couple.
b) Find the moment of the couple.

9N

Im 3m Q

4N 5N

Solution:
a) Resolving the forces vertically, we have: 9N -4N-5N=0

Observation: The forces have balanced in this direction and have no components hence
there is no translation effect.

b) Taking moments about Q : (5 x 0) + (4 x 3) anticlockwise + (9 x 4) clockwise
=36 — 12 = 24 Nm clockwise.
Conclusion:
The system of forces balances in the vertical direction and has a turning effect of 24 Nm
which shows that the forces reduce to form a couple.

Example Three:

Forces of 5N, 3N, 5N and 3N act along the sides QP, QR, SR and SP respectively, of a square
PQRS, in the directions indicated by the order of the letters. The sides of the square is 4m.

(@) show that the forces form a couple.

(b) Find the moment of this couple by taking moments about the:
(i) centre.

(ii) point P.

(c) Find the moment of the couple which must be applied to the system in order to produce
equilibrium.
5N
(a)
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13
A

-
O

3N

I
3

[
»

3N

P
<

(- - - -~

S b R
5N

Resolving parallel to PQ -5 +5 = 0N
Resolving parallel to PS -3 + 3=0N

Hence, the system is not translated. So, it is either in equilibrium or the forces reduce to
equilibrium.

(b) (i) Taking moments about the centre. (3 x2)-(5%2)+(3%x2)-(5%x2)=6-10+6-10
= - 8Nm (8Nm anti clockwise)

(i) Taking moments aboutP.-(5x4)+(3x4) =-20+12

= - 8Nm (8Nm anti clockwise)

(c) 8Nm clockwise.

ACTIVITIES:

1. Which of the systems below will reduce to a couple? For each, find the moment of the

I_‘ 5m
9N i
\_1 ON

couple. (a)

(b)
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6N
p > Q
L LI
4m X
1 A
N Y 3m, 2N
:
1
1
S < Y R
6N

2. Forces of 8N, 5N, 8N and 5N act along the sides BA, BC, DC and DA respectively, of a
rectangle ABCD, in the directions indicated by the order of the letters. If AB is 2m and BC is 5m

(@) show that the forces form a couple.

(b) Find the moment of this couple by taking moments about the:
(i) centre.

(ii) point P.

3. A force of (4i+ 3j) N acts at the point which has a position vector (6i + 3j) m and a force of
(-4i - 3j) N acts at the point which has a position vector (3i - j) m. Show that the system reduces
to a couple and find the moment of the couple.

LESSON 3
Introduction:

In the last lesson we found the moment of a couple and the conditions for a system of forces to
form a couple. In this lesson we are going to find the resultant of forces. We shall also determine
the position of the line of action of the resultant.

Resultant Force To use principle of moments to find resultant of a system of forces.

When a system of forces does not reduce to a couple, then these forces in the system have a
resultant force with both a translational effect and turning effect.

The magnitude of the resultant force is obtained by resolving the forces in the system
(translational effect). The turning effect of the resultant is equivalent to the sum of moments of
the forces.
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Principle of Moments:

When a number of coplanar forces act on a body, the algebraic sum of the moments of these
forces about any point in their plane, is equal to the moment of the resultant of these forces
about that point.

Example One:

Two unlike parallel forces of 3 N and 5 N are 4 m apart. Find the direction, magnitude and line
of action of the resultant of these forces.

Solution:

Given forces:

[' Resultant force:
3N A X A

We first draw two diagrams, one for the forces and another for the resultant force.

Let x be the distance of R from the line of action of 3 N force at A.
Resolving forces vertically, we have; R =5-3 =2 N.
Taking moments about A: (3 x 0) + (5 x 4) = R x x (Principle of moments)

Rxx=20Nm

2XX=20Nm
Xx=10m

The resultant acts at a distance of 10 m from A, has a magnitude of 2 N and acts in the same
direction as the 5 N force.

ACTIVITIES

1. In each of the following cases, find the magnitude of the resultant of the forces shown and the
distance of its line of action from P.

R P
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6N
3N

(b)

6N I_‘ 3m
P \—1(?
(C) 5N

w |
1N 5N
2.The lines of action of two unlike forces of 4N and 6N are 5m apart. Find the resultant of the
forces and the distabce between its kine of action and that of the 4N force.

TOPIC 44: COPLANAR FORCES IN EQUILIBRIUM

In this topic, you will be able to:

* Apply the conditions for forces in equilibrium to exist.
» Apply the principle of moments to solve problems on:
- Ladders
- Rods

Materials: A rod/stick, strings/thread/sisal/fibre, weights/stones, block, pen, pencil, ruler.
LESSON 1: To apply the conditions for forces in equilibrium to exist

Introduction:
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In the last topic, we found moments of forces, a couple and also a resultant force for a system of
forces. We are now going to find out the conditions for forces to be in equilibrium and apply the
principle of moments.

Instruction One;:

Tie one end of a string around a stone and the other end to the rod/stick. Tie one end of another
string around another stone and the other end to the rod/stick. Place the rod/stick with the stones
hanging on the block. Keep adjusting the position of the strings on the rod/stick until it balances
as shown below.

Rod/Stick

Observation:

i) There is no translation effect as the stones are balancing. (Resultant force is zero) ii)
There is no turning/rotational effect as the rod/stick is horizontal (moments are zero)

Conditions for forces in equilibrium:

i) The resultant force in any direction is zero.
i) The algebraic sum of moments of the forces about any point is zero. (clockwise and
anticlockwise moments are equal)

Example:

A uniform rod of length 4 m and mass 8 kg, has a mass of 6 kg attached at one end and a mass of
2 kg attached at the other end. Find the position of the support if the rod rests in a horizontal
position.

Solution:

For uniform rods, the weight is in the middle of the rod. Hence 8g N is 2 m from one end of the
4 m rod.

X —

T
‘——
P[:' om A 2m Q
S
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6g N 8g N 2g N
Equating the clockwise and anticlockwise moments about the Support S:
(6g x x) = (89 x (2 X)) + (29 X (4 - X))
6g x = 169 — 8gx+ 8g — 29 x
169 x = 24¢g

Xx=15m

ACTIVITIES

1. Each of the figures below show light horizontal rods AB in equilibrium under the action
of the forces indicated, For each case, find the values of P and Q where applicable. (a)
P,

Im

6N 2N

(b)
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0.7m
l_ — — — —
A & B
dl S |-
v 1m v ) Im g
SN 3N Q
2. A uniform beam PQ of mass 6kg and length 4m rests horizontally supported at its ends.

A mass of 10kg hangs from the beam at a distance of 1m from A. Find the reactions at the
supports.

LESSON 2: To apply the principle of moments to solve problems on:
- Ladders
- Rods

Introduction:

In the last lesson, we applied conditions for forces in equilibrium and the principle of moments
to parallel forces. We are now going to apply the principle of moments to solve other problems
with non-parallel forces.

Non-Parallel forces in equilibrium:

We also apply the same conditions of forces in equilibrium to non-parallel forces. When we are
finding the moments of a non-parallel force about a point, we shall resolve the force into
components.

Force F acts at a point P and at a distance of d from the point O. F makes an angle of 8 with OP
produced as shown below.

FsinHT F
d o_ _,
0 P Fcos 6

Resolving the force F we have,
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Component in the direction OP is F cos 6
Component at right angles to OP is F sin 0
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Moment of the force F about O = sum of moments of the components

=FcosOx0+ Fsin0xd

= Fd sin 6

Example One:

A pendulum AB consists of a string, of length 3 m and a bob of mass 6 kg. The pendulum is suspended
from A and held in equilibrium by a horizontal force H applied at B so that the string makes an angle of
30°with the vertical. Find the force H and the Tension in the string.

\3m
\
\
\
‘ -
B
A
y
6g N
Taking moments about A:  6gxx=HXy
6g x 3sin 30° =H x 3 cos 30°
6gx3x% =Hx3x3/2

H =6g\3=3395N

To find the Tension in the string, we apply Lami’s theorem of three forces in equilibrium:
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120°

Example Two:

A uniform beam AB of mass 80 kg and length 21 m has its lower end A resting on a rough
horizontal ground. It is held in equilibrium at an angle of 15°with the horizontal by a rope
attached to the end B which makes an angle of 30° with BA. Find the tension in the rope.
Tsin30°
x

Taking moments about A:  (Any force at A has zero moment)
80g x I cos 15° = (T sin 30° x 2I) + (T sin 30° x 0)

T=758.06 N
ACTIVITY.

1. A uniform beam AB of length 2m and weight 5N is hinged at A to a vertical wall. It is
supported horizontally by a string at B inclined at 50° to the line AB. Find the:



Ecolebooks.com ({teoieoon

(a) tension in the string.
(b) reaction at the hinge.

2. A uniform beam AB of mass 6 kg and length 21 m has its lower end A resting on a rough
horizontal ground. It is held in equilibrium at an angle of 15°with the horizontal by a rope
attached to the end B which makes an angle of 30° with BA. Find the

(a) tension in the rope.

(b) reaction at A.

3. A pendulum AB consists of a string, of length 4 m and a bob of mass 8 kg. The pendulum is suspended
from A and held in equilibrium by a horizontal force F applied at B so that the string makes an angle of
20°with the vertical. Find the force F and the Tension in the string.

TERM 2
Topic: CIRCULAR MOTION

In this topic you will be able to:

 derive the relationship between linear and angular speed.

 relate the force acting towards the centre of the circle and the acceleration, when an
object is in circular motion.

« apply the relationship to motion of a particle on a string.

Materials:

a string/sisal, a bob/stone, a stick, a pen, foolscaps or note books,

LESSON 1 To derive the relationship between linear and angular speed.
Introduction:

In senior five you covered the topic on linear motion. We are now going to derive the
relationship between linear and angular speed. Angular speed is the rate of change of the angle at
the centre of a circle, along which an object is moving. We shall also relate the force acting
towards the centre of the circle and the acceleration, when an object is in horizontal circular
motion.

Instruction:

Let us consider a body moving in a circular motion with a linear speed v ms™ and angular speed
o rad s (radians per second). The radius of the circle being r m and centre O.
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In one second: distance PQ = v m and also the angle POQ = w radians.

We shall now use similarity . S
Linear speed = radius of the circle x angular speed.

L bl

VTR | T Ay e e
G G G l'lub!l‘-' AN

When we, we shall have: B

Central Force:

A body moving in a circular motion has acceleration directed towards the centre of the circle
hence there is also a force acting towards the centre.

7 Ry / [ TE Sy
(RO 1

We apply Force = mass x acceleration; then the

Example One:

A body of mass 500g moves with constant angular speed of 8 rad s in a horizontal circle of
radius 5m. Calculate the force that must act on the body towards the centre of the circle.

Solution:

il sy o N he M e
AN D g U v o

0 ¥ ot
(R M g 'x"r!(,"l i e

ACTIVITIES

1. A particle moves with a constant angular speed of 4 rad/s around a circular path of radius
3 m. Calculate the acceleration of the particle.

2. A body of mass 5 kg moves with a constant angular speed of 3 rad/s around a horizontal
circle radius 8 cm. Find the magnitude of the horizontal force that must be acting on the
body towards the centre of the circle.
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3. A body of mass 2 kg moves with a constant speed of 5 m/s around a horizontal circle of
radius 2 m. Find the magnitude of the horizontal force that must be acting on the body
towards the centre of the circle.

LESSON 2 To relate the force acting towards the centre of the circle and the acceleration,
when an object is in circular motion.

Introduction:

In last lesson, we derived the relationship between linear and angular speed. We also related the
force acting towards the centre of the circle and the acceleration. We are now going to apply the
relationship to motion of a particle on a string. We shall also consider the tension in the string
when a body performs circular motion.

Instruction One:

Tie one end of the string to the bob/stone. Fix the other end of the string to the ground or on the
table. Pull the stone until the string is taut and push it. What do you observe?

g N
[
\ String Stone
N\ s
\\\ //

e —— e . ——

Observation:

The stone performs a circular motion only if the string is taut hence the central force keeping the
stone in the horizontal circular motion is the tension in the string.

Example One:

A particle of mass 200gis attached to one end of a light inextensible string of length 30cm. The
other of the string is fixed at O on a smooth horizontal surface. The particle describes a circle
with Centre O. Find the tension in the string when the speed of the particle is 4 ms™

Solution:

The acceleration is towards the centre O hence the central force is also towards the centre and
this is the tension force.
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Conical Pendulum

Instruction Two:

Tie one end of a string to a stone/bob. Fix the other end of the string vertically up on a horizontal
fixed stick. Then push the bob/stone to describe a horizontal circle.

String

— i —— —
—_— —_

As the bob describes a horizontal circle, the string also describes a curved surface of a cone
hence this system is referred to as a conical pendulum.

Example Two:
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A conical pendulum consists of a light inextensible string AB, fixed at A and carrying a mass a
particle of 100g at B. The particle moves in a horizontal circle of radius 2 m and centre vertically
below A. If the angle between the string and the vertical is 60°, determine the tension in the
string and the angular speed of the particle.

Solution: A

Resolving vertically: T cos 6 =mg

Tcos60°=0.1x9.8
T=196N

Horizontal component of the tension is the central force.
T sin 6 = mro?
1.96 sin 60° = 0.1 x 2 X ®?
Angular speed ® =291 rads?

ACTIVITIES:

1. A particle of mass 5009 lies on a smooth horizontal surface and is connected to a point O
on the surface by a light inextensible string of length 30 cm. With the string taut, the
particle describes a horizontal circle, centre O with a constant angular speed of 30 rad/s.
Determine the tension in the string.

2. A body of mass 5 kg lies on a smooth horizontal surface and is connected to a point O by
a light inextensible string of length 2 m. With the string taut, the body describes a
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horizontal circle with centre O. If the tension in the string is 40 N, find the speed of the
body.

3. The diagram below shows a conical pendulum consisting of a light inextensible string
AB fixed at A and carrying a bob of mass 10 kg at B. The bob moves in a horizontal
circle with the centre vertically below A and a constant angular speed of 7 rad/s. Find the
values of T the tension and 6.

w =7 rad/s

10g N

4. A conical pendulum consists of a light inextensible string PQ of length 40 cm fixed at P
and carrying a bob of mass3 kg at Q. The bob describes a horizontal circle about the
vertical through P with a constant angular speed of 4 rad/s. Calculate the tension in the

string.

Topic: ELASTICITY
In this topic you will be able to:

1) distinguish between natural length, extension and
compression.
il) State and use Hooke’s law. iii) use modulus of
elasticity.
iv) Solve problems involving one elastic string or spring with a mass attached at one

end.
v) Calculate elastic potential energy stored in a string or spring.

Materials an elastic string/spring/rubber band, a bob/stone, a stick, a pen,
foolscaps/note books,

LESSON 1Relating Hookes law to elastic springs.
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Introduction:

In the last topics, we considered situations of equilibrium or motion when particles/bodies are
attached to inelastic strings. We are now going to consider situations when the strings are elastic.
An elastic string has its natural length before it is stretched by an external force to a new length.
The difference between the natural length and the new length is the extension. When the force is
removed, the string returns to its original length which is the natural length. We also have elastic
springs that are either stretched or compressed.

Elastic Strings
Instruction One:

a) Measure the natural length | of any rubber band.

b) Stretch the rubber band/spring and measure the new length I'of the rubber band.

c) Calculate the difference between the two lengths and this gives the extension x caused by
the force you exerted as you stretched the rubber band.

d) When you let go of the rubber band, it will return to its original natural length.

Observation: Extension x = Stretched length, I'— Natural length, |
Hooke’s Law:

This law states that the tension in the string is proportional to the extension of the string from its
natural length.

Tension, T o Extension, x

AN
-
4~

Where T is the tension in the string, X is the extension, | is the natural length, A is the modulus of
elasticity of the string whose units are newtons.

Example One:
An elastic string is of natural length 4 m and modulus of elasticity of 20 N. Find:

a) The tension in the string when the extension is 50 cm.
b) The extension of the string when the tension is 4 N.

Solution:

a) Applying Hooke’s law

& The extension is 1.2 m.
The tension is 2.5 N. b)
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Elastic Springs

A spring is elastic and it stretches. However, unlike an elastic string, the elastic spring also
compresses when a force is applied and its natural length is decreased. The force in the spring as
it is compressed is now referred to as a Thrust and not the Tension.

We apply Hooke’s law to both a stretched spring and a compressed spring.

Natural Length Stretched Spring Compressed Spring
/ / 'WWM‘E
B 7 B
‘% o adl J
TS I77T777777777777. I I

Example Two:

A spring is of natural length 2.5 m and modulus of 35 N. Calculate the thrust in the spring when
it is compressed to a length of 2.2 m.

Solution:

ACTIVITIES

1. A spring is of natural length 40 cm and modulus 15 N. Find the thrust in the spring when
it is compressed to a length of 30 cm.

2. When the tension in a spring is 5 N, the length of the spring is 15 cm longer than its
natural length of 65 cm. Find the modulus of the spring.

3. Find the extension of an elastic string of natural length 70 cm and modulus 16 N when
the tension in the string is 6 N.

4. When an elastic string is stretched to a length of 20 cm the tension in the string 16 N. If

the modulus of the string is 30 N, find the natural length of the string. LESSON 2:
Relating Hookes law to Equilibrium of a suspended body
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Introduction:

In the last lesson, we applied Hooke’s law to find the tension and thrust in strings and springs.
We are now to going to consider particles attached to strings which are elastic or attached to
elastic springs.

Equilibrium of a suspended body
Instruction:

a) Tie one end of an elastic end to a fixed point.

b) Measure the natural length of the string.

c) Attach a stone to the other end of the string and let the system hang freely vertically
down. What do you observe?

d) Measure the stretched length of the string.

Observation

The string is stretched due to the force caused by the weight of the stone.
The system is in equilibrium since there is no translatory nor rotational effect.

VIS S AT SIS IS

Resolving vertically: T =mg

!
r4 l
!
t

Example One:

A light elastic string of natural length of 65 cm has one end fixed and a mass of 600g freely
suspended from the other end. Find the modulus of the string if the total length of the string in
equilibrium position is 85 cm.

Solution:

Extension x=85-65=20cm =0.2 m.

Resolving vertically and applying Hooke’s law we have
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Example Two:

A light elastic spring has its upper end P fixed and a body of mass 0.5 kg attached to its other
end Q. If the modulus of the spring is 2.5g N and its natural length 1.2 m. Find the extension of
the spring when the body hangs in equilibrium.

Solution:

Resolving vertically and applying Hooke’s law we have

ACTIVITIES

1. A light elastic string of natural length 30 cm and modulus 3g N has one end fixed and a
mass of 600g freely suspended from the other end. Find the total length of the string.

2. A light spring of natural length 50 cm and modulus 2g N has one end fixed and a body of
mass 1.5 kg freely suspended from its other end. a) Find the extension of the spring.
b) What mass would cause the same length of extension when suspended from a spring

of natural length 40 cm and modulus 1.2g N?

3. When a mass of 5 kg is freely suspended from one end of a light elastic string the other
end of which is fixed, the string extends twice its natural length. Find the modulus of the
string.

LESSON 3: Calculating Potential Energy stored in a string.
Introduction:

In the last lesson, we considered particles attached to strings which are elastic or attached to
elastic springs and freely hanging vertically in equilibrium. We are now going to calculate elastic
potential energy stored in a string or spring.

Potential Energy stored in a string

When we stretch a string, there is work done and energy is stored which is Potential Energy
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(PE). The string then returns to its natural length using the stored energy which converts to
Kinetic Energy (KE) during the movement back. This brings us to the principle of conservation
of energy.

Total Energy = PE due to gravity + PE stored in the string + KE = Constant
Initial Total Energy = Final Total Energy

Energy stored in the string due to stretching through an extension x = B2l Instruction:
Follow the steps a) to d) in the instruction given in the last lesson two.

e) Pull the stone further down and measure the new length.
f) Release the stone. What do you notice?

Observation

Equilibrium Position

Vmg

The string gained potential energy due to gravity when we attached the stone hence the first
extension x. When we pull down the stone then release it, it moves back to its equilibrium
position where it was hanging freely. The kinetic energy at a certain velocity causes the
movement back to the equilibrium position.

Example One:

An elastic string is of natural length 1.6 m and modulus 25 N. Find the energy stored in the
string when it is extended to 1.9 m.

Solution:

Extensionx=19-1.6=0.3m.

Example Two:
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A light elastic string is of natural length 4 m and modulus 30g N. One end of the string is
attached to a fixed point and a body of mass 6 kg hangs in equilibrium from the end. The
body is pulled down 20 cm and then released. Determine:

a) The extension of the string in equilibrium position.
b) The energy stored in the string just before the body is released.
c) The speed of the body as it passes through the equilibrium position.

Solution: Z@m

T Equilibrium Position E
Release Position R

¥6g N

a) The extension x of the string in equilibrium position.

Resolving vertically and applying Hooke’s law we have

Y vl & AL

b) The energy stored in the string R, at just before the body is released.

c) The speed v ms™of the body as it passes through the equilibrium position E.
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We now apply the principle of conservation of energy,
Total energy at R = Total energy at E

|
e WY S

S ) R - T
B & AROE

ZLRURL B T ¢ Uabor . B ST s o
Observation

The potential energy stored in springs has the same expression either when it is stretched
or when it is compressed.

ACTIVITIES

1. Find the work that must be done to stretch an elastic string of modulus 300 N from its
natural length of 3 m to a stretched length of 3.5m.

2. Find the work that must be done to compress a spring of modulus 400 N from its
natural length of 9 cm to a shortened length of 7 cm.

3. Alight elastic string is of natural length of 60 cm and modulus 150 N. One end of the
string is attached to a fixed point and a body of mass 4 kg is freely suspended from
the other end. Find
a) The extension of the string in the equilibrium position
b) The energy stored in the string

4. A body of mass 4 kg is freely suspended from a spring of natural length 85 cm and
modulus of 7g N. The other end of the spring is fixed to a point A. The body initially
hangs freely in equilibrium at a point B. It is then pulled down a further distance of
35 cm to a point C and released from rest. Find a) The distance AB

b) The energy stored in the spring when the body rests at B

c) The energy stored in the spring when the body is held at C.

d) The kinetic energy of the body when it passes through B after release from C.

TOPIC: SIMPLE HARMONIC MOTION
In this topic you should be able to:

i) identify amplitude, period, displacement and angular velocity.
il) determine expressions relating to S.H.M iii) calculate maximum
velocity and find the acceleration.
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iv) aerivation of the equation x +w? x =0.
v) apply the expressions of S.H.M for horizontal and vertical springs.
Materials:

an elastic string/spring/rubber band, a bob/stone, a stick, a pen, foolscaps/note books

LESSON 1: Identifying and using the equations of simple harmonic motion
Introduction: .

In the last topic of elasticity, we considered particles attached to strings which are elastic or
attached to elastic springs and freely hanging vertically in equilibrium. We also solved problems
concerning elastic potential energy stored in a string or spring. We are now going to consider
particles performing Simple Harmonic motion (S.H.M).

Instruction One:

When a particle moves in a straight line through a fixed point O and its acceleration is directed
through O and its displacement from O is always proportional to the acceleration then the
particle has performed Simple Harmonic Motion (S.H.M).

S

1
A
f P e ]
accl Voo
) Amplitude g Amplitude

Observation

- The particle oscillates between A through O to A and back.

«  OA=0A!and is called the Amplitude.

+  Velocity at A and Al is always zero as the particle momentarily stops and returns.
«  Movement from A to A' and back to A is one cycle.

Since acceleration a X, we now use n? as the constant of proportionality and we obtain;

Using acceleration as

B e obtain:
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Example One:

A particle is moving with SHM of period i s and amplitude 36 cm. Find the maximum speed and
the maximum acceleration of the particle. Solution:

0 ake -y
2 NG vaRes

Example Two:

A particle moves with SHM about a mean position O. When the particle is 40 cm from O, its
speed is 2.5 ms*and when it is 110 cm from O, its speed is 1.0 ms™*. Find the amplitude and
periodic time of the motion.

Dividing the two P -3 N e (g
equations:
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Substituting for a:

Circular motion and S.H.M

A particle of mass m moving in a circle with angular velocity w, the radius of the circle being, if
P is executing S.H.M with constant velocity v ms™, then the equations we use will have n = w:

ACTIVITIES:

1. A particle moves with S.H.M about a mean position O. When the particle is 30 cm from
O, it is accelerating at 2 ms towards O. Find the periodic time of the motion and the
magnitude of the acceleration of the particle when 25 cm from O.

2. A particle moves with S.H.M about a mean position O. The particle has zero velocity at a
point which is 60 cm from O and a speed of 4ms™. Determine:

a) The maximum speed of the particle.

b) The amplitude of the particle

c) The periodic time of the particle.

LESSON 2: Relating elasticity and SHM
Introduction:

In the last lesson, we considered particles performing Simple Harmonic motion (S.H.M). In the
topic of elasticity, we also covered forces acting when a spring is extended or compressed. We
are now going to consider S.H.M in light springs.

Instruction:

When a spring on a horizontal smooth surface is fixed at one end and a mass attached to the other
end, if the mass is pulled and released, it will oscillate and perform SHM.

- patural lenagth, s CXLCASON, X

W\WWM

A 0 P
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Example One:

One end of a light elastic spring of natural length 10m and modulus of elasticity 16N is fixed to a
point A on a smooth horizontal surface. A body of mass 100g is attached to the other end of the
spring and is held at rest at a point B on the surface, causing the spring to be extended by 20 cm.

(a) show that when released, the body will move with SHM.

(b) Find the period of the motion.

(@) 20cm

ANNMNG O

T

Suppose the spring is extended a distance x. A tension, T tends to pull it towards A.

X X
By Hooke’s law, we have, T =A =16x __=1.6x
| 10

100

Since T is opposite the increase in X, resultant force onthe body isT =-ma = T =-10i}}a
where a is the acceleration towards point A.

100y
Therefore, 1.6x =— [{}}}a

And a =-16x which is in the form a=-n?x which is SHM about the point where X is zero and
n=4.

21 21T
(b) n= __ =T= _
T 4

T
Therefore, T = 2rads!
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Example two.

A light elastic string of length 2m and modulus 18N is stretched between two points A and B 2.4
m apart on a smooth horizontal surface. A body of mass 2kg attached to the midpoint of the
string is pulled 8cm towards B and then released.

(a) Show that the body moves in SHM.
(b) Find the speed of the body when it is 1.05m from B.

—
A P 1.2m L X ! a
F :/ \:/ F.
OI 1
T1 T2

Let O be the centre of AB and the displacement from O be x. Each un-stretched length is 1m.

02+x) (0.2-%)
Force tending to reduce x is T1- T2 =A -A

02+x) (0.2-x
Therefore A =A=—-ma | I

(0.2+ 1) (0.2 - x)
18x 1 -18x 1 =-2xa

18x =-2xa = a =—-9x which is in the form a =—n?x which is SHM
about the point where x is zero and n= 3.

(b). Using v2 = n*(A? - x?) ,amplitude, A = 0.08m and displacement x = 0.05m
v2 = 9(0.08% - 0.052)

= 0.0351..v = 0.1873ms™*

Example three

A light elastic spring of length 60cm and modulus 100N hangs vertically with its upper end
fixed and a body of mas 5kg attached to its lower end . The body initially rests in equilibrium
and is then pulled down a distance of 15cm and released.
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(a) Show that the body executes SHM.

(b) Find the maximum velocity.

(@)

Natural
length,

Consider the extension in equilibrium to be e.

e

Therefore the tension, T:=A = 5g, where L is the natural length.
L

(x +e) e
When displaced, the resultant force that tends to decrease x is T.-5g =A — =ALL

Therefore,
(x +€) e
100x -100x ___=-5a
0.8 0.8
X
100x ___=-5a = a=-25x
0.8

Which is in the form a =—n which is SHM about the equilibrium point where x is zero and n=
5
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(b) Maximum velocity is when x = 0.

Using v? = n?(A? - x?) ,amplitude, A = 0.15m

V2= 25(0.15% - 0.00?)

= 0.0351..vmax = 0.75ms™*

ACTIVITIES:

1.

A light spring is of natural length 2 m and modulus 4 N. One end of the spring is attached
to a fixed point P on a smooth horizontal surface and to the other end is attached a body
of mass 700g. The body is held at rest on the surface at a distance of 2.5 m from P. Show
that on release the body will move with SHM and find the amplitude and periodic time of
the motion.

A light spring of natural length 60 cm and modulus 150 N hangs vertically with its upper
end fixed and a body of mass 3 Kg attached to the lower end. When the system is resting
in equilibrium, the body is projected vertically downwards with a speed of 2.8 ms™.
Show that the resulting motion will be simple harmonic and find the amplitude of the
motion.
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Term 3

Topic: CENTRE OF GRAVITY
In this topic you should be able to:

+ apply moment of force in finding the centre of gravity (C.O.G) of a system of particles.

 find the centre of gravity of system of particles.

« find the C.O.G of uniform rods, disks, triangular and rectangular laminas, spheres,
cuboids and combinations of bodies.

» calculate centre of gravity of the remaining portion of the body. Materials aruler, a

manila/cardboard, a pen, foolscaps or note books,

LESSON 1 Finding Centre of Gravity of a system of particles:
Introduction:

In the topic of Moment of a force, we found moments about any given point. We also found the
line of action of the resultant of given forces. We are now going to apply moment of force in
finding the centre of gravity (C.O.G) of a system of particles.

Centre of Gravity of a system of particles:

The centre of gravity of any number of particles is the point through which the line of action of
the resultant of their weights always passes.

We apply the principle of moments to find the C.O.G.

Principle of Moments:

When a number of coplanar forces act on a body, the algebraic sum of the moments of these
forces about any point in their plane, is equal to the moment of the resultant of these forces
about that point.

Also we apply the principle of moments about the x- axis to obtain the y coordinate:
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Using v2 = n?(A? - x?) ,amplitude, A = 0.08m and displacement x = 0.05m 2

v = 9(0.08 - 0.05)

= 0.0351..v = 0.1873ms™*

Example one

Three particles of mass 3kg, 9kg, and 5kg are located at points (2,0) , (4, 0) and (6, 0)
respectively. Find their centre of gravity.

G
2 4 6 .
ol )y
39 og 59

Let their centre of gravity be at G(X, Y)

Taking moments about O,

Sum of moments of the individual weights = moment of resultant weight.
(3g x2) + (9g x4) + (59 x6) = (3g + 9g + 5g)x X

& 729 =17¢gX

X = E (4.2352)

For Y, they all lie on y=0 (a line of symmetry) So, G lies on the same line.

Therefore G(4.2352 , 0)



Ecolebooks.com @tcoieoon

Example three.

Three particles of mass 4kg, 5kg, and 7kg are located at points (2,3), (4, 2) and (6, 5)
respectively. Find their centre of gravity.

A
y
6
.
i G(X,Y)
7 ®
i

‘ v 5f

0 2 4 6 X

Let their centre of gravity be at G(X, Y)

Taking moments about the y-axis,

Sum of moments of the individual weights = moment of resultant weight.
(49 x2) + (59 x4) + (7g x6) = (4g + 59 + 7g)x X

& 70g =16gX

X =%fﬂ'r4.3?5}

Taking moments about the y-axis,

(4g x3) + (59 x2) + (7g x5) = (49 + 59 + 7g)x X
& 60g =16gX
X =E{ar3.?fﬂ

| 63

Therefore G(4.375, 3.75)
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ACTIVITES:

1. Four particles of mass 6 kg, 3 kg, 3 kg, and 4 kg are situated at points (3,1), (4,3), (5,2)
and (-3,1) respectively. Find the coordinates of the centre of gravity of the four particles.

2. Three particles of mass 4 kg, 2 kg and 6 kg are situated at the points (4,3), (1,0), and (p,
q) respectively. If the centre of gravity of the system of the particles lies at (0, 2),
determine the values of p and g.

3. Four particles of mass 4 kg, 2 kg, 6 kg and 4 kg are situated at the points with position
vectors (6i + 6j), (3i + 5j), ((7i + 3j) and (2i — j) respectively. Determine the position of
the centre of gravity of the particles.

LESSON 2 Finding C.O.G of rigid bodies
Introduction

In the last lesson, we applied moment of force in finding the centre of gravity (C.0.G) of a
system of particles. We are now going to find the C.O.G of some rigid bodies and laminae.

C.O.G of rigid bodies

The position of the centre of gravity of some rigid bodies lies on the axis of symmetry of those
bodies.

Uniform Bodies:

A uniform body is one in which equal volumes have equal masses or weight. The centre of
gravity of a uniform body is at the centre of that body.

Lamina:

A lamina is a flat body whose thickness is negligible compared to its other dimensions. A
uniform lamina is one in which equal areas have equal masses or weights.

Instruction
Get a ruler and balance it on your finger at different points.

Observation:
The ruler will balance in equilibrium in the middle which shows it is uniform. The centre of
gravity of this ruler is in the middle and that is where its weight acts downward.

Examples of uniform bodies:

Uniform rod. C.G. lies at its centre
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Uniform right circular cylinder. C.G lies along the axis midway between the ends.

Uniform triangular lamina. C.G lies on the median and two-thirds of the distance from the vertex
to the other side of the triangle.

Uniform rectangular lamina. C.G. lies At the centre.
Uniform circular lamina. C.G. lies at the centre.
Uniform sphere C.G lies at its centre.

A uniform cone: C.G. lies at the a quarter way from the base.

ACTIVITIES:

Obtain some of the bodies or Laminae (shapes using manila) given above and try to find
the point at which the body balances. Compare with the information given.

LESSON THREE: Finding C.O.G of Composite Lamina.
Introduction:

In the last lesson, we covered the C.O.G of some rigid bodies and lamnae. We are now going to
consider the C.0.G of a combination of bodies or laminae (Plural for ‘lamina’). We shall refer to
the combination of the laminae as a composite lamina.

C.0O.G of Composite Laminae

A composite lamina consists of two or more regular laminae joined together. The centre of
gravity of a composite lamina lies on the line of axis were the centre of gravities of each lamina
lies.

We apply the principle of moments to find the centre of gravity of the composite body.

Q)

@)

&
v
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Lamina 1 has mass M1 and C.0.G G1
Lamina 2 has mass M2 and C.0.G G2
Composite laminae has mass (M1 + M2) and C.O.G as G.

We take moments about O and we have:
(M1g x OG1) + (M2g X OGy) = (M1 + M2) g x OG

Example one.

cm

A
\ 4

6cm

B
2cm
12cm

10cm

v

A

The figure shows a uniform composite lamina. Find the position of the centre of gravity.

Let the mass per unit area be p.

Shape Area Mass | Moments about AB | Moments about centre.
Rectangle 1 8x6=48 48p | 48px4 0
Rectangle 2 4x10=40 | 40p | 40p*10 0
Combined lamina 88p | 88pxX 0

542
592p =88pX = X = 8% = 6.7272cm
Therefore CG is along the axis and 6.7272cm from AB.
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Example two.

4cm

5cm

A

10cm

v

@tcex-e-»n

10cm

The figure shows a uniform composite lamina made of a rectangle ABCD and an isosceles
triangle DEF. Find the position of the centre of gravity.

Let the mass per unit area be p.

Shape Area(cm? Mass | Moments about AB | Moments about BC.
Rectangle 4x10=40 40p | 40px5=200p 40px2=80p
Triangle 1 15p | 15px7.5=112.5p | 15px6=90p

2x5x6 =15
Total 55 55p | 312.5p 170p
Combined lamina 55p | 55pxX 55pxY

3125
55pX = 3125p=X= ___ =5.6818cm
55
170 _,
55pY =170p=Y = 55  909cm

Therefore CG is 5.6818cm from AB and 3.909cm from BC..
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(Extracted from Understanding Mechanics)

ACTIVITIES:

1. In each of the questions below, find the coordinates of the centre of gravity uniform composite
laminae. Each grid consists of unit squares:

@ v 1

6

v

(b)

v

7. Two square laminae each of side 6 metres, are joined together to form a rectangular lamina,
12 metres by 6 metres. The squares are not made of the same material and the mass per unit area
of one of the squares is three times the other. Find the distance of the centre of gravity of the
composite laminae from the common edge of the squares.

LESSON FOUR: Finding C.O.G of remainder of a lamina
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Introduction:

In the last lesson, we covered the C.O.G of a combination of bodies or laminae (Plural for
‘lamina’). We are now going to calculate centre of gravity of the remaining portion of the body.

C.0.G of remainder of a lamina

A lamina can be perforated and a portion or portions of different shapes
cut out. We then have to find the centre of gravity of the remaining
portion of the laminae. As we did in the composite

lamina, this time the known centre of gravity is for the complete lamina. The cut out portions
and the remainder make up the complete laminae (composite).

(Mrg X OGr) = [(Mc + Mr)g X OG] - (Mcg X OG(;)
Where r-Remainder, c- Cut of portion and c+r- Complete laminae before perforation

Example:

6cm

B 8cm C
The shaded area shows a uniform rectangular laminar with a circular hole. Find the centre of
gravity of the laminar.

Let the mass per unit area be p.

Shape Area(cm? | Mass Moments about AB | Moments about BC.
Complete 8x6=48 | 48p 48px4=192p 48px3= 144p
Rectangle

Removed circle nx1=n | mp mpx1 =mp npx 5= 5 mp
Remaining laminar | 48 -« (48 -m)p | (48 -n)pX (48 -n)p Y

Moment of remainder = moment of complete — moment of removed.

192p —mp = (48 - m)pX
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188.86 =44.86X X =4.21cm
Also, 144p — Snp = (48 -m)pY
128.29 =44.86X Y =2.86cm

Therefore CG is 4.21cm from AB and 2.86 cm from BC..

ACTIVITIES:

. Find the coordinates of the centre of gravity of each one of shaded remaining lamina shown.
Each grid consists of unit squares.

(a) \

v ]

6

4

2

0 6 X'
(b)

\ 4
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